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Foreword to Earlier Series Editions 


More than a generation of German-speaking students around the world have worked 
their way to an understanding and appreciation of the power and beauty of modern 
theoretical physics — with mathematics, the most fundamental of sciences — using 
Walter Greiner’s textbooks as their guide. 

The idea of developing a coherent, complete presentation of an entire field 
of science in a series of closely related textbooks is not a new one. Many older 
physicists remember with real pleasure their sense of adventure and discovery 
as they worked their ways through the classic series by Sommerfeld, by Planck 
and by Landau and Lifshitz. From the students’ viewpoint, there are a great many 
obvious advantages to be gained through use of consistent notation, logical ordering 
of topics and coherence of presentation; beyond this, the complete coverage of 
the science provides a unique opportunity for the author to convey his personal 
enthusiasm and love for his subject. 

The present five-volume set, Theoretical Physics, is in fact only that part of 
the complete set of textbooks developed by Greiner and his students that presents 
the quantum theory. I have long urged him to make the remaining volumes on 
classical mechanics and dynamics, on electromagnetism, on nuclear and particle 
physics, and on special topics available to an English-speaking audience as well, 
and we can hope for these companion volumes covering all of theoretical physics 
some time in the future. 

What makes Greiner’s volumes of particular value to the student and professor 
alike is their completeness. Greiner avoids the all too common “it follows that ...” 
which conceals several pages of mathematical manipulation and confounds the 
student. He does not hesitate to include experimental data to illuminate or illustrate 
a theoretical point and these data, like the theoretical content, have been kept up to 
date and topical through frequent revision and expansion of the lecture notes upon 
which these volumes are based. : 

Moreover, Greiner greatly increases the value of his presentation by including 
something like one hundred completely worked examples in each volume. Nothing 
is of greater importance to the student than seeing, in detail, how the theoretical 
concepts and tools under study are applied to actual problems of interest to a 
working physicist. And, finally, Greiner adds brief biographical sketches to each 
chapter covering the people responsible for the development of the theoretical ideas 
and/or the experimental data presented. It was Auguste Comte (1798-1857) in his 
Positive Philosophy who noted, “To understand a science it is necessary to know 
its history”. This is all too often forgotten in modern physics teaching and the 
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bridges that Greiner builds to the pioneering figures of our science upon whose 
work we build are welcome ones. 

Greiner’s lectures, which underlie these volumes, are internationally noted for 
their clarity, their completeness and for the effort that he has devoted to making 
physics an integral whole; his enthusiasm for his science is contagious and shines 
through almost every page. 

These volumes represent only a part of a unique and Herculean effort to make 
all of theoretical physics accessible to the interested student. Beyond that, they 
are of enormous value to the professional physicist and to all others working with 
quantum phenomena. Again and again the reader will find that, after dipping into a 
particular volume to review a specific topic, he will end up browsing, caught up by 
often fascinating new insights and developments with which he had not previously 
been familiar. 

Having used a number of Greiner’s volumes in their original German in my 
teaching and research at Yale, | welcome these new and revised English translations 
and would recommend them enthusiastically to anyone searching for a coherent 
overview of physics. 


Yale University D. Allan Bromley 
New Haven, CT, USA Henry Ford II Professor of Physics 
1989 


Preface 


Theoretical physics has become a many-faceted science. For the young student it is 
difficult enough to cope with the overwhelming amount of new scientific material 
that has to be learned, let alone to obtain an overview of the entire field, which 
ranges from mechanics through electrodynamics, quantum mechanics, field theory, 
nuclear and heavy-ion science, statistical mechanics, thermodynamics, and solid- 
state theory to elementary-particle physics. And this knowledge should be acquired 
in just 8-10 semesters during which, in addition, a Diploma or Master’s thesis has 
to be worked on or examinations prepared for. All this can be achieved only if the 
university teachers help to introduce the student to the new disciplines as early on 
as possible, in order to create interest and excitement that in turn set free essential 
new energy. Naturally, all inessential material must simply be eliminated. 

At the Johann Wolfgang Goethe University in Frankfurt we therefore confront 
the student with theoretical physics immediately in the first semester. Theoretical 
Mechanics I and II, Electrodynamics, and Quantum Mechanics I — an Introduction 
are the basic courses during the first two years. These lectures are supplemented 
with many mathematical explanations and much support material. After the fourth 
semester of studies, graduate work begins and Quantum Mechanics II — Symme- 
tries, Statistical Mechanics and Thermodynamics, Relativistic Quantum Mechanics, 
Quantum Electrodynamics, the Gauge Theory of Weak Interactions, and Quantum 
Chromodynamics are obligatory. Apart from these, a number of supplementary 
courses on special topics are offered, such as Hydrodynamics, Classical Field The- 
ory, Special and General Relativity, Many-Body Theories, Nuclear Models, Models 
of Elementary Particles, and Solid-State Theory. Some of them, for example the 
two-semester courses on Theoretical Nuclear Physics and Theoretical Solid-State 
Physics, are obligatory. 

This volume is devoted to the Theory of Nuclear Models, which forms a two- 
semester cycle together with a course on Nuclear Reactions. For this field it ap- 
peared to be especially important to present a relatively short textbook actually 
suitable for accompanying a lecture, since while there are excellent and compre- 
hensive treatises on nuclear models, the wealth of material presented in those tends 
to overwhelm the students initially. In this connection we mention preferentially 
the three-volume work by Eisenberg and Greiner,! on which the present treatment 


' J. M. Eisenberg and W. Greiner, Nuclear Theory, 3 Volumes, Third Edition (North Holland, 
Amsterdam 1973-1987). 


Vill 


Preface 


is based in many respects, and the textbook by Ring and Schuck,” which puts more 
emphasis on many-body approaches. 

A textbook for direct use with a lecture has to concentrate on the most essential 
points, emphasize the explanation of ideas and methods, and forego the presentation 
of a wealth of individual results, which cannot be shown in a lecture anyway if it 
is not to degenerate into a slide show. Another characteristic that makes the theory 
of nuclear models different from the classical fields of theoretical physics is the 
scarcity of examples that can be calculated from start to finish without the use of 
computers. 

For all of these reasons the focus is on the discussion of the most important types 
of models and the requisite mathematical methods. Since experience shows that 
most students have not really mastered the crucial methods of angular-momentum 
coupling and second quantization, we have not relegated these topics to an appendix 
but treated them at the start of the book. Of course these chapters can be ignored 
if desired. Even in these chapters the material was carefully restricted to what is 
actually used in the rest of the book. Following this there is a short discussion of 
group-theoretical methods, which are essential, for example, for the IBA model. 

The fifth chapter treats the theory of the radiation field up to the definition of 
multipole transition probabilities. Again with a view to brevity the magnetic transi- 
tions are only dicussed in general terms. The sixth chapter presents the classical col- 
lective models, which because of their didactic value and their fundamental impor- 
tance for introducing concepts form the centerpiece of the book. A short overview 
of the phenomenological properties of nuclear matter is followed by a treatment of 
the geometric collective model (surface vibrations, the rotation—vibration model, 
etc.) in the various limiting cases, the IBA model, and the collective theory of giant 
resonances. 

Only a little less space is devoted to microscopic models in Chapter 7. The 
most important concepts, from Hartree-Fock theory via phenomenological single- 
particle models to the relativistic mean-field model, are introduced successively. 
The next chapter treats the coupling of single-particle and collective motion both 
with respect to the particle-plus-core model and to the microscopic description of 
collective vibrations. 

The final chapter presents large-amplitude collective motion, concentrating 
on ways to describe nuclear fission and similar processes. This includes two- 
center models, the general problem of collective mass parameters, time-dependent 
Hartree-Fock, the generator-coordinate method, and an elementary overview of 
high-spin states. 

In addition to the classical syllabus of nuclear models that still form the basic 
equipment of the nuclear theorist, short discussions of topics of present-day interest 
are interspersed in many places — such as superheavy elements, high-spin states, and 
the relativistic mean-field model. These should give young physicists an impression 
of the continuing vitality of this science. The reader will also note in various places 
that the book is based on repeated practical experience with such a course and offers 
many explanations and illustrations motivated by typical student questions. 


 P. Ring and P. Schuck, The Nuclear Many-Body Problem (Springer-Verlag, New York 
1980). 
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1. Introduction 


1.1 Nuclear Structure Physics 


The nuclear models discussed in this book belong to the realm of nuclear structure 
theory. In present usage, nuclear structure physics is devoted to the study of the 
properties of nuclei at low excitation energies, where individual energy levels can 
be resolved. This means that typically quantum effects are predominant and the 
states of the nucleus have a very complicated structure that depends on the intricate 
interrelations of all the many nucleons involved. 

In contrast, at higher energies and especially for heavy-ion reactions, quantum 
mechanics becomes less important and the preeminent place is instead given to 
methods of statistical mechanics. Theories then typically employ bulk properties 
of nuclear matter such as the equation of state or the dissipation coefficients, or 
are even based on purely classical many-body physics like the cascade models. 

Of course it is impossible to give an exact energy boundary between these 
types of theories. The theories presented here, however, are typically employed for 
excitation energies up to 2-3 MeV. Usually only the lowest few energy levels can 
be described well by a theoretical model, and the number of levels increases so 
rapidly above that energy range that it becomes impossible to make any sensible 
comparison with experiment (for nuclei with an odd number of neutrons or protons 
or both this is even more dramatic — most nuclear models prefer even—even nuclei 
with their relatively simple spectra). Also one should remember that in experimental 
spectra only a relatively small number of states can be identified as to spin and 
parity, and that to really test a model transitions, i.e., essentially overlaps between 
the wave functions, are needed, which again are often not known even for the most 
interesting states. 

It is thus not surprising that the models presented in this book usually explain a 
relatively small number of low-lying states and to a modest accuracy, and even this 
is a considerable achievement. To esteem that, remember that we are dealing with 
a system of particles whose number is neither small enough to allow direct solution 
nor large enough to make statistical methods highly accurate, and which interact 
through an interaction that has still not been pinned down to any definite form. 
It is this extraordinary difficulty and the freedom with which methods and ideas 
from many other branches are applied here that make nuclear structure physics so 
fascinating and so much alive. 
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1.2 The Basic Equation 


To find the proper theoretical starting point some more ballpark estimates of the 
relevent physical quantitities have to be introduced. Let us first recall a few numbers 
from elementary experimental nuclear physics. 

The elements known at the time of this writing have nuclei consisting of (at 
present) Z = 1,...,111 protons and N = O,...,161 neutrons, giving a total 
number of A nucleons. The radii of nuclei follow the empirical law 


R(A) =n Al? CD) 


with ro © 1.2fm. Nuclear radii thus range up to about 7.5 fm. The formula also 
implies that the nuclear volume is proportional to the number of particles in the 
nucleus, indicating the near incompressibility of nuclear matter (the true density 
profile observed by electron scattering is a bit more complicated). The least-bound 
nucleon has a binding energy of the order of 8 MeV and a kinetic energy close to 
40 MeV. 

This information is already sufficient to form some rough ideas about what is 
essential in the theories. Since a nucleon has a mass of mc” ~ 938 MeV, the kinetic 
energy is quite negligible by comparison, so that a nonrelativistic approach appears 
quite sufficient, and this assumption is made in the vast majority of nuclear structure 
models. More recently, however, relativistic approaches have become important — 
this theme is taken up in Sect.7.4 in connection with the relativistic mean-field 
model, and we also explain there why relativistic effects can be important in spite 
of the simple estimate given above. 

The velocity of a nucleon with a kinetic energy of T = 40 MeV is given by 


[2T Ply 
v = G cat) Ca (1.2) 


and the associated de Broglie wavelength by 
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Here the useful constant hc =~ 197.32 MeV fm was used. The result shows that 
quantum effects are certainly not negligible, as \ is by no means small compared 
to the nuclear radii. This is even more pronounced for the more tightly bound 
nucleons, which have a smaller kinetic energy. 

Taking these considerations into account, the starting point for a theory of 
nuclear eigenstates should be a stationary Schrédinger equation very generally 
given by 


vbw | (1.4) 


The rest of this book is about what to write for H and which degrees of freedom 
to use in the wave functions. 
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1.3 Microscopic versus Collective Models 


The most natural selection for the degrees of freedom is, of course, to use the 
nucleonic ones, i.e., the A sets of positions r;, spins s;, and isospins T;. The wave 
function then takes the general form 


Dray Gi, G25 O22) TA, SA, TA) ) (ies) 
while for the Hamiltonian we would try the natural expression 


; A. 1 
He aa hy ee. (1.6) 
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This is the principal starting point for microscopic models, in which the degrees 
of freedom are those of the constituent particles of the nucleus. Here u(i,/) is the 
nucleon-nucleon interaction, which may depend on all the degrees of freedom of 
a pair of nucleons. Clearly it is impractical even with modern computers to solve 
the many-particle Schrédinger equation directly for A larger than three or four, so 
that the search for suitable approximations is the overriding concern in this type 
of model. 

It is one of the important features of nuclear theory that there is no a priori the- 
ory for v(i,j). Instead, various parametrizations are employed which are good for 
different purposes — one may be adapted for describing nucleon-nucleon scatter- 
ing while another may be suitable for Hartree-Fock calculations of heavy nuclei. 
It is not even clear how important three-body forces not included in the above 
Hamiltonian might be. Until the nucleon-nucleon interaction can be derived from 
a more fundamental theory such as quantum chromodynamics, we will have to 
live with this situation. Contrast this with the situation in atomic physics, where 
the fundamental interaction theory — QED — is very well known and it is “only” a 
matter of approximation methods to find solutions to the problem. 

A typical microscopic model thus depends on a nucleon-nucleon interaction 
which necessarily contains parameters fitted to reproduce some experimental data. 
This justifies the name “model” even for the microscopic approaches: the lacking 
knowledge about the fundamental interaction is replaced by the proposal of a 
reasonable functional form with a limited number of parameters, which cannot be 
determined from an underlying theory. 

The proposal of suitable functional forms for the nucleon-nucleon interaction 
depends to a large extent on symmetry arguments. These considerations and an 
overview of some interactions used in practice will be given in Sect. 7.1. 

A complementary and important role is also played by collective models. These 
are based on degrees of freedom that do not refer to individual nucleons, but instead 
indicate some bulk property of the nucleus as a whole. Simple but trivial examples 
for collective coordinates are the center-of-mass vector for the nucleus and the 
quadrupole moment, 
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Note that in these cases it is possible to express the collective coordinates in terms 
of the microscopic ones, so that at least theoretically one should be able to go back 
and forth between both descriptions. In practice, however, one often introduces 
coordinates defined without any reference to microscopic physics, for example, 
by expanding the surface of the nucleus in spherical harmonics and using the 
coefficients as coordinates; let us just give an impression of the issues involved 
and refer the reader to Chap. 6 for details. 

In a special case of the geometric model the nuclear surface is given in spherical 
coordinates by 


R(Q) = Ro(1 + alt)¥o0(2)) (1.8) 


This will be seen to describe shapes close to ellipsoids a deformation a that is not 
too large. A time-dependent a(r) then describes oscillations in the shape of the 
nucleus, and if the nucleus is a sphere in its equilibrium state, it appears natural to 
assume harmonic vibrations around @ = 0, leading to a classical Lagrangian 


L=4Ba —4Ca (1.9) 


with a mass parameter B and a stiffness parameter C, which are as yet undeter- 
mined. To develop this into, and exploit it as, a full-fledged model the following 
steps may be taken. 


1. Quantize the Lagrangian. For the harmonic oscillator this is easy, but if the 
collective coordinate is defined in a more complicated way, quantization may 
be a problem. An example is given by the rotation—vibration model discussed 
in Sect. 6.4. 


2. Determine the eigenstates. This is mostly a matter of mathematical prowess. 


Set up expressions for other observables. It is not sufficient to determine the en- 
ergy spectrum; calculating transition probabilities also requires operators such 
as the quadrupole operator, which has to be given in terms of the collective 
coordinates. Again, a physical model has to be employed to find such expres- 
sions. 


4. Compare with experiment. Since the models always involve some undetermined 
parameters, one should concentrate on the characteristic structure. For the har- 
monic oscillator, for example, we would expect a spectrum with equally spaced 
levels (in the realistic case, one does indeed find an equidistant spectrum, but a 
rich angular-momentum structure is superimposed). If an experimental spectrum 
comes close to this, the spacing between the levels determines the oscillator 
frequency w = ,/C/B, and it turns out that a single transition probability is 
sufficient to determine B and C independently. This defines this simple model 
completely, and any additional quantity in experiment agreeing well with the 
model supports the model as a reasonable interpretation of the data. At this 
stage one might claim to have “gained an understanding” of the structure of a 
certain nucleus. 


5. Finally, if possible, check whether the parameters B and C can be understood 
from a slightly deeper description of the physics; for example, the mass pa- 
rameter B might be calculated from a model about the movement of the matter 
inside the nucleus during a surface vibration. 


1.4 The Role of Symmetries 


The final goal in this context is to unify microscopic and collective models by 
explaining the latter in terms of the former: collective models would be used to 
classify spectra and explain their structure whereas microscopic models should 
explain why collective coordinates of a certain type should lead to a viable model. 


1.4 The Role of Symmetries 


As was discussed in this chapter, many of the foundations of nuclear structure the- 
ory are still unclear. In this situation is is very important to use symmetry arguments 
to restrict the freedom inherent in setting up new models for the nucleon—nucleon 
interaction, the collective Hamiltonian, etc. A deep understanding of symmetry 
arguments in quantum physics is therefore essential for anyone interested in nu- 
clear structure. The most important parts of this subject are repeated in the next 
chapter, where we give only as much detail as is actually needed for this book. 
Active work in nuclear structure theory requires much more than can be presented 
in the available space and suitable works on angular-momentum theory should be 
consulted. 
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2. Symmetries 


2.1 General Remarks 


In this chapter the principal symmetries of interest to nuclear physics and their 
mathematical treatment will be introduced. The importance of a good understanding 
of these mathematical developments cannot be overestimated; many very useful 
concepts, such as isospin, become quite obscure if one does not see the formal 
analogies, in this case to angular momentum. 

Symmetry operations generally correspond to a mathematical group, i.e., they 
fulfil the following four properties. 


1. If S and §’ are two symmetry operations one can always define a product 
T =$ .§' such that 7 is also a symmetry operation of the same type (belongs 
to the same group). Generally one defines the product as the application of 
first S’ and then § to the physical system. For example, for rotations the group 
property means that the result of carrying out two rotations one after the other 
should be representable by a single rotation. 


2. Multiplication is associative, i.e., for all §, $’, and §” we have 

S(O oS Ges (2.1) 
oo) here as an Adentity operation Il which has the property that 

1-$=8 SS eae (2.2) 


Generally the identity is realized by the operation of “doing nothing”, for ex- 
ample, the rotation about an angle of zero. 


4. For each § there is an inverse §~! such that 
S25 = | fe (2.3) 


For example, the inverse of a rotation about some axis through an angle ¢ is a 
rotation about the same axis through an angle —¢. 


The groups of interest to us can be divided into two quite different types: groups 
whose elements depend on continuous parameters such as the translation and rota- 
tion groups, which are parametrized in terms of rotation angles and the translation 
vector, respectively, and groups consisting of discrete operations, for example, 
space or time inversion. 
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2.2 Translation 


2.2.1 The Operator for Translation 


Translational invariance provides a symmetry which is not too useful in nuclear 
physics, but which serves as a very simple case for illustrating many of the methods 
that will be used for the much more complicated case of rotation. Translational 
invariance can normally be taken into account quite simply, but there are cases in 
nuclear physics where it plays a more subtle role; for example, a phenomenolo gical 
single-particle model with a prescribed potential violates translational invariance, 
because the potential has to be located at a fixed position in space, and special 
considerations have to be made to correct for this. 

The translation of a point particle located at r with momentum p and spin s 
is defined by the operation 


ee eS ce a 


(Here, as in the following, the transformation of the spin s is included for complete- 
ness, although spin will be defined formally only in the later sections on angular 
momentum.) The vector a@ is the constant vector by which the particle is moved. 
This is the active view of the transformation; the passive view can be achieved by 
moving the coordinate system instead, which corresponds to moving the particle 
by —a. These two formulations of transformations are equivalent but may lead to 
different signs in the formulas. In this book the active view will be used throughout. 

If the particle is described by a wave function 7)(r, p, 8), the translated wave 
function may be defined simply by letting the value be carried along with the 
particle, i.e., its value at the new position r’ is the same as that of the original 
wave function at rT: 


Pry=v(r+ag=r) . (2.5) 
Its value at the point r is then given by moving both points by —a: 
VO) = vG — a) (2.6) 


In quantum mechanics the action of transforming w(r) into w’(r) has to be ex- 
pressed as an operator U(a). This can be done by expanding (2.6) in a Taylor 
series: 


U(r) = VO) — a Vr) + (a VwOr) =... 


OO 
Gay: 
ee oe (2.7) 
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Formally the sum can be written as an exponential function and the operator V 
may be expressed through the momentum operator p = —iAV, so that 

w'(r) = exp(—a- V)y(r) = exp (—Ra-P) nr) . (2.8) 


Thus the momentum operator is directly connected with translations; in fact, an 
expansion for small displacements a yields 
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V(r) = (1 — Za -P)dr) , (2.9) 
so that one may call p the operator or, alternatively, the generator for infinitesimal 
translations. 


We have thus obtained the operator for translations 
U(a)=exp(—ta-p) , (2.10) 
transforming wave functions according to 


v'(r)=v(r—a)=U(aywr) . (2.11) 


To find out how position-dependent operators A(r) have to be transformed, just 
keep in mind that A(r)x)(r) must transform like a wave function, so that 


Al(ryp'(r) = A(r — a) U(r — a) 
= U(a) (A(r) ¥(r)) 
= U(a)A(r) 0! (a) O(a) Wr). (212) 


So operators are transformed according to 
Mega . 3) 


and obviously this is a general result holding analogously for any transformation 
group. 

If we use the power series expansion it is seen immediately that for the expo- 
nential of an operator 


exp aM =exp( 2) ay exp (7)~ =exp(—T) . (2.14) 


Since p is a Hermitian operator, its product with an imaginary number changes 
sign under Hermitian conjugation and we have 


Ol(a)=0-'(a)= 0(-a) . (Ons) 


The operator U(a) thus is unitary, so that it conserves the norm of wave functions 
as well as the matrix elements between them. That the inverse translation is the 
same as the translation by —a just states formally what is intuitively obvious. 


2.2.2 Translational Invariance 


These arguments are still applicable to arbitrary one-particle systems; the formulas 
derived simply express the action of translation on wave functions without assum- 
ing any invariance property. A physical system is translationally invariant if the 
Hamiltonian does not change under translations (note that all other arguments of 
A such as spin and momentum are omitted for brevity). For arbitrary a it must be 
true that 


A'l(r)=H(r-—a)=H(r) . (2.16) 
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This implies 

A(r) = O(a) A(r) 0-'(a) Qi) 
or, by multiplying with U(a@) from the right, 

A(r) U(a)=U0(a)A(r) , (2.18) 
1lee 

iG), 0 (a) o (2.19) 


so that the Hamiltonian commutes with the operator of translation for arbitrary a. At 
this point it becomes advantageous to use (2.10): clearly O(a) will commute with 
Al independent of the specific displacement a, provided the momentum operator 
does. This leads to the simpler condition 


alsa (2.20) 


Summarizing the above considerations we may conclude that the properties of a 
physical system with respect to translation can all be expressed in terms of the 
momentum operator. 


2.2.3 Many-Particle Systems 


Translation of a many-particle system leads naturally to the concept of total mo- 
mentum, again giving a simple introduction to what will be more complex for 
angular momentum. Translating a system of N particles by the displacement a is 
expressed as 


(Tig tases sin) — (7) + ro 4 a, Fr 1 @) (2,21) 


(the momenta and spins are not affected, as before). For the many-body wave 
function the transformation is given by 
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and one may apply the translational operators separately for each coordinate. Since 
they refer to different degrees of freedom, these operators commute and one may 
choose any ordering. 


#'(r1,72,--., Tw) = Ui(a)Ua(a)--- Oy(a) bri, r2,...,7N) (2.23) 
Here 0; (a) acts on coordinate number /: 
U;(a) = exp(—a- V;) = exp(—ia-p;)_ . (2.24) 


Again because of the commutation of the p,; the arguments of the exponentials 
may be combined to yield 


@ Pi, 12,02 PN) = exp (— = 12), ey, (225) 


where P is the total momentum operator 
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N 
i= ee. (2.26) 
j=l 


So the total momentum operator appears as the operator for simultaneous infinites- 
imal translation of all particles. 

This also makes it easy to understand what translational invariance of a many- 
particle system implies in practice: the Hamiltonian should be invariant under 
simultaneous translation of all the particles. For example, for two-body interactions 
a Hamiltonian of standard form like 


N p 1 N 
ie Shines oy 
ert ys V(r;,7;) Cor 
i=] il 
iti 


will be invariant if the potential depends only on the relative positions r; — Ti. 
The canonically conjugate coordinate to the total momentum is the center-of- 
mass vector 


N 
1, NT; 
— Demi Ti (228) 


This can be proved easily by checking that the cartesian components R;, and P,, 
fulfil 


[Rey Per] =ihSae (2.29) 


2.3 Rotation 


2.3.1 The Angular Momentum Operators 


For the case of rotation we will proceed along the same lines as for translation, 
as far as is possible for this more complicated case. Let us make a few general 
remarks first, though. In this book only the fundamental definitions and meth- 
ods will be discussed. Active research in nuclear theory requires a much deeper 
knowledge of angular-momentum theory, for which a number of textbooks can 
be recommended [Ro57, Ed60, Br68c]. These should also be consulted for possi- 
ble differences in definitions, which can affect signs, notation, and even additional 
factors, for example, in the Wigner—Eckart theorem. The textbooks cited all use 
the set of definitions that seems to be almost universally accepted in nuclear the- 
ory nowadays, but the reader should carefully check which conventions are used, 
especially when consulting older papers. A comprehensive modern collection of 
angular-momentum formulas is given in the book by Varshalovich et al. [Va88)]. 
To simplify the introductory developments, regard first a two-dimensional rotation 
(Fig. 2.1) in polar coordinates. The point r = (r, ¢) is carried into r’ = (r,¢+ 6) 
by a rotation through the angle @. The rotation will be denoted by R(@). Similarly 
to the case of translations, we can define the rotated wave function w’ by 


11 


r'= (r,0+8) 


Fig. 2.1 Rotation in the plane 

through an angle @, carrying 

the vector r into the vector 
/ 

r 
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and its value at r is determined by the value of w at that point which is carried 
into r by the rotation: 


REO) br, 6) =W'7, o) = 00, 9-9). (2.31) 


The shift in @ can also be expressed by a Taylor series expansion 


es) —ey er 
vr 8) = 9) 
n=0 ‘ 


Og" 
= exp (—02 ) wor.) 
aon p Od ’ 
= exp (—+63,) W(r,¢) . (2.32) 
The operator J, for infinitesimal rotations can also be written in cartesian coordi- 
nates, 
A 0 6) 0 
eS heen | ee 253 
ne toe i («F 15) ; ( ) 


and thus is identical with the angular-momentum operator. 


RERGSE 


2.1 Cartesian Form of the Angular-Momentum Operator J. 


Problem. Derive the cartesian form of the angular-momentum operator J,. 


Solution. One way is to simply transform the expression in cylindrical coordinates 
to cartesian ones. It is more instructive, however, to go back to the definition 
of the rotated wave function. A rotation through an angle —@ is given by x — 
x cos @ + ysin@ and y — ycos@ —xsin@, so that 


RO) w(x, y) = Wa cosé+ysind,ycos@—x sind) , (1) 


which for small 9 reduces to 
RO) pix,y) = Pa +yb,y — xA) 


0 0 
= 1 SS — — ) r o 
Comparison with the corresponding small-angle result 
R(O) = exp (—46J,) = (1 — 46/7.) (3) 


immediately yields the above result for J,. 


2.3 Rotation 13 
eee eee ei‘ ‘ ‘ :CUWY 


The rotation of the vector r itself in cartesian coordinates may be written in matrix 
form as 


x cos@ —sin@ aR 
Ga -_ on cos 0 ) (5) Ce 


If the rotation matrix is expanded to first order for small 9, we also get a matrix 
representation for J,: 


Golo 1)G)-[—-°(S aIG) es 


so that 


ao 
i= -in( 9) 5 (2.36) 


We now show that the finite rotation can be recovered from this matrix. This 
evaluation of the exponential function of a matrix is quite instructive in itself, 
because the trick used always recurs in such cases: it can be applied if some power 
of the matrix in the exponent is proportional to the identity matrix. In the present 
case we have 


Si fe 1 
exp (~ 7442) = D n! e >) 
7 cs Ge gyn 2 gy2ntl 1 2n+l 
= (2n)! (2 ae La oe ‘ 


n=0 
7 1 © ee (1a e 1)" 92n+1 
7 ¢ D2 (2n)! a De eer (2n + 1)! 
: 0 1 
dG t) =sina ( °, i 
cos@ —sing 
a Ce cos 6 ) j ey 


where we have made use of 


bo 
‘eS 4 =-(4 a (2.38) 


so that in general for even powers 


0. Wye af oO 
(", ) =) G ') (2.39) 


and for odd powers 


ay Wacoane| 
let 4 = (ip G a (2.40) 


This allowed the matrices to be taken out of the sums and the sums to be replaced 
by trigonometric functions. 
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The representation of finite transformations through the exponential function of 
the operator for infinitesimal transformations, which can in turn be expressed either 
as a differential operator or as a matrix, is called the exponential representation. 

An alternative way of deriving the angular-momentum operator rotations is in 
terms of derivatives of finite rotations. For both the matrix and the differential 
operator versions we can write 


=. 2.41 
J. ih b0 aon ’ ( ) 


which simply results from its definition as the first-order coefficient in the Taylor 
series. 

In the case of three dimensions there are three degrees of freedom for rotations. 
Examining rotations around the three cartesian axes leads to a simple generalization 
of the results for two dimensions. For rotations about the z axis 


ie cos@, —sin@, 0 x 
(>) = [sia cos 6, | @ . (2.42) 
a 0 0 1 is 


so that according to (2.41) the matrix for the angular momentum is 


o 2 © 
J=-in( 1 0 0) (2.43) 
0 00 


Similarly for rotations about the y axis 


se" cos) 0 sinc, x 
() = ( 0 1 0 C) E (2.44) 
ae Si OOS % 


The signs in the matrix keep account of the fact that a positive rotation about 
the y axis turns the x axis into the negative z direction. The associated angular- 
momentum matrix is 


Gr ll 
Jy = —ih [0 Ore’ : (2.45) 
I 


Finally for a rotation about the x axis 


x’ 1 0 0 & 
() = (0 cos 6, -sina, C) (2.46) 
Ke 0 sin@ cosé, Zz i 


and 
0 O O 
J, = —-ih [0 0 . ; (2.47) 
0 -l1 O 


The angular-momentum matrices fulfil the familiar commutation relations for an- 
gular momentum 
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The same commutation relations hold for the representation of the angular momenta 
as differential operators 


e : O 
j= ~in(e -*5] : (2.49) 


The angular-momentum operators form a Lie algebra, whose properties are deter- 
mined by the commutation relations. We will see that these commutation relations 
by themselves determine the properties of finite rotations to a large extent, and 
usually it is much simpler mathematically to study the Lie algebra instead of the 
rotation group itself. Formally a Lie algebra is a set of operators which is closed 
under linear combination and under the commutation relations: a commutator of 
two elements of the Lie algebra must be expressible as a linear combination of ele- 
ments of the algebra. The commutation relations of the angular-momentum algebra 
clearly have this property. 

Finite rotations about any of these axes may be written in the exponential 
representation as 


PEG) xP (—7erJ.) 5 k G4x,y,2) (2.50) 


There is a problem, however, in expressing arbitrary rotations, because rotations 
about the different axes do not commute. If one has a composite rotation denoted 
formally by 6 = (@,,6,,9,), one should specify precisely in which order the 
rotations about the three coordinate axes should be performed. Furthermore, it 
is not clear whether a given finite rotation can be parametrized uniquely by a 0 
and how such.a ‘parametrization could be determined in practice. We will later see 
that for this purpose it is better to use the Euler angles and not the rotations about 
the three axes, and for the formal developments in this chapter we merely assume 
that finite rotations (@) can somehow be defined uniquely. 

A final remark concerning the group terminology: rotations in three dimensions 
are represented by real 3 x 3 matrices and conserve the scalar product between 
vectors. The condition that 


a-b=a'.b' = (R@)a) - (R(@)b) Zoi) 
can be rewritten in matrix notation as 

ab = (R(@)a)" RO@b=a RIORO)b , (252) 
so that the matrix for (@) must fulfil the orthogonality condition 


Ri@RO)=1 . (2.53) 
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Since 
det R'(0) = det R(O) (2.54) 


orthogonal matrices can have a determinant of either +1 or —1. Those with a 
negative determinant should not be included, because they change the handedness 
of the coordinate system and are thus not true rotations (they are rotations combined 
with a space inversion). 

Thus we may conclude that rotations in three dimensions are represented by 
matrices belonging to the special orthogonal group SO(3), 1.e., the group consisting 
of all 3 x 3 matrices 7 fulfilling 


R'R=1 , dtR=1 . (2.55) 


2.3.2 Representations of the Rotation Group 


We have seen that the angular-momentum operators may be represented by matri- 
ces. In the same way, any abstract rotation 72(@) acting on a wave function can be 
represented by matrices via a basis expansion. Expanding 


b'(r) = RO) V(r) (2.56) 
in a complete orthonormal basis ¢;(r) and taking the overlap with ¢; on both sides 
yields 

(gilb") = (¢i|RO)|Y) 

= SViIROI4)) (O14) - (2.57) 
J 


So the abstract rotation 72(@) is “represented” by the matrix with elements 
Ry (0) = (P:|RO|9;) (2.58) 


and clearly the representation must reproduce the group structure in the sense that 
products and inverses in the group are represented by products and inverses of 
matrices: 


RO") =ROREO') > RO") =S 7 ReO)RYO') 
k (2.59) 
RO=R'\0) > -Ry(0') = R46) 


The set of matrices is called a representation of the rotation group. It need not be 
faithful, i.e., different rotations may be represented by the same matrix — a simple 
example is a scalar wave function, for which all rotations correspond to the identity 
transformation. The number of basic functions ¢;, which is also the dimension of 
the matrices, is called the dimension of the representation. 

In many cases representations can be reduced to simpler ones. For example, the 
total space of wave functions may be decomposable into two invariant subspaces, 
with the wave functions of each subspace mixing among themselves only under 
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rotations. With a suitable choice of basis the matrices of the representation then all 
take the form 


ae 


Rj (0) = (2.60) 


where both RO) and BG are representations of smaller dimension. Of special 
interest are the irreducible representations, which cannot be decomposed in this 
sense. For the rotation group it can be shown that all representations can be built 
up from finite-dimensional irreducible representations. 

In practice it is usually much easier to construct the representations of the 
Lie algebra, in the sense of constructing matrices with the correct commutation 
properties, and then to obtain those of the group by the exponential formula. For the 
rotation group this means that we need to determine only the matrices representing 
the three operators ae a and 1s Because all of these operators commute with J?, 
the eigenvalue of J? cannot be changed by any rotation and it must be the same 
within one irreducible representation. As the components of the angular momentum 
vector do not commute amongst themselves, only one of them can be chosen to 
be diagonal in addition to /?. 

Let us try then to use a basis diagonal in both J? and J,, 


J*| jm) = h? A; | jm) : J,|jm) = un | ae (2.61) 


with j constant and m varying in a range still to be determined (elementary quantum 
mechanics suggests that although the eigenvalue of J, will turn out to be fim, that 
of J? will not be as simple, so that we tentatively write A;). Because anders 
do not commute with J,, they cannot simultaneously be choeen to be diagonal. 
Instead of studying the action of J, and i on these wave functions, it is simpler 
to replace them by shift operators 


a (2.62) 


The meaning of the term “shift operator” becomes clear through the commutation 
relations 


ede = AAS ; (263) 
which allows us to compute the eigenvalue corresponding to J+| jm): 
J, (Ga|jm)) = JF,|jm) [Fa 4] |im) 
= lise aye (2.64) 


This shows that J; shifts the eigenvalue of J, by +h, or the value of m by +1. 
The underlying idea, which will be used several times in this book, is that if 
two operators A and B have a commutation relation of the form 


[A,B] = 6B (2.65) 


with @ some number, then the same calculation as above shows that B shifts the 
eigenvalue of A by . 
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Given a particular basis state |jm), by using the operators J we can suc- 
cessively construct the states |jm +1), |jm + 2), etc. Since we are looking for 
representations of finite dimension, this process must end somewhere (in fact it can 
be shown that “all irreducible unitary representations of a connected simple com- 
pact group” are finite-dimensional — details may be found in textbooks on group 
theory . Let us only remark that this theorem applies to the rotation group). Use yu 
for the largest value attainable by m. Then we must have 


Jylju) =0 , (2.66) 


because anything else would imply the existence of a vector with eigenvalue z+ 1. 
Now compute the action of J? on |j #4) using 


eh ede (2.67) 


This may be rewritten using the commutation relation 


eye) =e (2.68) 
to yield 
(a ME ef (2.69) 


and the first term on the right produces zero on |j /1), while J, has the eigenvalue 
hy, so that we get the eigenvalue of J: 


P jp) = awe + DF H) (2.70) 
as 
Aj=Wuu+) . (2.71) 


Up to now the variable 7 had no direct physical meaning; it only enumerated the 
eigenvalues of J”. The preceding equation suggests we use the maximal ei genvalue 
of J, instead. Thus we identify 7 with yz: and keep the letter 7. Then the states of 
the representation fulfil 


J?\|jm) =h]G+Vijim) , J,\jm)=hm|jm)_, (2.72) 


and the one with the largest eigenvalue of J, is es 
Now the same arguments can be applied to the lowest possible value of m. 
Assume that for some positive number n we have 


J_\j,j —n) =0 (2.73) 


to stop the generation of states on the lower end. The angular momentum squared 
of (2.67) can also be expressed as 


sh A on a (2.74) 
and again the first term will yield zero, so that 


F\j,g —8) = 0 |G 0) = | (2.75) 
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Since the eigenvalue of J? must still be the same, it must be true that 


A al) =i =" = Sia (2.76) 


which is a quadratic equation for n with the only positive solution n = 2]. This 
makes the lowest projection equal to —/. 
The representation we have constructed thus has the basis states 


| jm) ; a), elena ’ Cat) 


which are 2j + 1 in number and are eigenstates of the angular momentum squared 
and of the z projection according to 


J?\ jm) = RIG + I)|jm) ,  J,|jm) = fhm| jm). (2.78) 


The construction of the basis with the shift operators did not explicitly normalize 
the states, but this can be done easily if we note that de is just the Hermitian 
conjugate of /_, so that the norm of the state Ja|jm) is given by 


(jm|JzJ4.|jm) = (jm|J? — 52 + J,| jm) 
ar iG = 1) — m? =m] 
Shyam ij =m) - (2.79) 


The reciprocal square root of this expression will be the normalizing factor for the 
state |j,m +1), and the matrix elements of the shift operators also result as 


Gi,m+1\Jzljm) =h/Gtm+DG Fm) . (2.80) 


These matrix elements define the matrix representations of the shift operators and 
hence of the operators J, and dy via 


ee) ee (te IL) (2.81) 


as 


(ism) = 8 (VTE mE DTP ft 
(j,m'|J,| jm) = -3( Gent DTM cee (2.82) 
: VG= MF DTM burn) | 


(jm'|J, ia) =e 


where for completeness the matrix elements of J, are also given. Thus we have 
represented the full Lie algebra by (27 +1) x(2j +1) matrices. There is a freedom of 
choice in the phases of the matrix elements, since multiplying them by an arbitrary 
phase would not change the normalization argument. The phase chosen here is the 
Condon and Shortley phase and is the usual choice. Another choice of phase will 
be used in the BCS model for pairing (Chap. 7.5). 
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2.3.3 The Rotation Matrices 


Finite rotations are quite a bit more complicated. It is important to find a unique 
parametrization of these rotations in terms of rotations performed about certain axes 
in a prescribed order. The order is important because rotations about different axes 
do not in general commute. The most familiar set of angles are the Euler angles = 
(6;, 42, 93), which are defined as follows (all rotations performed counterclockwise). 


1. Rotate the system through an angle 6, about the z axis, yielding new axes cate 
sand 

2. The second rotation is through an angle 92 about the new axis y’. This yields 
(ee ye z’'), 


3. Finally, rotate through 63 about the new axis z’’ produced in the first two steps. 


What is the advantage of using the Euler angles compared with the rotations about 
the three Cartesian axes that we have considered with up to now? It is much easier 
to determine the Euler angles needed to orient a body uniquely in space by using 
the first two angles to orient its body-fixed z axis correctly and then to turn it about 
that axis into the correct position. Also, for the Euler angles two of the rotations 
involve a diagonal J,. On the other hand, for the infinitesimal rotations the Euler 
angles are useless because for 4 ~ 0, 6; and 63 rotate about the same axis and do 
not lead to independent angular-momentum operators. 

To write these rotations in terms of angular-momentum operators, we have to 
define Jy! as the operator for infinitesimal rotations about the rotated y’ axis needed 
for >, and J,” as that for the final z” axis needed for 63. The rotation operator is 
then given by 


RO) = E40 (—463),) e€Xp (—}O.Jy) exp (—i0,J,) : (2.83) 


This is very difficult to use as it stands, but can fortunately be transformed into 
a form with rotations about fixed axes. Instead of rotating the system about y’, 
we can clearly first go back to the original axes, rotate about the original y axis, 
and then rotate back to the primed coordinate system. Expressing this by operators 
replaces this part of the rotation operator by 


exp (—j925y) = exp (—7415,) exp (—jO2Jy) exp (ZAI), (eS 
and a similar argument for 63 yields 
exp (—743J,”) = exp (—4O2Jyr) exp (— 56142) 
x exp (—145J,) exp (161J,) exp (£64, 2.85) 


with the two other rotations reversed and then reapplied. Inserting this result into 
(2.83), cancelling the operators as far as possible, and then using the formula (2.84) 
for the remaining Jy, term finally yields 


R(O) = exp (—46,J,) exp (—462J,) exp (—163J,) (2.86) 


i.e., the interesting fact that one produces the same rotation by rotating about the 
fixed original axes with the order of the Euler angles reversed. 
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The matrices for these rotations in the irreducible representation with angular 
momentum j are defined by 


DY (0) = (jm'|R(O)| jm), (2.87) 


which implies that a state | jm) transforms into 
fe) jm DY ey (2.88) 
m! 


We will not need many explicit properties of the matrices Be) (@); special forms 


will be given when needed. It is useful, however, to reduce the matrix to simpler 
form by noting that in (2.86) the first and last operator is diagonal in the basis 
| jm), so that one may simplify the matrix to 

Dy? ,(8) = exp [— 11m’ + ,m)] d? (6). (2.89) 


m m 


In this way the dependence on two of the angles has become trivial, and the only 
complicated function is the reduced rotation matrix d) (6). 


2.3.4 SU(2) and Spin 


Let us return to the question of which values of j are actually possible. The con- 
struction of the representations of the angular-momentum algebra led to the condi- 
tion that 27 should be integer, a consequence of (2.76). So the somewhat surprising 
result is that 7 may be integer or half-integer, leading to the natural appearance 
of spin in the latter case. The representations with half-integer angular momen- 
tum cannot correspond to normal rotations of classical objects. To see this, simply 
examine a rotation for an angle of 27. For the z axis, for example, this is given by 


RG 2%) —exp(—272J,) 4 (2.90) 


and for a state with angular-momentum projection i, for example, it will be mul- 
tiplied by a factor of exp(—7i) = —1. For wave functions there is nothing wrong 
with this, as all measurable quantities lead to matrix elements containing the square 
of this factor. But if a classical object such as a vector is rotated by 27, it should 
always be transformed into itself. Certainly the group SO(3) that we started with 
has the property that all rotations about an angle of 27 revert to the identity matrix, 
so how can it be that its representations do not have this property in general? The 
answer is that the half-integer representations are not representations of SO(3). 

Remember that we constructed the representations from the angular-momentum 
operators. These operators together with their commutation relations form the Lie 
algebra associated with the Lie group of the rotations, for which they determine the 
infinitesimal rotations. Now it turns out that the Lie algebra does not completely 
determine the associated Lie group, and in this special case the groups SO(3) 
and SU(2) have the same Lie algebra. Because an understanding of SU(2) and its 
relation to spin is very important for more general applications such as isospin, it 
is worth explaining SU(2) in some more detail. 

The group SU(2) is the special unitary group of all 2 x 2 unitary matrices with 
determinant 1, i.e., matrices U fulfilling 


pe 
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uiu= , dtU=1 . (2.91) 


Its relation to rotations has already been used in classical mechanics in connection 
with the Cayley-Klein parameters, and here we sketch the derivation. Examine a 
general 2 x 2 complex matrix 


a b 
fale ) | (2.92) 


Requiring the determinant to be | yields the condition 
ad —beo=\ | (28) 
whereas the unitarity condition reads 
Goa” ae) 8) 
é& sy E te :) ee) 


or, explicitly, 


a Gee = Ne (2.95a) 
Dba d= ls (2.95b) 
O bod) ae (2.95c) 
ad co Oe (2.95d) 


The last equation is simply the complex conjugate of the preceding one and can 
thus be omitted. These conditions allow one to reduce the number of degrees of 
freedom in the matrices. From (2.95c) we have 


*b 
| a (2.96) 
(a 
and inserting this into (2.93) yields 
*ab b 
ae (2.97) 
c ie c 


where the content of the parentheses is equal to 1 because of (2.95a). So we must 
have b = —c* and, inserting this again into (2.96), also d = a*. Then (2.95b) is 
automatically fulfilled and the matrix can be written in the more specific form 


a b 
Os ie é, (2.98) 


with the subsidiary condition 
Sato b=) . (2.99) 


Of the four complex numbers only two are left and because of the subsidiary 
condition three real degrees of freedom remain, identical in number to the three 
degrees of freedom of rotations in three dimensions. 

To see the relation to these rotations, associate with a vector r = (x,y,z) a 
matrix 
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P(r)= ee. = ) (2.100) 


This matrix is hermitian and has trace zero. Conversely, any 2 x 2 hermitian matrix 
with trace zero defines a vector in three dimensions, which can be obtained simply 
by reading the components from the real and imaginary parts of the matrix elements. 
Now investigate transformations of the form 


P'=uPul , (2.101) 


where U is any matrix in SU(2). Does this describe a rotation of the associated 
vector? The matrix P’ is also hermitian because 


pt = (uput)' = uptut = uput =P (2.102) 


and it also has trace zero. To see the latter, we write the trace of a product of 
matrices in component form and check that the matrices in the product can be 
permuted cyclically without changing the trace: 


UABG AZ} = > AVR Cy -Z, 


ijkl---n 
= > Big Cu ++ > Zi Ay 

jkloni 
= Ca (2.103) 


Applying this to our transformation formula yields 
ii RU i PO ee rt PY 0 (2.104) 


since U'U = 1. So P’ also defines a vector r’, and to prove that r’ is obtained 
from r by a rotation, we only have to check its length, which is given by the 
determinant: 


det P = —z*—(x —iy)@ +iy)=—(x? +y? 427) =-?? . (2.105) 


The determinant of a product of matrices is equal to the product of the determinants, 
so that 


det P’ = det (UPU') = detU det P det Ut = detP (2.106) 


and r’? = r*. Now a linear transformation which preserves the lengths of all vectors 
must be a rotation, possibly combined with reflections. 

To complete the construction, the rotations about the three coordinate axes have 
to be constructed in this representation (see Exercise 2.2). The result for rotations 
about the z axis is 


e719: /2 0 


and for those about the x axis 


ey eces(0./ 2) —ism(e,/2) 
wage | wee oh) 
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and finally for the y axis 


— { cos(@y/2) — sin(@, /2) 
TAD) (ae ey) ; GA) 


The form of these expressions allows two important conclusions. First, the angles 
are halved in the arguments of the trigonometric functions, and all of these matrices 
reduce to minus the unit matrix for an angle of 27. This does not cause problems 
in this case, because in the rotation law (2.101) U appears twice and the signs 
cancel. Second, expanding the rotation matrices for small angles yields the angular 
momentum operators 


: hol 5 1/0 -1 A ek 
ae: et = 2.110 
Jy 9) ¢ >) 2] J) D € 0 ) y J, 2) € H) ? ( ) 


which can also be expressed in terms of the Pauli matrices as 


J=lo eaubiy 


0 1 Ch, I 
n=l a : x= (4 a ; wal 5 °) : (22) 


and fulfil the usual angular momentum commutation relations. This shows that 
SU(2) and SO(3) have the same Lie algebras. 

Although the Cayley-Klein formulation as described above will not be used 
further in this book, this discussion should have made the intimate connection be- 
tween rotations and the group SU(2) clear. Since SU(2) describes arbitrary unitary 
transformations with determinant | in a two-dimensional space of wave functions, 
angular-momentum methods can be used by mathematical analogy whenever one 
is dealing with symmetries in such a space. Isospin will be the principal application 
of this idea. 


RCS aes 


2.2 Cayley—Klein Representation of the Rotation Matrix 


Problem. Derive the transformation matrix in the Cayley—Klein representation for 
rotations about the z axis. 


Solution. We have to compare the usual transformation 


i = cos) —ysing 0) — singe y cose zi'=z (1) 


b] 


with the one given by (2.101). With the matrix set in the form of (2.98), this leads 
to the matrix equation 


ae x! — iy’ ae) © z x —iy a* —b 
ie ay! —z! Se ae yds ~z b* a : (2) 
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Carrying through the matrix multiplications and inserting the expressions for the 
primed coordinates yields four complex equations, in which the coefficients of x, 
y, and z can be compared separately. In the diagonal, the coefficients of x and y 
must be zero and that of z must be | or —1, leading to 


(4) ea a — pb — | (3) 


In the off-diagonal terms the coefficient of z must vanish, requiring ab = 0. 
Now split the lower off-diagonal equation into real and imaginary parts; defining 
a=a,+ia; and b = b, + ib; one obtains 


cos 9 = —a? + a? + b? — b? — sin@ = 2a;a, + 2b;b, 


4 

cos @ = —a? +a? + b? — b? sind = —2a;a, +2b;b, , se 
from which b; = b, = 0, i.e., b = 0, and 

244, —=— sing ae = a = cos@ (5) 


follow, which can be solved yielding 
Gao) ee) — inl) al = exp (-if) . (6) 


This completes the construction of the matrix. 


2.3.5 Coupling of Angular Momenta 


In a system of two particles, there is for each of the particles an angular-momentum 
operator that infinitesimally rotates that particle about the origin of the coordinate 
system. Let us designate these operators by J, and J». If the particles interact, the 
energy of the system will not be invariant if only one of the particles is rotated, but 
if both are rotated simultaneously, their relative position, relative spin orientation, 
etc., will not be changed and the physics should remain the same. Thus it makes 
sense to study the operator for a common infinitesimal rotation of both particles, 
which is the total angular-momentum operator 


ne. Je (2.113) 


(cf. the construction of the total momentum in Sect. 2.2.3) and for the two-particle 
system the eigenfunctions of J? and J, must be sought. Normally these are obtained 
by angular-momentum coupling from the products of eigenfunctions of the separate 
angular momenta. 

Let two sets of eigenfunctions | jj) and | jm) be given such that 


Fiji) = RAG + VD Am) » Achim) =hmiljm), (2.114) 
JZ | jom2) = Wixgo+ Vi jome) Jaz |jom2) = himg| jm) 


A basis for the system of two particles may then be built out of the products of 
these states, forming the so-called uncoupled basis 


Exercise 2.2 
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|jimijom2) = |jimi)|jom2) . (2.115) 


One sees immediately that such a state is an eigenstate of the z component of the 
total angular momentum with eigenvalue m,; + mz, since 


J,| jimyjzme) = (Siz + Joz) | jymyj2me) = A(m, a my)| jymyj2m2) , (2.116) 


However, it cannot be an eigenstate of J, and to see this we have to examine the 
commutation relations of the different angular momenta. 

First note that all components of J, will commute with all components of By, 
since they refer to different particles. Thus we get immediately 


Cenc tee =Car (2.117) 
as well as 
[eel = od | =0 , (2.118) 


while the square of the total angular momentum does not commute with the z 
projections of the individual angular momenta; for example, 


(el Ue aleas eles easel ~- (2.119) 


Although the first two commutators on the right-hand side vanish, the third one 
does not and the result becomes 


[07 ig 2ih( Joy Sic — Ja, Jiy (2.120) 


A fully commuting set of operators is thus given by J?, J,, J 7, and jee and angular- 
momentum coupling essentially consists in replacing the quantum numbers m, and 
mz by j and m. The new basis vectors may be denoted by 


|jmjijo) (Out 
and the unitary matrix leading to this basis is simply defined by 
| imjuiz) = S© |jumijome) (jamijama| jmjrjr) (3122) 
mim 


Obviously for practical notation the repetition of 7; and jz on both sides of the matrix 
element is superfluous, so that the transformation coefficient is more succinctly 
defined as 


(jijaj|mymym) = (jumijome|jmjij2) — - (2.123) 
This is the Clebsch-Gordan coefficient. The transformation is now written as 
Limjuj2) = S> |jvmajoma) jujaj|mimam) (2.124) 
mym2 


The following properties of the Clebsch—Gordan coefficients are used in this book 
(for a derivation see the literature on angular momentum). 
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I. Selection rules: the coefficient is zero unless the quantum numbers fulfil the 
two conditions 


m, +m =m (st) 
and 
Wi=rls<jSftp . (2.126) 


The first one merely repeats what we said above about the eigenvalue of J,, 
while the latter is known as the “triangular condition”: the size of the total 
angular momentum is restricted to those values that are allowed by the rules 
of vector addition, where the vectors J ee >, and J form a triangle. 

2. The coefficients are real. This is not a general condition, because the phases of 
the basis states are arbitrary in principle, but is assured for the standard choice of 
basis states due to Condon and Shortley. Note that a real transformation matrix 
is orthogonal so that the inverse transform corresponds to the transposed matrix: 


(Jimi joa] jmjrjr) = (jmjrja| jmijom2) = CGijaj|mimam) (2.127) 


and the transformation back to the uncoupled basis uses the same coefficients 
but the summation is over different indices: 


|Armrjoms) = S > |jmjrjo)uizilmmam) (2.128) 
jm 
3. In the language of group representations, angular-momentum coupling corre- 
sponds to the reduction of the product of two representations: 


DUD yx DU) = pUiti) Tgp eae ae 4+ Dial. (2.129) 
The dimensions of the bases involved on both sides coincide, i.e., 
Jit 
QitDQre+)= S> @+D) , (2.130) 
J=lh-hl 
which may be checked easily by direct calculation. 


4. Special formulas for the Clebsch—Gordan coefficients are to be found in angular 
momentum textbooks and special tables; the few that are needed in this book 
will always be quoted explicitly. 


2.3.6 Intrinsic Angular Momentum 


Up to now the rotational invariance of wave functions has been investigated in 
terms of their dependence on the space coordinates, leading to orbital angular 
momentum. There are also fields that have an intrinsic angular momentum, for 
example, vector fields. Figure 2.2 shows the situation for this case. A rotation not 
only moves the field to a different point r’ in space, but also rotates the vector 
itself. So we must have 


ACG 2-AG) (2131) 
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Fig. 2.2 Rotation of a vector 
field. In addition to the trans- 
formation of the base point 
the field vector itself is also 
rotated 
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where ® is the appropriate rotation matrix for a vector in three dimensions, for 
example, for a rotation about the z axis 


cos@, —sin@, 0 
Rig = ( sin@,  cos@, | : (23132) 
0 0 1 


The rotated field at r is then given by 
A Gwe Alia ae (2.133) 


The infinitesimal rotation is easy to derive from this expression: for the dependence 
on the coordinates we get the usual angular-momentum operator and for the rotation 
of the vector itself the matrix R has to be expanded in the angles. For a rotation 
about the z axis this is 


1 -@, 0 —_ 
R(Oz) © (« 1 | =1-14,8, , (2.134) 
on 


where §, is the matrix 
0 9-100 
g=a(s 0 | : (2.135) 


This is one component of the operator of intrinsic angular momentum, which is 
usually called spin, even if it does not refer to half-integral angular momentum. In 
this case, for a vector field, the angular momentum is unity, corresponding to the 
three-dimensional representation with j = 1. An example of this type of field is a 


photon. 
The other angular-momentum components, obtained in the same way, are 
QO @ i 0 0 O 
5 =1( 0 0 0) s=1(0 0 “| (2.136) 
-1 0 O 0 1 O 


These matrices fulfil, as indeed they must, the commutation relations for angular 
momentum. 
For the field A(r) the infinitesimal rotation is given by 


A'(r) = [1— 76, (L, + 8,)] A(r) . (2.137) 


Here the orbital angular momentum is denoted by L, to reserve the letter J for the 
total angular momentum J given by 


de= oe (2.138) 


Obviously J generates rotations for the vector field, and eigenstates of J? and J, 
have to be constructed by angular-momentum coupling. 

For this coupling, however, the coordinate system used for the vector is not 
adequate. As is clear from the form of the matrix §,, it is not diagonal in carte- 
sian coordinates and one has to go over to spherical coordinates to obtain spin 
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eigenstates. Formally we need to construct vectors fulfilling S$, é, = fipe, or, if 
we assume components a,b,c for the unknown eigenvector, 


QO -i O a a 
‘ 0 0 (+ = () : (2.139) 
0 0 O G é 


This equation can have solutions only if the determinant det iS, -_ hit) vanishes, 
which leads to the condition 


u(w —1) =0 (2.140) 


with solutions 4 = —1,0,1 as should be expected for the three projections of 
unit angular momentum. Inserting these eigenvalues into the equation, finding the 
required relations between a, b, and c, and normalizing the resulting vectors leads 
to 


e411 =—Klex tiey) , 
eo =e, , (2.141) 
ep = Flex = 125) 


These complex vectors could in principle be multiplied by an arbitrary phase with- 
out affecting their eigenvector properties, and the special choice made here is partly 
conventional and also made such that the gencral property 


e* =(—-l)"e_, (2.142) 


is fulfilled. This is analogous to spherical harmonics and corresponds to the 
Condon-—Shortley choice of phases of the-angular momentum eigenstates. 

Let us list a few properties of spherical coordinates. The basis vectors of (2.141) 
are orthogonal in the generalized version for complex vectors: 


een = Ogu! ; (2.143) 
and if spherical components a,,, 44 = —1,0,1, of a vector a are defined via 
DU g.e. =o, (2.144) 
pb 


they are related to the cartesian components by 
a Fy (ax Heid, coe ae (2.145) 


To understand the physical meaning of spherical components, regard the case of 
a plane-wave electromagnetic field with a polarization vector given by one of the 
spherical basis vectors: 


A(r,t) =e, exp(ik- r — iwt) 
= — Flex cos(k - r — wt) — ey sin(k - r — wt)] 


= lex sin(k -r —wt)+e,cos(k-r—wrt)] . (2.146) 
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The real part of this, corresponding to the physical field, and evaluated for simplicity 
atT = 0, is 


Re {A(O, t)} = —Jglex cos(wt) + ey sinwr)] (2.147) 


which describes a field rotating in the mathematically positive sense about the z 
axis and thus nicely conforming to the idea of positive intrinsic angular momentum 
about that axis. 

A second important case of internal angular momentum is that of spin fields. 
In this case the wave function has two components at each point in space that 
transform under rotations according to the representation of the rotation group 
with angular momentum j = 5. There are no classical analogies and in this case 
we do not have to worry about the choice of the basis: since there is no predefined 
physical set of basis states, we can immediately use the eigenstates of angular 
momentum $,. The two basic states may be called |4) and | — 5) with 


eS aeiless) (2.148) 


and the spin operator is denoted by the small letter s to distinguish it from the 
case of intrinsic angular momentum of unity, where capital S is commonly used. 
Its components are determined by 


= fhe , (2.149) 


where & are the Pauli matrices as defined above in (2.112). For both operators 
5S and 8 this agrees with the representation constructed in Sect. 2.3.2, as may be 
checked by calculating the matrix elements for J, and Js given there for these 
special cases and then obtaining J, and ie from them. 


2.3.7 Tensor Operators 


Up to now only the transformation of wavefunctions under rotations has been ex- 
amined. Before considering operators in more detail, we first introduce the various 
types of transformation properties. A scalar is a quantity that does not change 
under rotations, whereas a vector or tensor of rank 1 is an object with three com- 
ponents that transforms like the position vector r; as discussed in the last section 
this corresponds to unit angular momentum. 

Higher-rank tensors can be constructed in two ways, reminiscent of the al- 
ternative of angular-momentum coupled or uncoupled bases. A cartesian tensor 
of rank n has components with n indices, each of them running from —1 to +1 
(1.e., spherical components are assumed, but cartesian ones can be used as well), 
and with each index transforming according to the representation for unit angular 
momentum: 


u = (1) q) (1) 
Gini my...tt, — » Am mh...) Pin’ my Pm! my a LD) ene : (2.150) 
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For the simplest case of a rank-2 tensor this reads 


a bee 
aj, — So aig DID) C2751) 
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and is essentially the same formula as that giving the rotations for an uncoupled 
basis built from two angular momenta of magnitude 1. Such a cartesian tensor has 
3” components. 

Equivalently, and usually much more usefully in nuclear structure, one may 
employ spherical tensors (more precisely, irreducible spherical tensors), which 
are objects transforming under rotations like a wave function of good angular 
momentum. Thus an irreducible tensor with angular momentum 7“ consists of 


components Bs +g =—k,...,+k, which under rotations transform according to 
k 
mk Pk yk) 
ee) 1 Pes (0) (2.152) 
q'=—k 


The most useful application, of course, is the coupling of such tensors, for which 
all the considerations for wave functions are still applicable. Two tensors R* and 
Ge soit angular momenta k and k’, respectively, may be coupled to total angular 
momentum K using 


T$ =) 0 (kk’K|qq’Q) ESE, Q@=-K,...,K . (2.153) 
qq’ 


This type of angular-momentum coupling is so important that we introduce a more 
concise notation, 


K 


af A Az K 
Pf = [Rex S*) or PF = pee] (2.154) 
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The latter version is useful when one is not interested in the projections. 
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2.3 Coupling of Two Vectors to Good Angular Momentum 


Problem. What are the possible couplings of two vectors a and 6 to good total 
angular momentum? 


Solution. According to the triangular rule, the coupling of the vectors is that of two 
tensors of unit angular momentum to a resulting angular momentum K = 0, ee, 
The general formula is 


T§ =D 0(11K|q Q-4 Q)ay bo, , (1) 
q 


involving the spherical components of the vectors. For K = 0 we can use (1 10|q — 
q0) = —(—1)4/V3 to get 
f= — (abo Da een) 
— Fy lacbe + 3 (Gx + iay (bx — iby) + $(ax — iay)(by + iby)] 
= Faby ae G2, Be07) = 7a 2D ) (2) 
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Exercise 2.3 


i.c., the not very surprising result that the scalar built up from the two vectors is 
just the scalar product, aside from a constant factor. 

For K = 1 let us do only one component explicitly: Q = 1. Here we have 
(111]101) = —(111|011) = 1/V2 and 

T] = J5(—aobi + arbo) 
t fa, (by ar iby) — b,(a, + idy)] 
= —4[(ayb, = azby) + i(a,b, — axb;)| 
=taxdn 3) 


II 


the spherical component of the vector product. The other components work out 
similarly and in general we can write 
i 
[a x Bb], = (ax bg . (4) 
Q V5 Q 
Again this result is intuitively clear. Finally, for K = 2, we write down the first 
three components explicitly: 


Te =H = S(axby =aydy + Zia, by), 


ie = F(aibo + agb;) = —t[a,b, + a,b, a i(ayb; a a, by)] 2 () 


i = sR laib—1 +a_,b))+ 1 2a0bo = — Rg laxbs + ayby) + [2acbe 


The negative Q-components can be obtained from the rule eS = (-1)2T*5. 
One may also view these results in terms of a decomposition of the cartesian 
tensor product 


G,De G,Dy a,b, 
( ayb, ayby aybz (6) 
@z0, a,b, a,b, 


into a scalar a - b, a vector a x b, and a symmetric tensor TS with components 
like ayby + ayb,. 


An irreducible spherical-tensor operator 1s now simply an irreducible spherical 
tensor whose components are operators. This introduces a new condition, because 
an operator te can be transformed either by using (2.152) or via the general formula 


ce SGN O) (2.155) 


where D(@) is the appropriate operator for rotating the wave functions (which, 
for wave functions of good angular momentum, may again be a rotation matrix, 
though possibly for angular momentum other than k). What do these two different 
transformation laws imply? Although (2.155) holds for any operator and essentially 
says that one may apply the rotated operator by first rotating the wave function 
back, then applying the original operator, and finally rotating the result forward to 


2.3 Rotation 


the desired position, (2.152) is valid only for irreducible spherical-tensor operators. 
It requires that a set of operators corresponding to the components of the spherical- 
tensor operator transform under rotations like a set of spherical components in the 
way prescribed by (2.152). 
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2.4 The Position Operator as an Irreducible Spherical Tensor 


The three operators x, y, and z, which multiply the wave function by the value of 
the corresponding coordinate, can be combined into an irreducible spherical-tensor 
operator r, of unit angular momentum and with components following the usual 
definition of spherical components: 


ee yy aly) (1) 


From the discussion of vector fields it should be clear that r, indeed transforms 
according to (2.152) with k = 1. 


Comparing the two ways of transforming an irreducible spherical-tensor operator, 
one would expect that, if infinitesimal rotations are considered, some condition on 
the commutation of 7* with the angular momentum operator should follow. If we 
assume an infinitesimal rotation about the @ axis, (2.155) may be written up to 
second order as 

sah RO ee 

ee e0e Ja) 1) (Veena) 

' + Bk 
rw ie — 164 en (2.156) 


On the other hand, the rotation matrix element in (2.152) may also be simplified 
for infinitesimal rotations: 


DY, Go) (kq'|1 = ZO adalkg) = Syq — 4Oa(kq' alka), (2.157) 
so that comparing the two ways of rotation yields 
ele ha Valea) = (2.158) 
q' 


Using the matrix elements of the angular- momentum operators given at the end 
of Sect.2.3.2 we obtain 


be | sate ay Ee) Sy Cae) ie (2.159) 


Note that this result essentially means that the angular-momentum operators act on 
the components of an irreducible spherical-tensor operator in the same way as they 
act on a wave function; for an operator the product merely has to be replaced by a 
commutator, because the J also needs to be “passed through” to act on the wave 
function. 
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2.5 Commutation Relations of the Position Operator 


The position vector operator # should fulfil 


[Jef] =9 , (F.Per]=thre 
(J folic hee ee | Oe Wess | Oe (1) 
era) = lS gee [la sill V2hPo 


which can be checked easily using the definition of J in terms of differential 
operators. The angular-momentum operator itself is also a spherical tensor with 
unit angular momentum, but it is important to realize that the components are not 
identical to the shift operators. The spherical components are denoted by subscripts 
+1 and —1 and are given by 


Jy, = — Jy (Ue + iy) = —Fy (2) 


In general, any vector operator can be written as a spherical-tensor operator with 
unit angular momentum by using spherical components. 


The applications of tensor operators are mostly concerned with the possibility of 
coupling them 


e with wave functions: a new wave function with good angular momentum can 
be constructed through 


|GKM) = GK |mgM TF \ajm) (2.160) 


qm 


where @ and ( refer to any other quantum numbers affected by the operator. 
The resulting angular momenta are determined by the selection rules implicit 
in the Clebsch—Gordan coefficients. 


e with other operators: this is similar to (2.154) above. Of course for operators 
one has to keep track of the ordering because of their possible noncommutation. 
In this way the scalar and vector products of operators can be defined as above 
as the coupling to zero or unit angular momentum. 


The distinction between operators and fields is crucial for some considerations and 
the “same” mathematical expression may have to be treated differently depending 
on how it is used. We illustrate this point for the position vector. 

Acting on wave functions, r is really composed of the three operators x, y, 
and z, which may be combined into the irreducible spherical-tensor operator r,,, 
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a = ee eee Cia 


i = —1,0, 1, as described above. Its application to a wave function produces three 
new fhietiens r.W(r), each of which may be rotated using the rotation operator: 


(ruh(r))’ = (Or) aur 1) 
=D(O)(rup(r)) . (2.161) 


Because r is a spherical-tensor operator, we can alternatively write 


(rus(r))’ =( dX rw D2, D(O)p(r) 


(5 Dy J p(D'@)r) . (2.162) 


This last way of writing the rotation makes it clear how this works: the spherical 
operator r is rotated at a fixed point and thus multiplies the wave function with 
the values that pertain to the location D~!(@) r. 

The situation is different if r is regarded as a vector field with an intrinsic 
angular momentum of 1. Now we have a vector function r(x,y,Z) which under 
rotations will have both its dependence on the coordinates and its direction at a 
fixed point affected. In fact, it can be written as 


+1 
r=—V3 )- (110|4 ~ 10) 7, ep (2.163) 


B=—-1 


and so appears explicitly as a scalar. This agrees with intuition since the field r is 
obviously spherically symmetric. Formally, the position-independent basic vectors 
€,, Carry the intrinsic angular momentum and the coefficients r,, carry the orbital 
angular momentum, which in this case just couple to zero total angular momentum. 


2.3.8 The Wigner-Eckart Theorem 


Since the states of different projection belonging to a multiplet of fixed angular 
momentum are in some sense trivially related to each other by application of 
the operators J, or J_, one would expect that matrix elements should also in 
some sense depend “trivially” on the projections involved, i.e., simply through 
manipulations having to do with the rotation group and its representations. In fact, 
this is the contents of the Wigner—Eckart theorem which will now be derived. 

Take a matrix element of an irreducible spherical-tensor operator i between 
angular-momentum states of the form |ajm). As the operator may also dheaazs the 
nonrotational quantum numbers, they are explicitly represented by a and (3. The 
matrix element we are interested in is 


(6j'm'|T \ajm) (2.164) 


The idea will now be to couple the right-hand state with the tensor operator to 
good angular momentum and then to exploit orthogonality with the left-hand state. 
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The coupling yields intermediate states 


brim") = >> iki" mgm”) Ff lajm) ee 
mq 


with j” and m/” taking all allowed values. This coupling can be inverted according 
to Sect. 2.3.5, yielding 


Ti |ajm) = S, (iki mgm") |yj"m") (2.166) 


Te 
Taking the overlap with |Gj’m’) produces 
(Bj'm'|Tlajm) = 5° (iki |mqm'") (Gj'm'|yj"m") 
eae” 


= (jkj"|mqm’) (Gj'm'\yj'm') (2.167) 


The second matrix element on the right-hand side does not depend on m', which 
can be seen by examining 


(Bjm|J_J,.|yjm) 
(Bjm|J_J4|Bjm) (yjm|I_J|yjm) 
= (Bjm|yjm) , (2.168) 


in which the operator combination J_J,. is diagonal and its eigenvalue is inde- 
pendent of any additional quantum numbers — in fact, this expression was used in 
Sect. 2.3.2 to derive the matrix element of J. The same argument can be used for 
lowering the projection, of course. 

The result is thus that the matrix element can be split up into a Clebsch—Gordan 
coefficient, which contains all the information about the projection dependence, and 
an as yet unknown matrix element (Gj’m'|yj’m"), which describes the physics of 
the operator Le To make this fact clear, we define a reduced matrix element by 
writing 


(Gj'm'|Tf |ajm) = (-1)* (6j"\|T* ||aj) (jki|mqm') (2.169) 


(Gj m+ }ym +1) = 


The reduced matrix element (Gj’||T*||aj) is determined implicitly: to calculate its 
value simply calculate the left-hand side of (2.169) for any convenient combination 
of projections m, m’, and q, for which it does not vanish, and then use the equation 
to obtain the reduced matrix element itself. The advantage is then that all other 
combinations of projections can be calculated easily, and that the reduced matrix 
element as defined does not explicitly contain any reference to the projections, 
thus providing a more general characterization of the operator’s action. The factor 
(—1)** is a conventional phase factor and different authors have employed different 
definitions for the reduced matrix element. 
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2.3.9 67 and 97 Symbols 


The coupling of three or four angular momenta leads to the definition of 6j and 
9] symbols. Their most important application is for the decomposition of reduced 
matrix elements; since they are used rarely in this book we give only a brief 
discussion and refer the reader to the books on angular momentum theory for their 
properties and evaluation. 

Assume an uncoupled basis given by the individual angular momentum quan- 
tum numbers as |j,m, jo, j3m3). The total angular momentum is given by 
j= ji + 32 +3, and both its square and the z component will yield good quantum 
numbers. Additional quantum numbers are provided by the squares of the individ- 
ual angular momenta, and all these operators also commute with the squares of 


the sum of two angular momenta such as ue = GF Lah But clearly we have 


[12,423] + 0, so that at most one of these intermediate coupling operators will be 
diagonal. If ae is chosen to be diagonal, the construction proceeds by first coupling 
3, and 3, with the standard method, 


|Ftj2J12M 2) = S— Ciniodi2|m1 maM19)| jrmy)| jnme) : (2.170) 
mym 
and then performing the additional coupling 
iM, jriz)Siajs) = Shiai |(Mi2m3M)| jyjrJi2Mi2) | jama) (2.171) 
Mim 
An alternative is to first couple j, and 53, leading to the following construction: 


| j2i3J23Mo3) = S— GiaisJ23|m2m3Mo3)| jzmz)| jams) 


mn, 


[iM , juCjaisJo3) = > Gidoad | Mo3M )| jymy)| jisJo3Mo3) 


Mo3m 


(2192) 


t 


Thus we have two alternative sets of basis states for the system of three coupled 
angular momenta, which must be related by a transformation. Conventionally two 
definitions are used. One is the Racah coefficient W given by 


W (jijod733 Ji2J23) 


= V(2i2 + 1)(24o3 + 1) J, Gia) Si2iald Fi Gajso3a) (eats) 


Note that M was omitted in the wave functions since it turns out that W is inde- 
pendent of M. The normalization factor is useful for making W more symmetric. 
The transformation reads 
[iM , Guo ials) = S> VON2 + DOA3 + D 
J43 
x W(sijo 933 J12J03)| JM ji Cajs)Jo3) (2.174) 


An even higher degree of symmetry is possessed by the 6j symbol defined as 


e 12} = (Dh OW Caplisdila) (25175) 
3 23 


38 2. Symmetries 


ee Ee ee eee SS aa 


In the case of four angular momenta the ideas are developed quite similarly. One 
may for example couple j; and j2 to Jj2 as well as j3 and j4 to J34, and then combine 
these to the total J, or obtain J from a coupling of J13 and Jz4. The transformation 
is given by the 9j symbol defined through 


(J, Guia 12 iaia)J3ald , Gii3)J13 aia)Jo4) 


ho pp Si 
= Jf (22 + 1)QJ3g +1213 + DQ +14 i ja 43 2g) 


Jig dog 


Note that each column or row describes an angular-momentum coupling. The 9j 
symbol is also known by the name of Fano X coefficient which is denoted by 
X (jot 12, Jajad 34, J13424J ). 

As mentioned above, these symbols are very useful for the decomposition of 
matrix elements of tensor operators, which will briefly be discussed now. 

One often has to deal with wave functions and tensor operators referring to 
different subsystems. For example, the wave function may be built up from an 
orbital and a spin part, and the operator is also a coupling of a spin and an orbital 
contribution. Another example is that of two particles combining their angular 
momenta and an operator consisting of a product of two operators each acting on 
one of the particles only. We are then forced to consider matrix elements of the 
type (jus IIP* || i4is7"), where 


Pk = [RH x Se], (2.177) 


and R acts on particle 1 characterized by j, and j{, whereas S acts only on particle 
2 with j2 and j5. The following general formula allows the expression of the total 
matrix element in terms of a product of matrix elements of the subsystems: 


Cad Wt ig ey OF Ok ==) ee 


J? HEIs 
x {i ji ks CAR Lif) GallS* liz). (2.178) 
ae 
Jo Jn ka 

In the special case where one of the operators is the identity, so that, for example, 
T = S, the matrix element must be diagonal for particle 2, but the result still 
depends on the angular-momentum coupling present in the wave functions. The 
formula is 


Crindal eal) = (by = (Oi aan ora) 


x W (fi Kia) AMIR NE) Gi - (2.179) 


2.4 Isospin 


As has been shown in Sect. 2.3.4, the spin operators are intimately related to the 
generators of the group SU(2), which describes unitary transformations (with unit 
determinant) in a two-dimensional space of wave functions. Thus it should not 
come as a surprise that whenever one considers such a space — no matter what its 
physical interpretation — the group SU(2) and the spin representations will play a 
role. 

In nuclear physics the interesting application is that of isospin. The proton and 
neutron appear to be two states of the same particle, which are indistinguishable 
under the strong interactions. If the Coulomb force is neglected in a first approx- 
imation, the physics of nuclei should therefore be invariant under transformations 
which transform proton and neutron states into each other. Mathematically, if we 
assign the basis states “proton”, lp), and “neutron”, {n), as the unit basis in a 
two-dimensional space, 


P= (5) m= (7) (2.180) 


A transformation in SU(2) will then mix proton and neutron states and we can take 
over all the results from angular momentum theory because of the identical group 
structure. The name “isospin” is chosen such as to show both the mathematical 
similarity and the different physical meaning (the term is derived from “isotopic” 
spin). 

The generators of the group are the isospin operators t = iF, where 7 is a 
vector of matrices that is identical to the Pauli vector & and just has a different 
notation to make clear that it refers to a different physical degree of freedom. The 
proton and neutron must be the eigenstates of 7, in the two-dimensional represen- 
tation corresponding to isospin 4; whether one chooses the positive eigenvalue for 
the proton or the neutron is a matter of choice. In this book — and in most nuclear 
physics publications — the proton gets the positive isospin projection, so that 


#[p)= lp) , &{n)=—3[n) . (2.181) 


The operator 7* has the eigenvalue ; G+)= 3, and 7, and #, transform protons 


into neutrons and vice versa; for example 


p 1 1 
iclp) = 5 c 0) a =5 (7) =Hn) (2.182) 


A Hamiltonian is isospin invariant if it commutes with the operators ¢. This is 
actually slightly more general than the starting consideration: the Hamiltonian will 
be invariant under any finite rotation in isospin, i.e., any mixture of proton and 
neutron state, whereas in nature only the eigenstates of 7,, the proton and neutron, 
are realized. However, requiring this more general invariance is quite successful 
and there is no need to consider special transformations exchanging proton and 
neutron only. Because isospin is not an angular momentum, the dimensional factor 
fh is not necessary and is dropped from all the formulas. 


3 


2» 


40 


2. Symmetries 


Of course the formalism of isospin would be pretty useless if only this single 
representation for isospin 5 were considered. There is, however, a useful extension 
of the concept of angular-momentum coupling to isospin. Mathematically, this 
works exactly the same, using the same Clebsch—Gordan coefficients. If a system 
consists of A nucleons, its total isospin is defined by 


A 
i ee (2.183) 


Isospin invariance of the Hamiltonian implies that it commutes with T so that its 
eigenstates can also be classified in terms of representations analogous to D! with 
j being replaced by t. Representing all other quantum numbers of the nucleus by 
A, the eigenstates will fulfil 


(Oe atG AE eee ole) STA a (2.184) 


As for angular momentum, the eigenvalue of the projection is simply the sum of 
the projections for the individual nucleons; since each of these contributes +4 for 


protons and —5 for neutrons, it is given by 


P=tZ—N) (2.185) 


The eigenstates for different t, thus correspond to nuclei with the same number 
of nucleons, but different proton-to-neutron ratios. If the Hamiltonian is isospin 
invariant, these must all have the same energy, since the isospin shift operators 
commute with H, and we get the prediction that there should exist analog states 
in a chain of isobaric nuclei that have the same internal structure. Such states are 
in fact found in light nuclei where Coulomb effects are negligible. These are the 
well-known isobaric analog states. 

Of what kind of multiplet such a state may be a member depends on the Z 
and N of the nucleus. A symmetric nucleus, for example, has an isospin projection 
of zero and may thus be a member of any isospin multiplet, the simplest one 
being the singlet with zero isospin, for which case there are no analogue states in 
neighbouring isobars. In general a state in a nucleus (Z, N) requires an isospin 


Ne (2.186) 


Another advantage of isospin is that all nucleons can be treated in the same way. If 
proton and neutron were kept distinct, one would have to antisymmetrize the wave 
functions separately for each type of particle, no antisymmetry being imposed upon 
exchanges of protons with neutrons because they are different particles. Isospin 
allows us to regard them as the same particle if the requirement is added that the 
wave function including isospin dependence is antisymmetric. 


2.4 [sospin 4] 
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2.6 The Two-Nucleon System 


For the isospin part of the wave functions we have the uncoupled basis consisting 
of the four states (the indices 1 and 2 refer to the two particles) 


IPi)|pP2) , |pi)lm2) , |m)|p2) , |m)|m) (1) 


Applying angular momentum results in the coupled basis 
1 
Jt = 0,4, =0) = Ja (Pa) Ina) —|n:)|p2)), 


If = 1,4 =0) = <5 (Ps) im) +|n)Ipo)) Q) 


|¢ =1,t, =1) =|p1)|p2) , 
|¢ = 1,4 = —1) = |my)|ng) 


The states with total isospin t = 1 are obviously symmetric under exchange of the 
two particles, whereas the state with isospin 0 is antisymmetric, and consequently 
the spin and orbital parts of the wave function must have the opposite symmetry 
in order to make the total wave function antisymmetric. Isospin invariance of the 
strong interaction implies that it should not depend on the isospin projection, so 
that the systems p-p and n—n should have similar scattering behavior. For the p-n 
system only the symmetric component with isospin 1 should act the same, whereas 
the antisymmetric component with isospin 0 may have totally different scattering 
properties. Thus isospin invariance does not predict identical behavior of the p— 
n system to p-p and n—n (modifications due to Coulomb effects are in any case 
neglected in this discussion). 


Finally we should mention the useful formula expressing the charges of nucleons 
or nuclei in terms of isospin. Since the proton has a charge of +e and the neutron 
has no charge, this can be achieved simply by adding 5 to the eigenvalue of isospin 
and multiplying by e, so that the charge operator is 


@=e (i, + 4) (2.187) 
for one nucleon and analogously 
0 =e(f, +44) (2.188) 


for a nucleus. 
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Fig.2.3 The behaviour of 
axial vectors under space in- 
version: the vector product 
r X p is unchanged if both 
r and p are inverted 


2.5 Parity 


2.5.1 Definition 


The operation of spatial inversion is defined by 
rTro>-Tr , po-p , 67s , tot . (2.189) 


The reason why the spin vector is not inverted is that as an angular momentum 
it corresponds to a vector product. If the two vectors forming a vector product 
are inverted, the right-hand convention for the vector product makes the resulting 
vector point in the same direction as before (Fig. 2.3). Thus there are two types 
of vectors: the elementary vectors like r and p, which are called polar vectors, 
and the axial vectors such as the angular momenta, which are defined in terms of 
rotation or vector products and do not change sign under space inversion. 
Calling the operator of spatial inversion P, we can also write (2.189) as 


Pr=-r , Pp=-—p , Ps=s , Pt=t . (2.190) 


The operator P operates on wave functions in a similar spirit as the continuous 
transformations of the previous sections did: the transformed wave function at the 
new point takes the value of the old wave function at the old point, 


(Pp) (Pr) =r) , (2.191) 
and since P must be its own inverse (trivially P? = 1), we also have 
Pur) =v(-r) . (2.192) 


Again, as for translation and rotation, if the Hamiltonian is invariant under spatial 
inversion, it must commute with P, and the wave functions can be chosen as 
eigenstates of both H and P. If we denote the eigenvalue of P by 7, we have 


Wr) =Py(r)=mY(r)_, (2.193) 
and, applying P again, 
UG) SMO aa. (2.194) 


Thus the parity quantum number can only take the values +1. 


2.5.2 Vector Fields 


Similar to the case of angular momentum, the definition of parity has to be consid- 
ered carefully for vector fields. If we deal with a single vector, such as the position 
or momentum vector, then it is clear that it is inverted if it is a polar vector and 
remains the same for an axial vector. For a vector field, we have to do the same 
at each point and also examine its dependence on the coordinates. 

For example, for a polar vector field A(r) to have good parity requires all the 
components to satisfy 


2.6 Time Reversal 


Ax(r)=7, Ax(-r) , 
Ay(r) =n, A(—r) , (2.195) 
A,r) =7, A,(-r) , 


where 7, is the orbital parity, while the total parity also contains an additional 
factor of —1 describing the intrinsic parity of the polar vector field. Its total parity 
m is then given by —7,, whereas that for an axial vector field is given by 7, so 
that it may be defined by the conditions 


Sal Aap) (2.196) 
for polar fields and 
A= A(-r) (2.197) 


for axial vector fields. As an example, consider the position vector field r. Its 
components x(1), y(r), and z(r) have negative orbital parity, so that, because of 
the additional negative parity due to the polar character of the vector r, the total 
parity is +1. This agrees with the reflection-invariant character of the field when 
plotted. The example also shows clearly that the distinction between single vectors 
and vector fields is very important: the vector r by itself has only the intrinsic parity 
of —1. Remember the analogous discussion concerning the angular momentum of 
the field yin Sect. 2.3.7. 

Note that some authors use 7, as the total parity, which of course leads to the 
same final results in physical calculations if used consistently. Usually the parity 
of scalar products is needed, and if the vector fields are of the same type their 
intrinsic parities will cancel, so that the parity of the product is in fact determined 
by only the orbital parity. 


2.6 Time Reversal 


Although both Coulomb and strong interactions are invariant under time reversal, 
this symmetry plays only a minor role in nuclear structure physics (it is much more 
important for reactions, where time-reversed processes are of natural interest). Time 
reversal is defined by 


ites —p , “S=->=8 9 f= =f -. (2.198) 


One application is to restrict functional forms of Hamiltonians; for example, a term 
such as r - p cannot be allowed. In this book, however, the principal application 
will be in the theory of pairing (Sect. 7.3), so that the reader may skip this section 
until the need arises. 

Time reversal has unusual properties compared with the other symmetries dis- 
cussed. Using the defining properties, the commutator of position and momentum 
should be transformed according to 


= ere | = [ —Px| ae (2.199) 
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0 ee 
This implies that the constant if changes sign under time reversal! The only way 
to achieve this is to assume that time reversal includes complex conjugation. This 
also appears reasonable if we consider the time-dependent Schrodinger equation 


incr, th=Aw(r,t) . (2.200) 


As AV should not change under time reversal, this equation retains its form if a 
change in sign in ¢ is balanced by a sign change in ih. 

The consequence is that the operator for time reversal, T, cannot be unitary, be- 
cause it is not even a linear operator. A linear operator commutes with an arbitrary 
c number, so that one should have 


fits = nit =i (2.201) 


which would not allow the complex conjugation that is needed. Operators that have 
the property Ta = a*T are called antilinear operators. 

One has to be very careful when constructing the eigenstates of T, because 
many of the usual operator properties do not hold. Assume that |A) is an eigenstate 
of 7 with eigenvalue A. Applying 7? then yields 


F?\A) = TAA) = A*T|A) =|A)?|A)_ , (2.202) 
and because the definition of time reversal shows that it still satisfies 7? = 1, we 
must have 

A=ei?A (2.203) 


with some angle ¢,. The angle depends on the choice of phase for the eigenstate. 
If |A) is replaced by a new state 


cA) (2.204) 
the eigenvalue also changes: 
TA’) = TeriPa|ay = 72 F 1A) = en 2iPaci@alay — JA’) (2.205) 


It is thus possible to make the eigenvalue of T equal to 1 by a change of phase, and 
the reader should keep in mind that the properties of time reversal are intimately 
linked with the phases of wave functions. 

For nuclear physics the interplay between angular momentum and time reversal 
is interesting. Since T inverts the sign of a. it commutes with J? but not with th 
If it is combined with a rotation R that inverts the direction of the z axis, it should 
commute with both: 

[RE JV 0 ee eee (2.206) 
and RT can be diagonalized in the usual angular-momentum basis. The possible 
eigenvalues, by the same argument as for 7, must have the form exp (iga) and can 
again be made equal to 1 by a change of phase of the wave function. Denoting any 


additional quantum numbers by a, we can thus assume a system of eigenfunctions 
|\aJM ) such that 
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RT |aJM) = |aJM) (2.207) 


in addition to the usual angular momentum eigenvalue relations. This requires a 
special choice of phase for the basic functions. 
The rotation is arbitrary except for the condition of inverting the z axis. It 
is customary to choose a rotation by an angle m about the y axis, R = R,(m). 
The action of Ry, (7) on the wave functions can be evaluated from the rotation 
matrices: 


(JM '|Ry(a)\a!IM ) = digiy (1) Saat = (—1) Sy _u Soca’; (2.208) 
so that 
REGION) ==" a (2.209) 


and because RT has an eigenvalue of | this implies 
TloJM) = Ry'(n)(RT |aJM)) =(—1)’ lad —M) (2.210) 


Let us now examine the action of (RT). On the one hand, since its eigenvalue is 
1, we have 


(RT)" |aJM) =|aJM) . (2.211) 


On the other hand, ® commutes with 7, because the finite rotation Ry (7) is given 
by exp(izJ,) and 7 inverts the signs of both ip and the imaginary factor iz. Thus 
we can also write 


(RT) |aJM) = R°T?|aJM) =Ry(2n)T\aJM) (2.212) 


Now R,(27) is +1 for integral spin particles and —1 for fractional spin. We must 
thus have 


+) | +1 for integral spin, 
2 { —1 for fractional spin * (2.215) 


On the other hand, T? can only have eigenvalues of +1, because from the eigen- 
values of 7 it follows that if 7]A) = exp (i¢,) |A) then 


eA eA ee 1A) =A (2.214) 


So for integral spin there is no problem: both arguments show that for eigenvectors 
of T the eigenvalues of 7? are +1. For fractional spin on the other hand there is a 
conflict in sign. The resolution is that in this case there are no eigenvectors of J, 
or, in other words, T|A) is always linearly independent of |A). As the Hamiltonian 
is invariant under time reversal and thus commutes with 7, |A) and TA) are two 
linearly independent but degenerate eigenstates of the Hamiltonian. 

This general result can be restated as follows. If the Hamiltonian for a system 
consisting of an odd number of fermions (and thus having a fractional spin) is 
invariant under time reversal, its eigenstates will always show twofold degeneracy 
with the two states being time-reversed with respect to each other. This is called 
Kramers degeneracy. A typical application is in microscopic nuclear models, where 
single-particle wave functions with opposite values of the angular-momentum pro- 
jection are always degenerate. 
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OF ————————————————————— 


R>—F—- ——>SS>S>>>———[————S ESET 


2.7 The Time-Reversal Operator for Spinors with Spin ; 


Problem. Give an explicit form for the time-reversal operator for spinors with spin 
l 


3° 


Solution. From (2.210) time reversal acts on a spinor |o) with 0 = +4 according 
to 


T\o) =(-)G-9] - 0), (1) 


Fity=|-4) , T-4)=-|§) . (2) 


This can easily be reformulated as a matrix operator 


‘ 0 -l : 

Pail oe 3) 
In view of the definition of the phases using rotations about the y axis, it is not 
surprising that the Pauli matrix oy appears in this result. 


Seem 
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3.1 General Formalism 


3.1.1 Motivation 


The mathematical apparatus of second quantization is extremely useful for dealing 
with many-body systems. Although in nuclear physics the total number of particles 
is fixed in most problems (the principal particles that can be created and destroyed 
in low-energy nuclear physics are photons and — taking the concept of “particle” in 
a broader sense — phonons), the formalism takes the required symmetry properties 
into account more elegantly and allows the formulation of the extremely useful 
particle-hole picture of nuclear excitations. 

Here we will first motivate the mathematical structures by examining what 
kinds of operators are needed to create and destroy particles, derive the most 
appropriate commutation relations, and then develop the formalism on the basis of 
these commutations as far as is necessary for later needs. 

The simplest starting point is a system of noninteracting particles. “Noninter- 
acting” means that the Hamiltonian of the total system is simply the sum of the 
Hamiltonians for each individual particle: there are no interaction terms depending 
on the coordinates of more than one particle. For such a Hamiltonian, 


A 
Gane) ae (3.1) 
i=! 
a solution can be found easily in terms of a product of single particle states. If we 
have a set of one-particle wave functions 7, (r) fulfilling h(r, p) vy (r) = € wx (r), 
a product state like 


WAY ee TA) =, (Py) ey A) (Oy) 


will be an eigenstate of H with 
A 
Be =I =, Bas (3.3) 
k=1 


This is not yet the correct solution, though, because the wave function must still 
be symmetrized for bosons and antisymmetrized for fermions in order to fulfil the 
requirement that the wave function take the same value (bosons) or change its sign 
(fermions) under the exchange of two particles. Thus we end up with an expression 
like the Slater determinant 
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A 
i 
Wri .. ta) — ——— > NF | | Cee (3.4) 
Ta 
for the case of A fermions, where 7 is a permutation of the indices i = 1,...,A and 


(—1)” is its sign, i.e., +1 for even and —1 for odd permutations. The permutation 
changes the index i into i,. For bosons this sign is left out. The sum is over all 
A! permutations of the A indices and the normalization factor is obtained simply 
from this number of terms, each of which is normalized. Clearly dealing with such 
wave functions directly is cumbersome, to say the least. 

However, it is also clear that there is a lot of superfluous information in these 
expressions. Quantum mechanics insists that the information about which particle 
occupies which wave function is meaningless because of the indistinguishability 
of the particles: therefore, a better formalism should not explicitly contain this 
information. The only meaningful information is how many particles populate each 
state 1);(r). Calling this the occupation number n;, we can define the many-particle 
state as an abstract (normalized) vector in the occupation-number representation. 


|W) = |n1,n2,...,Ma) . G5) 


The space of these abstract vectors characterized by varying particle numbers is 
called Fock space. Each of the occupation numbers n; can take on values of 0 or 
1 for fermions, and 0,..., 00 for bosons. 

To simplify matters, look at the simple case that only one single-particle wave 
function is available for occupation. When we leave out the index k the many- 
particle states will be characterized by only the occupation number n of this wave 
function, and we can simply denote it by |n). We need an operator that changes 
the number n; let us try the definition 


In — 1) Se |n)- (3.6) 
Normalization of the states then requires 
1=(n—1i\n—1)=(nlétéln) , ED) 


and this is the only nonvanishing matrix element of the operator @'@, so that this 
operator must be diagonal in the states |v) with an eigenvalue of 1. Unfortunately 
this causes trouble for n = 0: applying é to |0) we then get a normalized state 
| — 1) with a negative occupation number, which is clearly useless physically. One 
should rather require €|0) = 0, so that the construction of states with lower particle 
numbers is stopped at n = 0. But then @'@ must have an eigenvalue of 0 for the 
state |0), and our tentative definition of the operator é does not work. 

A natural way out is to assume that the eigenvalue of @'2 is not 1 but n, so that 
this difficulty does not appear (and we also obtain a simple operator determining the 
number of particles in the wave function). The state ¢|w) cannot then be normalized 
to unity and instead we have for its norm 


(nl@téln) =n (3.8) 


So we try the new definition 


éln) = Vnln—1) , (3.9) 
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i. — ee 


or, written as a matrix element, 
(n—1éln}= Vn ; (3.10) 


all other matrix elements of this operator being assumed to vanish. Taking the 
hermitian conjugate of this matrix element yields 


(nen —1) = Jn (3.11) 


and it is clear that while @ lowers the number of particles by 1, é! raises it by 1. 
To complete this development it only remains for us to examine the commutation 
relation between é and é1. For any 1 we must have 


(n|[@, 27] Jn) = (n|@é"|n) — (njétaln) 


=(n+1)—-n 
Ale (2) 
so that the commutation relations must read 
ea eeicc| Ogee ci =o - (3.13) 


The latter two are, of course, trivial. 

Leaving the simple case of one single-particle state, let us return to a set of 
single-particle wave functions y,(r). The operators must then also receive this 
index, so that ¢, lowers the number of particles in wave function ¥;(r) by I, For 
bosons the order in which the particles are inserted into the state is unimportant, 
so that operators with different indices should commute and we get 


Soy eee) 0 ell oe (3.14) 


These developments make it appear that the commutation relations could be used in 
the same way for bosons and fermions, at least for the case of one single-particle 
wave function. This is not true, because as set up the operator @' would allow 
the construction of states with an arbitrarily large number of particles in the same 
single-particle wave function. Instead, the Pauli principle requires that n should 
take only the values O and 1, and the construction must be cut off for increasing 
particle number in the same way as at |0) is: 


O=é']1) =elatjoy . (3.15) 


Clearly, any power of @! higher than 1 must vanish, which can be fulfilled by 
requiring €1* — 0. Since there can be at most one particle in any state, it must also 
be true that €? = 0. Also for particles in different single-particle wave functions 
the wave function should change sign under interchange of the particles, so that we 
expect that a product of two operators changes sign if they are interchanged: gic) = 
aval . All of these conditions can be formulated in terms of anticommutation 


relations (the usual notation for the anticommutator {A, B} — AB + BA is used): 
ere he Comey cr c= 0 metc|c)} = 00 (3.16) 


The first of these relations still has to be checked for its validity. For i = j the 
only matrix elements are 
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(o|eat + @tejo) = (O|éct|o) = (3.17) 


(lec! ale) = dielell) = 1 (3.18) 


because ¢|0) = 0 and ét|1) = 0, so that the anticommutation relation is reasonable 
also for this combination. 

This completes the motivation for the commutation and anticommutation rela- 
tions in second quantization; we will now use these as a starting point for devel- 
opping the formalism of second quantization in the next section. 


3.1.2 Second Quantization for Bosons 


As motivated in the preceding section, two operators are defined which are Hermi- 
tian adjoints of each other and which will now be designated by their customary 
name and notation: the annihilation operator @ and the creation operator at, de- 
scribing the annihilation and creation of particles, respectively, in a given single- 
particle state. For bosons they are required to fulfil the commutation relations 


Bae Je al20), ela . (3.19) 
Now define the particle-number operator ft as 


A=ala , (3.20) 


[a,4| = |aa"a| =cala— alga — |4,4'|a aa, (3.21) 
and 
[ata] = [at,ata] =atata —ataat=atlataj=—al (3.22) 


These are commutation relations of the shift-operator type as discussed for the 
angular-momentum operators in Sect.2.3.2. Thus we may immediately conclude 
that G@ and @! lower and raise, respectively, the eigenvalues of A by 1. Assuming 
eigenstates of 7 in the form 


Aln)=n|n) , (3.23) 
we get as in the preceding section 

aln)=VJn|ln—-1) , an) =Vn+1ln41) . (3.24) 
What values can n have? Since 

n = (n|A|n) = (n|a'a|n) G25) 


corresponds to the square of the norm of the state G|n), it must be a positive 
number. If we repeatedly apply 4 to such a state, the eigenvalue must eventually 
become negative, which would be inconsistent, or the construction must break off 
at some place. This happens for the case n = 0, the vacuum state, where 
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a 


aj0)=0 . (3.26) 


Equation (3.26) may be taken as defining the vacuum state. 
The states n may also be generated from the vacuum by repeated application 
of 41. With the normalization factors from (3.24) taken into account this yields 


Vaan 
ee ae C2 


For the case of many single particle states with index i that are to be occupied by 
bosons, the operators are indexed by i to denote which state they affect, and the 
commutation relations become 


[@;,a)=0 , [a/,af}=o , [a,alaay, . (3.28) 
There is now also a particle-number operator for each single-particle state, 
A; = ala, (3.29) 
as well as one counting the total number of particles, 
Lin (3.30) 
i i 
The states of the system are characterized by all the occupation numbers: 


Wily fo, Hi, - =) = nj|ny,M2,...,nj,...) (31) 


and may be written in terms of the vacuum state as 


(a/)" 

a; 

lta, fiz mes---) = |] “7 Jo) (3.32) 
where usually |Q) is written instead of the more correct but lengthy [OO es Clee) 


with one zero for each quantum number. Note that the ordering of the operators 
is unimportant because they can be commuted freely; this will be different for 
fermions. The application of the operators G and a! is simply given by 


Geiser eee) == te iii eo = ne) 7 
Allm,no,...,7%,...) = Vn +1 |m,ne,...,n; +1,...) 


In this book the applications of second quantization for bosons include the photons 
of the radiation field and the various phonons present in the collective models. 


(B33) 
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3.1.3 Second Quantization for Fermions 


In the fermion case the basic anticommutation relations are — again first quoted 
for the case of a single level — 


IATA) a eM mel) Gaal (3.34) 


Many of the developments are now formally similar to the boson case, but the 
small differences in mathematical detail cause tremendous differences in physics. 
The particle-number operator is defined in the same way, 


A=dala , (3.35) 


and the shift operator properties can be derived analogously, for example 


= ia clara (3.36) 


The sign change leading to the last equality in the first line is due to the anticommu- 
tation of the two Gs (in fact, this product is zero, so that a vanishing term is being 
manipulated). Thus we can again use eigenstates of #, with the eigenvalue raised 
and lowered by &! and 4, respectively. That only two values of n are possible can 
be inferred from the fact that 4'@' = 44 = 0, leading to 


(Cay) 


so that fi can have eigenvalues of 0 and 1 only. There are thus only two eigenstates, 
the vacuum state |0) and the one-particle state |1), and the action of the operators 
is given by 


alo\=0 , atio)=|1) , aloj=o , 
F (3.38) 


| 
Al) — |) ea) Oe | aC) 
The matrix elements of the operators have been calculated exactly in the same way 
as for bosons, but reduce to trivial factors of 1 in this case. These equations can 
be brought into the same form for both states as follows: 
ln) =n|n) , @'\n)}=Q—n)|n+1) , aln)=n|ln—-1) . G39) 


For systems with many single-particle levels the procedure starts off similarly as 
for bosons. We now have many operators 4; and 4G; , and anticommutation relations 


Were 0) Nal AB) PE ea ee (3.40) 


and again the states are characterized by the eigenvalues of the particle-number 
operators, 


ee e 
fy — G, A) hi aoe tee) tee (3.41) 


albeit with all n; restricted to values of 0 or 1. There is one new problem, however, 
in that the order of the operators is important for the overall sign of the wave 


3.2 Representation of Operators 


function when it is expressed as a product of creation operators acting on the 
vacuum state. We use the convention 


Pista, nie.) = (a}) (ah). (4al)"...Jo) (3.42) 


i.e., order the operators in the same way as the quantum numbers in the ket. There 
is nO normalization factor, because 1! and 0! both reduce to unity. 

Applying the operator 4; or aj onto a state similar to that in (3.42) will yield 
a sign that depends on the exact ordering of the creation operators. Regard the 
operator 4;, for example. If the state has n; = 0, then gomicalien of a; must yield 


zero. But ifn; = 1, then the expression (3.42) contains @! once at a certain position. 


i 
To evaluate the sign, we anticommute 4; with all Operators preceding a} in the 
product: 


aj (aj) aie (Ne mal ao 0) = Ch (al) ta a) ae reid 0) (Ges) 


The sign factor o; is determined by the number of operator factors preceding a} 
in the product and is thus given by 


op = (— 121 oe (3.44) 


The product 4; al can now be commuted with all other operators between its present 
position and the state |0); this is possible because all these operators anticommute 
with both a; and a} and so commute with their product because of the double sign 
change. Finally, from (3.39) one has 


G4} |0) = |0) (3.45) 
so that 

Bs RB a Nil at\n a Ni-l fan ni 

ed (a;)” as (a}_,) a} “+ (0) = 9; (a!) | --- (4/1) (Gis) 0) 

=e Cia It =, Oia.) 3 (3.46) 

We may summarize the results of doing the same derivations for al as 

Cine es) — ol — iia np eee er G.47) 

Wi ee) = OM, <5; + 1) 


3.2 Representation of Operators 


3.2.1 One-Particle Operators 


Up to now we have seen how the wave functions of a noninteracting many-body 
system can be represented in the occupation-number representation. To complete 
this description, we also have to translate operators into this representation. The 
types of operators that will be needed are one-body operators that depend only 
on the coordinates of one particle, for example the kinetic energy or an external 
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potential, and two-body operators involving coordinates of two particles, such as 
an interaction potential. Matrix elements of such operators have to be evaluated 
between Slater determinants and then an operator in second quantization has to 
be constructed that yields the same matrix elements in the equivalent occupation- 
number states. This provides a good illustration of how cumbersome it would be 
to work with the original representation. 

As our use of Slater determinants has already hinted at, we will only consider 
the case of Fermions. For bosons the developments are quite similar, but only 
trivial instances will be needed in this book. 

A one-particle operator has the general form f(r), where the coordinate r; of 
the kth particle also represents the momentum, spin, and any other needed degrees 
of freedom. Now in a system of nondistinguishable particles it makes no sense 
to ask for the properties of a certain particle; instead only quantities should be 
evaluated that are invariant under an arbitrary permutation of the particles. The 
reasonable definition of a one-particle operator is thus 


A 
fa Ge). (3.48) 


k=1 


What are its matrix elements? Take one of the terms in the sum between two 
determinantal wave functions 


1 
CG = SED! eae (3.49) 
7 eal 
and 
1 B 
Wee oar (ly Gon. (3.50) 


Note that the indices i’ and i are taken from sets of indices O’ and O, which refer to 
different choices of A single-particle wave functions from a complete orthonormal 
set W.(r), k =1,...,00. The matrix element becomes 


A 
(PF |’) = er [an «fbr 
es 
x Pen" (TT etca) few (Tp vo). 650 
aT! i€O 


ie Os 


The products can be split up into A single-particle matrix elements. One of these 
involves the operator f (7;), 


[an re ee a) G52) 


whereas the others can be reduced because of orthonormality of the wave functions, 


[are Wierd WO =n, 3.53) 


and the total matrix element may now be written as 
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nen 


A 
2 1 ’ 
A) = oe ae at Sigit, (3.54) 
ko ar’ 10,10" 
itk,i $k 
Before proceeding further it is worthwhile to state a few consequences of this 
formula. 


1. The Kronecker symbols require that for a nonvanishing matrix element the 
same states must be occupied in W as in W with a single exception. Thus a 
single-particle operator changes the state of a single particle only. 


2. To obtain a nonvanishing matrix element, for a fixed permutation z there is 
one and only one permutation 7’ which correctly pairs the single-particle wave 
functions in Y’ with those in W. Instead of a double sum Over permutations, 
a single sum then suffices; we only have to keep track of the sign. As 7 and 
m’ are the permutations needed to bring the states numbered by i and i’ from 
their original ordering into the same order (with the indices k, and k, also 
in the same position), the factor ¢ = (—1)"+*" tells whether an even or odd 
permutation is needed to transform these original orderings into each other and 
it does not depend on x or x’. 

3. The sum over permutations 7 then effectively runs only over the various ways 
to number the A — 1 states occupied in both W and W’, 


The matrix element thus is totally independent of the permutation. It only contains 
the factor o and the matrix element Sink, always obtains the same indices: those 
of the two single-particle states which differ between W and w’ ; let us simply call 
them j and j’. The matrix element is now 


A 


‘ 1 1 
Ply NE 0 caeain DS l=— cAfy (A-D!=ofy . (3.55) 


A! 
k=1 Tj fixed 


What should the equivalent operator in second quantization look like? It must 
remove one particle from state j’ and put it into the state Jj while not doing anything 
to the other states; the resulting matrix element is fi’. It seems natural to try 


fala, = (3.56) 
a? 


The sum is included because it should work for all possible states 7 and j’. It only 
remains for us to check whether the sign comes out alright. In second quantization 
the states are 


|Z) =a)---afjo) , jw) = ay Allo), (3.57) 
and the matrix element is 


(IW) = D7 Sr Old, ---a,4faah---ah joy (3.58) 
ay! 


It is clear that again the indices i must denote the same states as the i’, except that 
j replaces j’. Permute the i’ in such a way that they are in the same order as the i 
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(and with j’ at the same place as j), and this will yield the same sign factor o as 
defined above. Permuting the operator combination a} aj in front of a does not 
change the sign, and we get 


(WIR w') = S> fy lain ind,  Aapal---a)|0) (3.59) 
ij’ 
In this expression the operator combinations a} a): yield factors of 1, so that we 
end up with 
(Pav) =o fy (3.60) 


and this agrees with the previous result. 
The rule for transcribing a single-particle operator into second-quantized form 
is thus 


A 
P=Sfad — fad Hay , (3.61) 
= 7 


J 


with the single-particle matrix elements fj given by (3.52). 


3.2.2 Two-Particle Operators 


The analogous result for two-particle operators such as the potential energy 


V=5>_ Ore, Te) (3.62) 
kk! 
can be derived similarly, but naturally more laboriously. We prefer to give only 
the result, providing a check in Exercise 3.1 for a simple special case. 
The second quantized operator is 


V = 5 i Vijkl ala} aia ; (3.63) 
ijkl 


with the two-particle matrix element defined by 


a , ar / Br! Bryer, der) wie) (3.64) 


Note that the operator can, as expected, change two single-particle states simulta- 
neously, and that the index order in the operator products has the last two indices 
interchanged relative to the ordering in the matrix element. 

In many calculations the evaluation of the matrix elements leads to an antisym- 
metric combination, which is therefore given a special abbreviation: 


Vik = Vijkt — Vijlk — - (3.65) 


Note also the symmetry of the matrix element under the interchange of the two 
pairs of single-particle wave functions: 


Vijkl = Vklij + (3.66) 
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SERCO a eee 


3.1 Two-Body Operators in Second Quantization 


Problem. Derive the transcription of two-body operators into second quantization 
for the special case of two-particle wave functions. 


Solution. Written as Slater determinants, the two-particle wave functions are 


Vir, 0°) = Fe (bir) yr’) — bile’) Yyi(r)) (1) 
and 
Yas) = (er) bilr’) — err), (2) 


so that the matrix element becomes 
(Ui|V Yu) = 4 i dr f Pr! VEO) GO) 00, ber) Wr’) 
= i dr ( Pr! bir UO) Or, r) ber) bir’) 
= 4/68: [ar oO uO 00, 2 dee wr) 
+4 far [er eG OOM uO. @) 


Using the definition (3.64) and the symmetry of o(r,r’) = O(r’,r) this may be 
rewritten as 


(Za |V |Yar) = 5 (vier — Vie — vgn + vyer) 
= Vijkl — Vik 
fe Cun (4) 


Now comes the same calculation in second quantization. The two states are 


|%j) = a} a} |0) (5) 
and 
[Ya) = afalo) , (6) 


and the matrix element becomes 
(Yi |V Yu) = 3 Yo vegan (Olaaapalapa-atal|o) (7) 
Pep ee 


Evaluating it with the methods presented in Sect. 3.3 leads to 
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Exercise 3.1 


3. Second Quantization 


I 


(Wi; |V |W) = 5 nee vpn (Giri 5jj Oxre Ore — Ory Ofra One O11 
hake 
— 6375 6jj Suet Ore + big 675 Ox Ove) 


1 
= 5 (vi — Yjint — Vile + Uji) 


= Vijkl — Vijlk 
=i - (8) 


In the last steps the symmetry of the matrix elements was exploited. 

This derivation makes it quite apparent what causes the difference in the order 
of indices in the matrix element and the operator product: it has to make up for 
the interchange of operators when changing the wave function from a ket to a bra 
vector. 


3.3 Evaluation of Matrix Elements for Fermions 


The most frequent type of calculation required for microscopic nuclear models is 
that of matrix elements of a product of fermion creation and annihilation operators. 
The simplest case is an expectation value of such an operator in the vacuum, and 
we will illustrate the general procedure for the example 


M = (0la;4,afaa)at|\o) (3.67) 


Any nonvanishing matrix element must have equal numbers of creation and anni- 
hilation operators, because applying the operator product to the vacuum state on 
the right must lead back to the vacuum: all created particles must be destroyed 
again. If there is a surplus of annihilation operators, their action on the vacuum 
produces zero in any case. 

Note that if there were an annihilation operator to the right of the product, or 
a creation operator to the left, the matrix element would vanish because of 


a;|0)=0 , (Oj4'=0 . (3.68) 


The strategy will now be to exploit this very fact and to commute the annihilation 
operators to the right, which, of course, also commutes the creation operators to 
the (eft 

For this purpose, the anticommutation rules can be stated as the following two 
simple rules. 


1. The commutation of two operators of the same type (both creation or both 
annihilation operators) only inverts the sign. 


2. Two operators of opposite type yield an additional term with a Kronecker 
symbol replacing both operators: 


a0, = @4\ i) ee a aa (3.69) 


3.3 Evaluation of Matrix Elements for Fermions 


Thus in our procedure each commutation either only changes the sign or adds 
a term with a Kronecker symbol replacing the two operators. If the process is 
continued finally only terms consisting entirely of Kronecker symbols will remain, 
because the operators have been commuted far enough to yield zero. 

Let us apply this to the example matrix element. One possibility for starting is 
to commute 4G, to the right. After the first step, commuting with Gj, this yields 


M = ~(0|a;4;4/4},a)41|0) + 6m (0|a;4jatat lo). (3.70) 


In the first matrix element on the right-hand side, the process has to be continued by 
commuting with a, whereas in the second matrix element we can start commuting 
4; to the right. The result is 


M = (0|a;4,4)4) a'a)|0) — 5, (0|4;4;4/ a} jo) 
— 61m (0|G;4f 4; 4 |0) + bm 6x (0|4;a¢ 0). (3.71) 


The first matrix element on the right vanishes, because 4 acts directly on the 
vacuum. In the second and third matrix elements commutation of 4; to the right 
continues, whereas the last one needs one final commutation. This leaves 


M = dy, (04:4) 4;4}|0) — 5m 5, (014; |0) 
— 81m 5jn{O|G;G} |0) + 6imSje6in —- (3.72) 
It is worth while to memorize as a shortcut that 
(0\4;4/|0) = 5, (3.73) 


This means that creating a particle from the vacuum and annihilating it immediately 
just provides a factor of 1. This fact already makes two of the three remaining 
matrix elements trivial, and in the other one we continue commuting: 


M = biy5jm(O\4;4{|0) — bin 5x 5im — Sim Sin Siz + 1m Sx Sin 
= bin OjnpOke a bin Oi Onn = btm OF biz sis Oh bi Ga ; (3.74) 


Future calculations of this type can be done much more rapidly by noting the shape 
of this final result while keeping in mind how it was reached. 


e The matrix clement is reduced to combinations of Kronecker symbols with 
different signs taking care of the antisymmetry. 


e The index combinations in the Kronecker symbols show all possible combi- 
nations of one annihilation and one creation operator, where the annihilation 
operator preceded the creation operator in the original matrix element. These 
are exactly the cases where the commutation process will leave a Kronecker 
symbol. 


e The sign of a term in this final result can be obtained from the following 
consideration: reorder the operators in the original matrix element such as to 
produce the combinations appearing in the Kronecker symbols with annihilator 
preceding creator. For this reordering only the sign changes are considered, not 
the commutation remainders, and the resulting sign is the desired one. It does 
not matter whether the other operators are in front of or behind the pair, as 
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the sign of the matrix element does not depend on this (commuting with a pair 
always produces a plus sign). 


Going back to the example original matrix element, we can generate the final result 
more simply by noting that the indices to be combined into Kronecker symbols are 
i andj with k, m, and n, respectively, while / combines only with m and n, because 
a; is to the right of al. This yields the combinations bm 4jm6ix, 6m jk Oim> On Opn Sik, 
and dim6je5in, exactly as seen in the matrix element. To understand the sign, for 


example, of the second term note that getting from 4,44) 4,a},a) to a,ataahaal 


requires three commutations, so that the sign must be negative. 

Actually the method derived here constitutes a simple case of Wick’s Theorem, 
which also deals with more general matrix elements. However, for the purposes of 
this book the present results are quite sufficient. 

The method only needs to be modified slightly if the expectation value is taken 
in a more complicated state; this is the subject of the following section. 


3.4 The Particle-Hole Picture 


Expectation values of operators in the vacuum do not really occur very often in 
theoretical nuclear physics. The more frequent case will be matrix elements in the 
nuclear ground state, which in the single-particle model is given by A nucleons 
occupying the lowest-available single-particle states. If we arrange the indices in 
order of increasing single-particle energy, 


Be ee oe (3.75) 


the lowest state of the A-nucleon system is 


A 
%o) = | 4/0) (3.76) 


i=1 


with an energy 


Ey=Sie . 3.77) 


The highest occupied state with energy €, is the Fermi level. The expectation value 
of an operator O in the ground state may then be written as 


(Wo|O|Wo) = (O|aa--- 40a ---af|o) (3.78) 


and this is just the vacuum expectation of the much more complicated operator 
contained in the matrix element on the right, so that in this sense such expectation 
values can always be rewritten as vacuum expectation values. They could in prin- 
ciple be evaluated with the method discussed above, but they of course involve an 
impractically large number of operators. Some simplification is possible, however, 
if we remember that mathematically the ground state has a similar property to the 
vacuum. While for the latter we have 


3.4 The Particle-Hole Picture 


20) — Otorall: ~, (3.79) 
the ground state fulfills 

00) — ‘a 
at : (3.80) 
aul) — a << A 


This implies that similar methods may be used if indices above and below A are 
treated differently. There are two ways of handling this formally: 


¢ keep the present notation and explicitly note in the formulas which index in 
which term takes what range of values, or, 


e redefine the operators such that the ground state takes over the role of the 
vacuum. 


Let us exemplify this by looking at matrix elements and at the excited states of the 
system in both notations. 

The simplest excited states will have one particle lifted from an occupied state 
into an unoccupied one. They can be written as 


|Pni) = Ofai\%) , m>A , <A , (3.81) 
and the associated excitation energy is 
ie EQ — ee Gy, (3.82) 


The state [Yi has an unoccupied level i, a hole below the Fermi energy, and 
a particle in state m above the Fermi energy. For that reason it is called a one- 
particle/one-hole state or Ip1h state. The next more complicated type of excitation 
is a two-particle/two-hole (2p2h) state like 


[Prniz) = 4,4) a;4;|Wo) (3.83) 


A, 4 
with excitation energy 
Emnij = Ec Sy er ej (3.84) 
Looking at the expectation value of a one-particle operator like 
oo [o-) 
(Lol > — ty 4/4;|\%o) = S— ty (Wolafa;|o) (3.85) 
j=! j=l 


it is clear that for j > A the contributions will vanish. For j <A the operators can 
be commuted to yield 


(Wola! a;|Wo) = by — (Wolajat|Wo) (3.86) 


and the second term on the right-hand side now vanishes. A convenient notation 
for this result is 


(Zo|a/ aj|Wo) = bi; 4ia (3.87) 


The symbol 6; is an adapted analog to the @ function and is defined by 
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1 iwfi<A 
6; =4 os y 3.88 
8 Cie A Coa) 
Its function is to restrict summations over the index i to the range 1,...,A. The 


full matrix element now becomes 
co oo A 
(Wo Sty 4$4;|Yo) = So ty by Gia = Dots (3.89) 
j=l j=) i=l 


i.e., simply a sum of the diagonal matrix elements over all occupied states. 

In this book this method of treating the ground state will usually be used. An 
alternative method consists in redefining the operators in the following way. We 
introduce new creation and annihilation operators rol and (; related to the usual 
ones via 


a a 4 P Ai; isA 
— a; , [>A 5 ae ai, LP? ’ 
amt. An, p= {at TS Foes a 


For these operators the nuclear ground state is the vacuum state: 


BW) =0 for alli, (3.91) 


and the operators el i <A, describe the creation of holes through the destruction 
of the particles in the corresponding states. 
In this framework the 1plh states are given by 


ee) = Oey ae ee (3.92) 
and the 2p2h states are 
We) OEM) tence, Ey (3.93) 


The matrix element discussed above can now also be calculated in this notation 
after rewriting the operators: 


foe) A A i foe) A 
Sy ala =) Sty BB+ SO DG BiB 


ij=l i=1 j=l i=A41 j=l 
A ee) lee) [ove] 
+ >> 30 4 BB+ SD DO ty BIB (3.94) 
i=] j=A+1 I=AT1jf=A+1 


Remembering that for these operators |W%) is the vacuum, we see immediately that 
the second through last terms will yield a zero expectation value, whereas the first 
one gives the result calculated above. 

It is clear that this second method has no particular advantage for the type 
of problem discussed here; in both cases the index range has to be divided up 
into occupied and unoccupied states. Its true power becomes apparent in situations 
where holes can be treated analogously to particles; for example, a hole inside a 
closed shell can be treated quite similarly to a single particle in the empty shell 
(for examples see the section on pairing, Sect. 7.5.5). 

Let us just briefly mention how the quantum numbers of holes should be re- 
lated to those of a particle in the same state. Since a hole is created by destroying 
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a particle, all its additive quantum numbers are Opposite in sign to those of the 
particle destroyed. This requires a modification of (3.90) in the case of such quan- 
tum numbers. For example, if the states have good angular momentum there are 
multiplets of operators ave m = —j,...,j. In this case the hole-creation operator 
should be defined as 


Baa (3.95) 


with the phase factor added to fulfil the Condon-Shortley phase convention (see 
Scct2- 3.2). 
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4.1 Lie Groups and Lie Algebras 


In Sect. 2.1 we discussed the concept of groups, which was then applied principally 
to the study of rotations. In this chapter the treatment of group theory will be 
expanded sufficiently to understand the mathematics, for example, of the interacting 
boson model. 

A continous group is a group whose elements g depend continously on r param- 
eters a; (i = 1,2,...,r), so that they can be written as functions Ol Gy, Oj ere 
To shorten the notation we also denote the r tuplet of numbers a; by the vector 
@, so that group elements are written as g(@) (to avoid confusion, we will always 
use Greek letters for group parameters). r is the order of the continous group G. 
If the parameter range spanned by (aj, a2,...,a,) in an r-dimensional space is 
bounded and closed (i.e., compact), we call G a compact group. 

A Lie group is a continuous group fulfilling continuity requirements for all 
group operations; since this is usually fulfilled for the applications in physics, 
we will always deal with Lie groups and assume that all mathematical functions 
describing the group are arbitrarily differentiable. 

Usually one considers continous groups with elements that act as transfor- 
mations on a multi-dimensional vector space. Consider, for example, the three- 
dimensional rotation group SO(3) whose elements rotate the vectors of the usual 
three-dimensional space. Another example is the group of unitary transformations 
in two dimensions, SU(2), which mixes the two isospin projections in a wavefunc- 
tion. 

The application of a group element g(@) on a vector x = (%},%),...,Xy) in an 
N-dimensional space can be written as 


a! = g(a)a = f(x, a) (4.1) 


with a vector function f(x, a) still to be determined. Within this formalism we 
write for the group multiplication 


if y is such that g(a) - g(B) = g(7) holds. This expresses the law of multiplication 
in the group in terms of the parameters and can be quite complicated; it is often 
not expressible analytically. 

Now consider as an example the two-dimensional translation group T> acting 
on two-dimensional space according to 
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g(a, B)x = g(a, BX, y)=&+a,y+B) , (4.3) 


where a and {, the displacements, are real numbers. Note that Tz is a noncompact 
group since the parameter range of (a, 3) is noncompact (both have infinite range) 
and that both the order and the dimension of this group equal 2. In the following 
we check the four fundamental group relations. 


e Closure: 
(g(a, B) - gy, 5], y) = gla, Bw +1 +4) 
=x+at+y7,y +846) 
=glat7,B+6)x,y) , LED 


which shows that the multiplication rule in this group is expressed by addition 
of the parameters. 


e Associativity: 
[9(a, B)- (9(7, 6): 96, )|@,y) 
=(xta+(y+e),y+8+6+9) 
=(xt+(a+y+ey+(4+6)+¢) 
= [(g(a, B)- 97,9) 9, O]@y¥) - (4.5) 


e Neutral element: this is clearly given by g(0, 0). 


e Inverse element: 
g(a, 8) = g(-a,—-f) . (4.6) 


Generalizing the discussion in Sect.2.2.1, we now introduce the generators of a 
continous group, which are determined by the group elements near the identity 
element, which is conventionally assumed to correspond to parameter values of 
zero, a« = 0. Consider the transformation 


x— x’ = f(x,a) (4.7) 
and expand f(z, a) in a Taylor series for small values of a: 

f(z, a) = f(z, 0) +a- Vaf (a, a) see a (4.8) 
with Vq the gradient operator in the r-dimensional parameter space. Setting 

£2 dr (4.9) 


we obtain for small values of a, i.e., a — da, 


dy = oe wae a)| -S- dor Fle a) (4.10) 
i=1 4 


a=0 


In terms of components we can write 


: 
di) doaU a (4.11) 
I 


4.1 Lie Groups and Lie Algebras 
with the definition 
Ge e fx(x, a) An 
, = ——hfe(x : 
i da; k : ( ° ) 


a=0 


In the following we consider the change of an arbitrary scalar function F(x) if 
an infinitesimal group transformation, i.e., a group element close to the identity 
element, is applied to its argument x. The total differential of F (x) reads 


N 
QO che) 
dF(x) = SS dy 
oe i ae 
c=! 
N OF (a) r r 
=) = dda: Uk =S da; GiF@) , (4.13) 
k=1 Ox 7=)l i=1 
with the definition 
wu a 
Ca ge 
» Fe (4.14) 


The quantities G; are called the generators of the group G, since they induce the 
infinitesimal changes of an arbitrary function F(a) due to the transformation. 

As an example we discuss the SO(2), the group of orthogonal transformations 
in two dimensions, i.e., 


A= ie) — cose =) sing 


; ; (4.15) 
y =f—p@,y) =xsingdt+ycosd 


Obviously SO(2) is of order 1, since it has only one parameter, the rotation angle 


. For the functions U* when we substitute the notation i = ep, k =x,y we get 
Ofc oF, 
WE ar eee ’ = =) ; U? = — — +x ; (4.16) 
i) ad ee os) Od = 


and for the generator G3, 


i) 0 0 0 


y = Seely 


CaS Ue 
which equals the z component of the angular-momentum operator. 

A Lie algebra is a vector space with an additional antisymmetric multiplication 
given by the commutator. The generators of a Lie group form a Lie algebra, because 
they can be added and multiplied by scalars, and it can be shown that they also 
form a closed set under commutation, ice., 


; 
(Geep CG. (4.18) 
I 


where the C,,,, are the structure constants. The properties fulfilled by the commu- 
tator are as follows. 
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e Definition: 
Ge CG, GG) (4.19) 


e Antisymmetry: 


(Gin, | —— |G.) Ge (4.20) 
e Jacobi identity: 
| (Gus Ge), Gr] = [[Gr,Gu],6.] = [[Ov.6r],6u] - (4.21) 


As a direct consequence of these conditions for the generators of a Lie algebra the 
structure constants must themselves be antisymmetric, C by = -Ch,, and fulfil the 
Jacobi identity, 


So (@2, 0 BGs CO Ce Oe (4.22) 


Conversely it can be shown that if the structure constants have these two properties, 
the corresponding generators form a Lie algebra with the properties given. 


ACS ——E—E>E—E—_———E>E—L—_———_——L_L_L_ LESS 


4.1 The Lie Algebra of Angular-Momentum Operators 


Problem. Show that the angular-momentum operators form a Lie algebra. 


Solution. In Chap. 2 the angular-momentum operators L; were constructed as gen- 
erators for rotations about the three coordinate axes (note that the parametrization 
in terms of Euler angles cannot be used for this purpose, as they are not indepen- 
dent for small rotations: in fact, both @,; and @3 have L, as generator). They obey 
the commutation relations 


[2:, Le] = ihe yale : (1) 


Hence the structure constants of the algebra associated with SO(3) are given by the 
antisymmetric tensor €jj,. The antisymmetry is obviously fulfilled since ej, = —e jx, 
and the Jacobi identity can be seen from 


_ Gxseeee = EByaEaap as EvacEofp) 


oO 


= Se Gxee 202 + EByoEapo =I EvacEfpc) 


= bay bpp bap p+ ar 6 pap a bpp bya a 6p 5 ap bypb ap 
oe (2) 


4.1 Lie Groups and Lie Algebras 


Of central importance for the application of Lie groups to physics are the Casimir 
operators Cy, which are defined as operators which commute with all generators 
G; of the algebra: 


CyGijeo . (4.23) 


For a given group there exist in general several Casimir operators and their explicit 
form is not unique: if Cy and C, are Casimir operators, any combination of them 
| Sy WOLCR Outi (Oh, Se OG ts €,, €,€,, and so on. 

In general it is very difficult to determine all the Casimir operators for a given 
algebra, but there is a simple rule for obtaining at least one nontrivial Casimir 
operator from the generators, namely 


CS blGey (4.24) 
by 


The tensor g,,, is called the metric of the algebra and is defined as 


iw = ORC (4.25) 
Tp 


be SO OS i _ _—__ __ 


4.2 The Casimir Operator of the Angular-Momentum Algebra 


Problem. Construct the Casimir operator for the angular-momentum algebra using 
(4.24). 


Solution. Using the structure constants Ci = €jjx, one obtains for the metric 


a OQ Pr — 
oa 5 LOGY, = y pales 
Tp TO 
=e y EutpEvrp = =26 71 ’ (1) 
TO 


and the Casimir operator becomes 
Cs0(3) a OS Crean ==2 oe Opelo ills 
pv pv 


oh a (2) 


a2 A ee: 
This simply reproduces the well-known fact that the J” operator is the Casimir 
operator of the angular-momentum algebra, commuting with all angular-momentum 
operators J;. It is also the only Casimir operator for this algebra. 
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Finally we want to make the concept of representations more precise. Consider a 
group G with elements g,. If a mapping from the elements gp to matrices D(gm) 
exists, so that D(g;) - D(g2) = D(g3) holds whenever g; - g2 = 93, we call the 
matrices D(gm) a representation of the group G. An example is provided by the 
rotation matrices given in Sect. 2.3.3. 

In the general case we obtain a representation of a group by considering the 
n-dimensional vector space the group elements are applied to. If |¢;) @ = 1,...,”) 
is a basis for this vector space, the effect of a group element on a basic vector can 
be expanded as 


Gnld;) = > DBIdi) (4.26) 
=i 
with 
D(9m)ji = (Pil@mlo;) (4.27) 


The c numbers D(gm)j; are to be interpreted as the matrix elements of the represen- 
tation matrix D(gm). The D(g) form a matrix group with the required representation 
property, which may be seen by calculating 


(D1) D@)), = > Duy DGr)jx 


i 


= S- (bilgi ld) (bj l92l¢x) 


j=l 
= (i|gig2|k) =D(gigadix (4.28) 


Thus it is easy to obtain a special representation; usually the important and much 
more difficult task is to systematically determine all possible representation by 
constructing all irreducible representations as building blocks, as was done for the 
rotation group in Sect. 2.3.2. 


QS ——————— EE a, 
4.3 The Lie Algebra of SO(n) 


Problem. Derive the Lie algebra for the group SO(n), ie., the group of orthog- 
onal transformations of dimension n with determinant 1, starting from its matrix 
representation. 


Solution. It has already been mentioned, that the algebra of a Lie group is com- 
pletely determined by the properties of the group elements near the identity, where 
all group parameters are infinitesimally small. We thus need the elements of SO(n) 
in matrix form differring infinitesimally from the unit matrix. The defining property 
of orthogonal transformations in n dimensions is that they leave the vector norm 


4.1 Lie Groups and Lie Algebras 
invariant. This means that if the transformed vector is defined as x’ = Ax with 
A € SO(n), the equation 

(2'!'e' = ale (1) 
must hold. Next we consider infinitesimal transformations of the form 

x =(14+6A)x , (2) 
where Ii stands for the identity matrix. To first order in 6A this implies 

(a) ar’ = (a)" (1+ 6A7) (1 + 6A) 

w(x)" (1+64+6A')a , (3) 

so that the matrices A must be antisymmetric: 

bAT=—6A (4) 


As parameters of the group one may thus choose the independent matrix elements 
of an antisymmetric matrix. Their number for dimension n is n(n — 1)/2 (this is 
the number of matrix elements above the diagonal, or one half of the total number 
excluding the diagonal, n? — n), so the order of the group SO(n) is n(n — 1)/2. 
Each of these can be labelled by an index pair (i,j) with i <j and we may call 
the group parameters rj. An arbitrary infinitesimal transformation is then given by 


Ag) = iy (EP = (5) 


where E“) is a matrix with a 1 in the ith row and the jth column and all other 
elements equal to zero. The matrix form of the generators can be read off simply 
as 


G, =EO Ew) (6) 


We can now easily derive a realization for the generators Gj of SO(n) using the 
definitions in (4. re 


ee i = 
as Os éACry a) 5 
0 
a = Oi Ci bit Oj) X1 "Oxy 


O . 0 
Ox: “i Ox; 


(7) 


jal 


Exercise 4,3 
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The commutation relations for the generators, i.e., the Lie algebra of SO(n), now 
follow as 


[eer ae me ee a Re ere 
[Gy, ml = “Ox, 77 Ox; wt By, ™ Oxy 


a NG el ee 
— || oy OXmn Xm ax, i Ox; J Ox; 
= Six Gim ap Sim Gik ar Sim Gi + Oxi Ginj : (8) 


In the case of n = 3 these equations reduce to the angular-momentum commutation 
relations if one identifies 


Le iGo ol, — (Ga 1G (9) 


4.2 Group Chains 


A method that is often used for constructing the representations of the more com- 
plicated groups is based on chains of subgroups and their Casimir operators. It will 
be employed extensively in the IBA model (Sect. 6.8), but the simplest example is 
the derivation of the representations of the rotation group as given in Sect. 2.3.2, 
and we will use this example for an explanation of the ideas involved. 

The operators employed in Sect. 2.3.2 were J”, J, and J,. Of these the group- 
theoretic role is clear only for J”, which is simply the Casimir operator of the group 
SU(2) (or SO(3)) and thus distinguishes the different irreducible representations 
according to Schur’s lemma. What is the significance of /,? It is the generator of 
the group of rotations about the z axis, which is obviously a subgroup of the full 
rotation group. 

The two-dimensional rotation group SO(2) consists of matrices of the type 


cos@ —sin@ 
G ) ; (4.29) 


sn@ cosé 


which are in one-to-one correspondence with complex phases factors e9, so that 
the group SO(2) is isomorphic to the group U(1). Since there is only one group 
parameter 6, there is only one generator J,, which is also trivially a Casimir operator 
of the group. The irreducible repesentations are thus all one-dimensional and are 
labelled by the eigenvalue fim of J,. 

What happened in Sect. 2.3.2 now becomes clear on a more general level: the 
representations of SU(2) or SO(3) were decomposed into representations of the 
subgroup U(1) or SO(2). The subspaces of fixed projection m are invariant only 
under SO(2), not under the full rotation group, while the additional generators J. 
or J, and oh link the different projections. Formally we write the relation of groups, 
Casimir operators, and eigenvalues as 
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SO(3) See sO(2) 
ie ie ; (4.30) 
Tee hm 
Of course this is an extremely simple example. In the IBA the group chain will 
be, for example, 


Viel > UG) 2106) = 06)> 00)": (4.31) 


It is always desirable to have a chain that concludes with O(3) and O(2), because 
then the angular-momentum quantum numbers will appear and the representations 
become more useful for physics. 

Each representation is characterized by the eigenvalue of the Casimir operator(s) 
of the first group in the chain, and the representation space is then decomposed into 
subspaces invariant under the next group and characterized in turn by its Casimir 
operator(s), and so on. This yields a set of quantum numbers and a full solution of 
the problem if the Hamiltonian can be expressed in terms of the Casimir operators. 

If the Hamiltonian is invariant under the group, it must commute with all gen- 
erators of the group and is itself a Casimir operator. An example is provided by the 
Hamiltonian of a spherically symmetric system in ordinary space, whose depen- 
dence on the rotation angles is contained purely in the centrifugal term proportional 
to J. In this case the angular dependence of the wave functions and the associated 
quantum numbers can be obtained purely by group-theoretical methods; the radial 
dependence requires a more complicated treatment and it is often the case that a 
more general symmetry group encompassing all degress of freedom of the system 
can be found and the full solution be constructed group-theoretically. 


4.3 Lie Algebras in Second Quantization 


The generators of Lie algebras often appear in the guise of second quantization. The 
mathematical réason for this is quite simple: if a particle is created in a space of n 
single-particle wave functions, it can be described by some linear combination of 
these wave functions. A transformation that changes its wave function to another 
such linear combination corresponds to an element of the group U(r). Alterna- 
tively, this redistribution may be achieved by some combination a; 4, of creation 
and annihilation operators, which remove the particle from the original states and 
put it into the new ones, instead. The simplest example is again provided by the 
ubiquitous rotation group, in this case in its incarnation as SU(2). 

Regard a fermion that can exist in two different states. Thinking of isospin as 


the simplest example, call them |p) and |n); they will be created using the operators 


a and ai, so that 


p20 = 20) (4.32) 


A change in the state of the particle can then be mediated by the operators al Gy and 
al Gy, respectively. These might thus correspond to the shift operators of angular- 
momentum theory. If we assign a projection of 5 to the state |p) and —$ to |n), 
we may define “angular-momentum operators” 
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aa ae (4.33) 
In addition the z component of the angular-momentum operator may be conjectured 
to be 

d= 2 (aia, —aia,) | (4.34) 


which clearly the yields desired eigenvalues +4 for the two states. 

Whether this indeed yields the Lie algebra can be checked by evaluating the 
commutation relations. Since the operator 4, can be anticommuted to the back, we 
have 


ae (4.35) 


Bien | = Cle ea tn = 2 


P 
(the latter commutator is one of the “shift-operator” relations of Sect.3.1.2), and 


using the similar result for the a G, operator, we get 
[3 (ata, = ala,),a14| = ala, (4.36) 
or 

[eee lea ue, (4.37) 


exactly as it should be for the angular-momentum shift operators. Similarly all the 
other angular-momentum commutation rules can be confirmed. Thus we have the 
full Lie algebra of the group SU(2) realized in terms of the second-quantization 
operators. 

Similarly the generators of SO(n) can be seen simply from the matrix repre- 
sentation of (6) in Exercise 4.3. Each matrix E“ corresponds to an operator pair 
a} a;, so that the second-quantization form becomes 


Gy =afa,-a)a; (4.38) 


This methodology will be applied to the much more complicated case of a six- 
dimensional space in the context of the IBA (Sect. 6.8). There is, however, also 
an example of an application of the angular-momentum algebra in a situation that 
is not so trivially connected with the group SU(2): this is the quasispin model 
explained in Sect. 7.5.3. 
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5. Electromagnetic Moments and Transitions 


5.1 Introduction 


The measurement of the interaction of the electromagnetic field with the nucleus 
provides the most important source of experimental information. Gamma radiation 
can be both absorbed and emitted by the nucleus, and carries information in its 
angular momentum and energy as well as the associated transition probabilities. 
These allow direct conclusions about the angular momentum, parity, excitation 
energies, and transition matrix elements of the stationary states of the nucleus. In 
some cases the information may be summarized simply in terms of the electromag- 
netic multipole moments such as the quadrupole moment, which is more directly 
related to the shape of the nuclear charge distribution. 

The purpose of this chapter is to derive the necessary formulas allowing the 
calculation of the electromagnetic transition probabilities and moments from nu- 
clear models. The electromagnetic field first has to be quantized and decomposed 
into fields of definite parity and multipolarity. Then the interaction of these fields 
with the charge and current distributions within the nucleus must be formulated in 
such a way that nuclear model distributions can be inserted. These steps will be 
the subject matter of the following sections. 


5.2 The Quantized Electromagnetic Field 


The quantization of the electromagnetic field will be shown here only in its final 
form, without many of the subtleties associated with field theory, because we 
are essentially only interested in it as a tool for studying nuclei. Regard the vector 
potential A(r, t) as the principal dynamic field and use the Coulomb (or transverse) 
gauge. The field then fulfils the gauge condition 


yA 0 (5.1) 
and, in the absence of charges or currents, the wave equation 


(4-7) 4-0 | (5.2) 


c2 Or? 


The electromagnetic fields are given in terms of A by 


b= A. H=V> A, (5.3) 
Gi 
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and the energy density of the field is 
1 
fem = meee +|H|?) . (5.4) 
With a plane wave for the vector potential, 
Az(r,t) = Apcos(k:r—wt) , (sy) 


these expressions become (using w = ck = c|k|, a direct consequence of the wave 
equation) 


E, =—kAosin(k:r—wt) , H,y=-—-kx Aosinfkk-r—wut) , (5.6) 


and the energy density will be 
1 
Sop = oll G7 
81 
For a field corresponding to one photon, this should be equal to fiw/V, with V the 
system volume, so that the appropriate amplitude becomes 


8rhw 8rhc 
= =) 5.8 
Ao k2V wV oy) 


The corresponding complex expression yielding the same average energy density 
is 


2rhe2 
a 


enh t) =E AoW ( 


pee ager eg) (5.9) 
where dp is a complex number with unit modulus, which determines the phase 
of the wave, and é is the unit vector indicating the polarization. Because of the 
transverse nature of electromagnetic waves, there are two independent polarization 
directions €7,/— 1, 2, both fulfllingis; i — 0: 

We will now give the motive for the quantized form of this vector potential. 
The interaction Hamiltonian density with matter will be the quantized version of 
the classical 


ci = — = 50) AG), 65.10) 


with 7 the current distribution. This should describe the emission and absorption 
of photons, and the typical transition matrix element between nuclear states Y; and 
W;, should be something like 


[er (Y%,one photon| — 1j - A |W;,no photon) (Gall) 


for the emission of a photon, and the Hermitian conjugate for the absorption of 
a photon. The field operator should thus contain two Hermitian conjugate parts 
involving creation and annihilation operators for photons, and it appears natural to 
just replace the amplitudes ap and aj by Gt and £, the creation and annihilation 
operators for photons. It only remains for us to settle which of the operators to use 


5.3 Radiation Fields of Good Angular Momentum 


for which of the two terms, but this is clear from the energy balance. In the above 
matrix element for emission the total time-dependent phase is 


L(G; ~ Ey +i (5.12) 


with @ the unknown phase accompanying the creation operator in the radiation field. 
Total energy conservation implies E, = E; — hw, so that we must have @ = wr. 
It is also consistent that the creation and annihilation operators are associated with 
plane waves having momenta in opposite directions, since momentum conservation 
requires the appropriate change in total momentum for creation or destruction of a 
photon. The normalization factor ensures that the energy of the field will be given 
correctly in terms of the photon number; to see this just compute the field energy 
as above and remove the zero point energy as for the harmonic oscillator. 

For the final form of the radiation field the operators need to acquire indices 
indicating which mode in the field (determined by wave vector k and polarization 
index j2) they act on. In the following the symbol w will always stand for ck. Thus 
the resultant field operator summed up over all modes (k, 4) is 


A Qrhc2 / » * _iker—iw 4 —ik-r+iw 
Aes) = Fay (Bruce + Bh eye) oe 
kp 


(The choice of €,, or its complex conjugate took into account that the spherical basis 
vector €, with angular momentum projection ys should accompany the creation 
operator for that projection.) 

The operator for the total energy of the field, integrated over the volume V, is 


A= hr (BL Ben +4) (5.14) 
ku 
and the total momentum is given by 


Be Ta cen (5.15) 
ku 


The photon states treated here are eigenstates of the momentum operator. For 
their interaction with nuclei, however, it is much more convenient to use angular- 
momentum eigenstates. Their construction is carried out in the next section. 


5.3 Radiation Fields of Good Angular Momentum 


5.3.1 Solutions of the Scalar Helmholtz Equation 


As was shown in Sect. 2.3.6, the vector field A describing the photon has an 
intrinsic angular momentum of 1 with basis states given by the spherical unit 
vectors e,, 4 = —1,0,1. To construct states of good total angular momentum 
these have to be coupled with scalar functions ®),,(r) of good orbital angular 
momentum, and this is completed by the usual harmonic time dependence: 
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Ain, t) = YOU |p!) Oral) eye. (5.16) 
py! 


Note that \ remains a good quantum number also for the coupled field. With 
w = ck, the wave equation reduces to the Helmholtz equation for the ®),,: 


(Aerie OG) — Ome (5.17) 


The boundary condition is that the function vanish at infinity. Solutions to this 
problem are familiar from elementary scattering theory: 


Py(T) = jkr) Ynu(Q)_ (5.18) 


where j,(kr) denotes the spherical Bessel function. 
At this place it is helpful to summarize a few properties of the spherical Bessel 
functions, which will be needed in this chapter. 


1. Definition in terms of Bessel functions of the first kind: 


: T 
JC = Seeypseey Mi sell Set ye (5.19) 


2. Approximation for small argument values: 
l 


x 
Q+! forx -0O . O20) 


jie) & 
3. Approximation for large argument values: 

le 1 

Wa) - sin (x - a) forx—oco . (5.21) 


4. Differential equation: 


lemme id@+1 
(Set+igt+i- = ”) jus) =0 | (5.22) 


The solutions ®),,(r) obviously have angular momentum J and projection ju. Their 
parity is determined by that of the spherical harmonics as (—1)>. 


5.3.2 Solutions of the Vector Helmholtz Equation 


Vector solutions of the Helmholtz equation with good angular momentum can now 
be constructed by angular-momentum coupling as outlined. They are 


Aim (0) = | Alu!) jkr) Ya Dep. (5.23) 
py! 


The basic vectors e,, are customarily chosen such that the wave propagates in the 
positive z direction, 1.e., the directions of eo and k agree. 

For the angular-momentum coupling the radial function appears only as a trivial 
factor, so that it is useful to define the vector spherical harmonics as the angular 
and vector part of this expression: 
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Y¥ im, (2) = Se (All|up'm) Yx(QHey (5.24) 
by! 


Yim,x keeps the index because \ remains a good quantum number in the coupled 
basis. The other angular momentum involved is the constant 1, so that there is no 
need to keep it in the notation (although in other notations it is used as an index to 
distinguish these functions, for example, from spin spherical harmonics, in which 
the Y),, are coupled with spinors) 

Two useful properties of the vector spherical harmonics are given here 


1. Complex conjugation: 
2 pus UC) reel ele es Gn set Up) uae (5.25) 
2. Orthonormality: 


/ UO OG) ree (5.26) 


Note that this involves both the scalar product in the function space (the integration 
over {2) as well as a scalar product of the two vectors. 


RRS, >» eee 


5.1 The Vector Spherical Harmonics 


Problem. Calculate the vector spherical harmonic Y0,1(§2). Does it show the 
symmetry associated with its total angular momentum of zero? 


Solution. According to the definition, 


Yoo1(2) = S°(110|u — 10) Kye, (1) 
bb 


Inserting the Clebsch—Gordan coefficient yields 


Yoo) = FDI M(Dep (2) 
Lb 


and a further reduction can only be made through explicit use of the spherical 
harmonics: 


Veni) — Fi E Ve sin 8 el? (ex ale Vz cos 6 e, 


— = sin @ e? (ex +> ie) 


= — Fe (cos J e, + sin @cos ¢ ey + sin@sin ¢ e,) 


= —TRer 3 (3) 
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Exercise 5.1 


So the result is the spherically symmetric vector field proportional to the unit vector 
in the radial direction at each point. It can be combined with an arbitrary function 
of r without destroying its scalar character; for example, we have 


P= —rvV4r Y 00,1(2) ; (4) 


It is also interesting to note its parity. The components (x, y, z) of the vector change 
their sign under a spatial inversion, but regarded as a vector field the vector has 
in addition to be inverted at each point, so that the total parity is positive. This 
accords with the geometric picture. 


An important application of the vector spherical harmonics is the gradient formula, 
which we will state here without proof. It allows the expression of the gradient of 
a product of a spherical harmonic and a radial function in terms of vector spherical 
harmonics: 


l d I+1 
VE (r)Vim(2) = 4/ ea (¢ a =") Y m,—-1(2) 
a oe 
Teg & ms ) Y mt41(22) (5.27) 


Now it is time to go back to the construction of the vector solutions of the Helmholtz 
equation. They are obtained by coupling the scalar solution ®,,({2) with the polar- 
ization vectors e,,. For a given total angular momentum / the different choices for 
the angular-momentum coupling, i.e., A =/,/ +1, yield three independent vector 
fields 


WATYY tm (2) 5 fr kr)¥ im-1(2)—, and fiz (A)¥ im41(%2) . (5.28) 


This corresponds to the three-dimensional basis of the e,,. But €9 does not describe 
a physical solution, because the field must be transverse, 1.e., V - A = 0 or for 
plane waves k - A = 0. This condition leaves two independent solutions, and one 
may further narrow down their choice by requiring good parity. 

Keeping in mind the discussion of the parity of vector fields given in Sect. 2.5.2 
and using the special definition presented there, we find that the parity of the vector 
spherical harmonic Yj, ,, is a product of the orbital parity, which results from the 
spherical harmonic Y),, and is consequently (— 1), and a —1 for the polar vectors 
€,,, 8 that the total parity is (— 1)+!. The fields of good parity must be constructed 
like 


Aim (7; M) = jkr) ¥ im (Q2) 
Parite 1) aa 

PAV e 2) pear Clams ie) 
Parity (=) 


(5.29) 


The variables M and E indicate the magnetic and electric multipole fields. 
Since Aj,(r;M) is the only field for that parity, it should automatically be 
transverse; this can be confirmed by direct calculation or seen directly from the 
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alternative form of this field given below. For the electric multipole the condition 
of transversality determines the ratio of the coefficients c;4, and c;_,. There is a 
second linearly independent field of this type, which should then correspond to the 
longitudinal field with V x A = 0, 

The determination of the coefficients from the transversality condition, V - 
AGE 18), =O) 1G straightforward but laborious: insert the definition of the vec- 
tor spherical harmonics, use the gradient formula and recursion relations for the 
derivative of the spherical Bessel functions, and then again insert the definition of 
the vector spherical harmonics to reduce everything to a sum of radial functions 
times spherical harmonics. This is then seen to vanish for the choice 


a i 
a = 5.30 
te Did Oe 41 ee. 


Similarly the longitudinal multipole is given by 


l ep |) 
Cla aa a My Ce = Diet rai) 


5.3.3 Properties of the Multipole Fields 


We sum up these developments by noting the expressions for the different multipole 
fields together with alternative formulations, which are based on vector differen- 
tiations of the scalar solutions to the Helmholtz equation and are more useful in 
many manipulations. All of these can be checked using the gradient formula. 


e The magnetic multipole field: 
Alm (7 M) = ji(kr) Yoierien 


Lijr(kr) Yin(Q) (5.32) 


1 
aD 
The latter form immediately shows that the field is in fact transverse, as V- L = 
0. 
e The electric multipole field: 


l+1, 
Am(r;E) = 4] a Na?) 
I 
—4/——j HGP) YO pe {2 
V apg Jeti 1YY tmtsi(22) 


SS A DI: 5.33 
Wana (L jy(kr) im( )) ’ ( ) 


again with an obviously vanishing divergence. 


€ 


e The longitudinal multipole field: 


ae 
Ar Ly {/ wae Oe) 
f+1. 
+4/ me Y im +1(2) 


= LVI) Yin (5.34) 
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The last formula makes it immediately apparent that V x Aj,(r;L) = 0. 


Some additional properties of these fields may also be summarized here. 


ile 


All of them are solutions of the Helmholtz equation: 

(V7) Ay, Gk) = 0) for Me (5.35) 
Transversality and longitudinality properties: 

V Ane) = V- Ane: M) =—0 VX AG ee (elo) 


The parity is (—1)! for E and L, (—1)'t! for M multipole fields. 


. Interrelation: direct manipulation of the definitions shows that 


W Aim (7; E) = —1k Aim(r;M) ’ 


; (ea) 
V X Aim(1;M) = ik Am(r; E) 


Name: the terminology is obvious for the longitudinal multipole. The other 
names refer to the properties of the radiation field near the radiating source. 
Using the above relations between the fields, we see that the electric and mag- 
netic multipole fields themselves are given by 


E(r;E) = +2 ACB) =ikA(r;E) , 


10 ; 
Ei(r;,M) = Sg eal) =1kA(r;M) , (5.38) 
H(r;E) = V x A(r;E) = -ik A(r;M) , 
H(r;M) = V x A(r;M) = ik A(r; E) 


Near the source, where kr < 1, the spherical Bessel functions j;(kr) can be 
approximated by (kr)! /(2l + 1)!!, so that the field A(r;E), which contains a 
spherical Bessel function with an index lower by 1, will dominate over the 
magnetic multipole field. The above relations then show that in this region 


|E(r;E)| >|H@;E)| , |H(r;M)| > |E(@;M) (5.39) 


and justify the nomenclature. 


5.3.4 Multipole Expansion of Plane Waves 


In experiments the incoming or outgoing photon is usually in a plane-wave state 


with fixed momentum. The connection to the states of good angular momentum 


must thus be found by expanding the plane wave in this basis. Because the mathe- 
matics is simplest in this case, we will usually deal with waves having their wave 


vector k into the z direction. In this case the polarization vectors can be chosen to 
be the spherical unit vectors e,,, = +1. 
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Define the expansion coefficients for a plane wave of unit amplitude propagating 
into the z direction via 


ene = 3° (cmAm(sB) + dim Am(t;M)) (5.40) 


Im 


To evaluate the coefficients, first take the curl on both sides. On the left we get 
vx e,ci% = ik €9 X €,, ele — Live, elke ; (5.41) 


for which €9 x e,, = —ipe,, (easily checked using the definition of the spherical 
basis vectors) was used. On the right-hand side properties (4) of the multipole 
fields may be employed to yield 


Vx Ne (CimAim(T; B) + dim Aim (1; M)) 


Im 


= D0 (= ikem Aim(r;M) + ikdin Aim(T3E)) (5.42) 
Im 


and a comparison of the two expressions leads to Cim = itd. The expansion now 
reads 


ene = So dim(Aim(T;M) + itAim(?B)) (5.43) 


Im 


Finding the remaining coefficients dj, requires a lengthier calculation. Probably 
the easiest way is to use the expansion of the scalar plane wave 


e% = S21 + 1)i! jr(kr) P;(cos 8) 


fi 
= V4n S° V+ 1 i jilkr) 00,6). (5.44) 
i 


Here @ denotes the polar angle in spherical coordinates. The vector field of (5.43) 
can be turned into a scalar field by letting the angular momentum operator act on 
it with a scalar product (the simpler divergence operator cannot be used because 
of the transversality). We first rewrite the left-hand side of (5.43), then insert the 
expansion of (5.44) and the definition of the magnetic multipole field of (342 ate 


get 


L- eye = Var Shy + Ql 4+ D ile, Ai(r:M) . (5.45) 
I 


On the right-hand side of (5.43) the magnetic multipole is again replaced by its 


definition, so that the two L operators combine into an £”, while in the second 
term the electric multipole is expressed in terms of the curl of the magnetic one: 


: ; i? 
Eee = 8 eS Cae ee 
yl ay ah F TET tO Yim (D) 


Im 


ae a aX Ain(rsM)) . (5.46) 


83 


5. Electromagnetic Moments and Transitions 


In the second term on the right the vector products can be manipulated as follows: 
L-(V x Aim(r;M)) = —ifh(r x V)- (V x Aim(r;M)) 
=-iAr- [V x (V Aim (r;M)) | 
= ~ihr-[V(V > Aim(r;M)) — V7 Aim(r;M)| 
= —iAk?r-Aim(7;M) . (5.47) 
In the next-to-last step the transversality of the field and the Helmholtz equation 
were used. The final result is zero, however, as can be seen from the definition in 


(Ey 
Combining the two intermediate results now yields 


eo, hv/I@ + 121 +1) ie, - Aro(r; M) 


Be im Sil Yel) (5.48) 


and determines the coefficients dj, still requires expressing the sums on both sides 
in the same orthonormal set of functions. On the left the magnetic multipole may 
be expressed in terms of the spherical harmonics: 


e,,- Ajo(r;M) = jrlkr) CAL |e! = 11'0) Yi (Q) ey» Cy 
(oe 


= ~fi(kr) SOUL u—p0) Yip (2) (5.49) 
(a 


Since for the transverse fields only 4 = +1 appears, the properties of the spherical 
basis vectors (see Sect. 2.3.6) lead to 


Cy Cpt = —€py-°Cy =—Oy for w=tl , (5.50) 


which was used above. Comparing coefficients on both sides of (5.48) after replac- 
ing Le by its eigenvalue h7/(/ + 1) shows that 


—VSAarh/UE +121 + 1) if GA |p—H0) bmp = dim f/IE+ 1), (5.51) 


so that 

dim = —/4n(21 + 1) i! (Alle — 10) bmp, (5.52) 
and inserting the Clebsch-Gordan coefficient from the Appendix:! 

dim = —pr/2nQl+ Vil bmp. (5153) 


This completes the final result for the multipole expansion of the plane wave: 


= —pV2n S > V21+ 11 (An(r)M) +ipAiprsB)) (5.54) 
l 
' Note that the expressions there can, for the special case M = 0, be combined into 


(L11|m — m0) = —m/V2 


5.4 Coupling of Radiation and Matter 


This formula can be generalized to an arbitrary direction of the wave vector k by 
the application of the appropriate rotation matrix, but this will be needed later only 
for an intermediate manipulation, so we skip the details. 


5.4 Coupling of Radiation and Matter 


5.4.1 Basic Matrix Elements 


The rate for transitions between the initial state |i) and the final state If) under the 
influence of a perturbation Hamiltonian Ajj, is given by Fermi’s golden rule 


Lae pont 
wpa = =| (f |All’) or; (5.55) 


where py is the density of final states. In this chapter we will have to supply 
detailed expressions for all the terms in this expression in the special case of a 
nucleus interacting with the electromagnetic field. 

The initial and final states in our case are made up of nuclear states coupled to 
states of the radiation field. The nuclear states will be denoted in the following by 
|a(t)), |G(t)), where details have to be supplied by the nuclear model, while the 
radiation field will be either in the vacuum, |0), or the one-phonon state determined 
by the wave vector and polarization, |kju). Note that for the radiation field we have 
assumed the Heisenberg picture with the time dependence in the operators, whereas 
the nucleus is treated in the Schrodinger picture and has time-dependent wave 
functions. This was indicated by writing a(t) in the state vectors. For emission of 
radiation we will thus have 


Ji) = |a@),0) = |ae))]0) , If) = 16, ke) = (8D) ku), (5.56) 


and for absorption the roles of the initial and final states are reversed. 
For the Hamiltonian of interaction between radiation and matter we will take 
the usual expression 


“A 


Fim = ~~ fair ar) Art) 6.57) 
GS 


The field operator A is the Fock-space operator as constructed in Sect.5.2. The 
matrix elements of the operators Gk » and (x, between the one-photon and vacuum 
states are equal to 1, so that the combined matrix element becomes 


” Ps 5 IASG ~ik-rtiwt A 
(B(1), Reu|Ainlote),0) = fdr = ek ye (BO)|FryJa(t)) (5.58) 


for the emission of photons, and 


rm Irhe2 : . 
(B(t), O|Ainlo(t), kp) = / dr 4/ — expel". (B()|9(r)a(t)) (5.59) 


for absorption. Note that the two expressions differ only by the signs in the expo- 
nential function; it therefore suffices to do the following manipulations for the case 
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of emission only and then obtain the corresponding absorption result by simple 
sign changes. 

The matrix element of the operator }(r), which describes the current density in 
the nucleus, obtains its time dependence through that of the wave functions. Since 
these are stationary states, we have 


|a(t)) = |a)exp(—iEgt/h) , |6(t)) =|@)exp(—iEt/h)  , (5.60) 
and 


(B(t)|3(r)|a(t)) = (B|9@)\a) exp (i(Ep —Ea)t/h) (5.61) 


As usual for Fermi’s golden rule, the time-dependent phase of the matrix element 
has to vanish to ensure energy conservation; combining the phases of the nuclear 
states with that of the photon operator yields the condition Eg = Eq + fw for 
absorption and Eg = E, — hw for emission. 

In special cases to be treated later the operator j(r) can be replaced by the 
charge-density operator A(r) in a simple way: the continuity equation must be 
valid also for the operators in the Heisenberg picture, 


0 
3p Or ee 0 (5.62) 


Taking matrix elements of this equation yields 


a 
5, (Alar Dla) +V-(6ljir, Hla) =0 , (5.63) 


because the wave functions in |@) and |) depend neither on r, the fixed position 
in space where the density and current density are being evaluated, nor on time. 
But this may be transformed easily into the Schrédinger picture: 


6) 

3, (Ol ae) +V (BO)I@)a@)) =0 , (5.64) 
and now the explicit time dependence of the states can be inserted, 

—7(Ex — Ep)(6|Ary\a) + V+ (B\3(r)la) =O. (5.65) 


Thus all matrix elements involving the divergence of 3(7) can be simplified to 
matrix elements of the density operator, which is usually much more easily handled, 
as is already plausible because of the scalar nature of the density. 

The remaining ingredient in the formula for the transition rate is the density of 
states. Again we have to distinguish the cases of emission and absorption. 


e Absorption: the cases of interest to this book are the transition to an isolated 
energy level or a narrow resonance of the nucleus, where in both cases one is 
interested only in the total transition rate integrated over the extent of the line 
or resonance and may assume that the matrix element varies little as a function 
of the energy within the resonance. In both cases 


ag mm ran iB ine eg 
i, GE Z| f|Ainl’) |? CE) = — | (fA) ing i, dE p(E) , — (5.66) 
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and the remaining integral over the width of the line is unity. The absorption 
cross section is defined as the absorption rate divided by the incoming photon 
flux, which in our case must correspond to the flux due to the one-photon field. 
This can be calculated from the Poynting vector of the field, but may also be 
obtained more easily by observing that we have assumed that there is only one 
photon in the volume V, i.e., a photon density of 1/V, and this produces a 
photon-number flux density of c/V. The cross section is thus 


2nV Paaey 
absorption = ——| (f|Ainelé) | ) (5.67) 


and inserting the expression of (5.58) we have 


2 a 
absorption = <n) 2 | [ovr (BIZ) a) + ey, el (5.68) 


Emission. in this case the final state will be a discrete state or narrow resonance 
of the nucleus combined with a photon state of given energy but arbitrary direc- 
tion, so that the density of available states is determined by the photon. To count 
the number of photon states take the volume V as a cube with side length L. 
Imposing periodic boundary conditions on the photon field along each cartesian 
direction in the cube restricts the wave number in each direction to multiples of 
2n/L, so that, conversely, the number of photon states is given by L/27 times 
the range of wave numbers. Translating this into spherical coordinates implies 
that 


3 3 

3 nN 

ee aye — | Rea, (5.69) 
20 Digs 


where §2 is the solid angle of emission. The density of states can now be 
written as 


dn Yee! fee 
CE Ss = (;-) Fe 18% : (5.70) 


where E = hw = fick was used. The transition rate is then 
k2 
ie Ona 


and after insertion of (5.59) 


| (| ine é) |" 2 (5.71) 


Wf = 


2} 
Imhe2 [er (B\5(r)la) «expe "*"| dQ (5.72) 
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5.4.2 Multipole Expansion of the Matrix Elements and Selection Rules 


The crucial matrix element containing the nuclear model for both absorption and 
emission has the form 


Moalkp) = / dr (Bl5(r)a)- ene, Gas) 


where to utilize the results of Sect. 5.3.4 it was assumed that the wave runs into the 
z direction and its polarization is given by one of the spherical unit vectors e+. 
Inserting the expansion of the plane wave into fields of good angular momentum 
we get 


Mpalku) = —pv2n S> V21 +14! 
lh 


x | Pr (B\9(r)\a) - (Ar(sM) + iA), (r3E)) (5.74) 


This result is sufficient already for discussing the selection rules for angular mo- 
mentum and parity. 


e Angular momentum: the integral in (5.74) is nonzero only if the various terms 
can be coupled to a total angular momentum of zero (see this by inserting the 
constant function Yo9(2), which is orthogonal to any function with nonzero 
angular momentum). The vector character of the operator 3 and the fields is 
unimportant for the integration and they are anyway coupled to zero by the 
scalar product. This requires that J,, Jg, and / obey the triangular rule: 


Yat Ja< Jo a) | (e7s) 


e Parity: the total parity of the fields contained in the integral must be positive, 
as otherwise the contributions from r and —r would cancel. The multipole 
field has a parity of (—1)' and (—1)!*! for the electric and magnetic cases, 
respectively, while the vector field (G|3(r)|a) has a parity given by the two 
nuclear states involved: 17g. So the selection rule is 


ae for electric transitions _, 
Kee = es : ae 
(I) for magnetic transitions 


(576) 


Why does the vector character of 3 not contribute an additional minus sign to 
the total parity of the matrix element? Actually the parity of the nuclear matrix 
element is a bit more involved, as is usual for questions about vector field parity. 
To understand the result given, take as a simple example the probability current of 
one particle, which is given by j(r) = A[W*(r)Vy(r) — W(r)Vv*(r)]/2mi. This 
can be translated into an operator as 


n h / i / / 
Hr) = 5 [ber — r'V'— (6 -rQV)') (5.77) 


where r’ is the variable to be integrated over in (x|3(r)|%). This expression works 
because 
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— dr! (b*(r')6(r' — r) 


mi 
x VIP(r') — VIP" (r)5(r! — ryb(r')) 
h 
= 5 (WOVE) — VEO) oe) 


Substituting r — —r yields 


h 
(PI —T)\b) = (= aah VY) + 1’ VE HC) 


1 


Rh 
= —5 aT (blir) (5.79) 


2nti 


with a and 7’ the parities of the wave functions. The minus sign comes from 


df (x) _ Ui) Sear _ait (x) 
dx dao dx dx 


AX. 


(5.80) 


and is clearly associated with the orbital parity of the operator. Then an additional 
sign is added by the vector character of the operator V. Compare the scalar field 
dy? which has positive parity, and whose derivative Var’ = T is a vector field 
of positive parity also. 

Clearly the different selection rules for electric and magnetic multipoles make 
it advantageous to separate their contributions and to assign an appropriate nomen- 


clature: 


e El transitions: electric multipole transitions with angular momentum /. Parity 
selection rule: tag = (—1)'. Matrix element: 


MpalkusEl) = —VIn i VITFT far (BlGC)Ia) - Arg(rsE) Gea 


e MI transitions: magnetic multipole transitions with angular momentum /. Parity 
selection rule: tamg = (—1)'*!. Matrix element: 


Meolk 3 MI) = —p 20 iy 2 eet [er (B\9(r)|@) - Aru(r;M) . (5.82) 


The angular momentum selection rule is the triangle rule for (Jq,J/g,/) in both 
cases. 

For two given nuclear states the parity selection rules allow transitions of both 
types but with alternating angular momenta. For example, transitions between a 
4+ and a 6+ state can be of type E2, M3, E4, M5, E6, M7, E8, M9, E10. The 
upper and lower cutoffs in angular momenta are caused by the triangle rule. For 
a transition between a 4~ and a 6* the same series with M and E interchanged 
is allowed. We will see later that the lowest possible angular momenta dominate 
in each case. The upper cutoff restricts the available transitions severely if one of 
the angular momenta is small; for example a 0t — J* transition allows only E/ 
transitions for J even and MJ for J odd. 
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5.4.3 Siegert’s Theorem 


The general matrix elements derived above have somewhat simpler forms in the 
low-energy limit, the most important of which is the application of Siegert’s the- 
orem for the case of electric radiation. “Low energy” refers to the energy of the 
radiation, i.e., the wave length is assumed to be small compared to the typical 
length scale in the nucleus, the nuclear radius R: 


KR <<: (5.83) 
As the nuclear radii are smaller than 10 fm, this corresponds to energies 
200 MeV fi 
E = hick = (200 MeVfm)k < eee =20MeV , (5.84) 


which is practically fulfilled for all transitions of interest in this book with the 
exception of the giant resonances. 

As the current distribution is restricted to the nuclear volume, the assumption 
implies that in the integrals always kr < 1, and this may be used to simplify the 
radiation fields. Recalling the definitions of the electric and longitudinal multipole 
fields, 


i+1. 
Ain (TE) = 4/ Fee Oe ta 
li 
mel pape Ct ) trate) 
eH (5.85) 
Aneel \/ ym Oe ap) 
i+1. 
Ti Mp EHEMY m4) : 


one notes that aside from a trivial factor they are identical if the second term could 
be neglected in each case. This is in fact the case in the low-energy limit, because 


(ry iter) er? 
(21 + 1)!! jt) | COREE OT 


Thus we can write 


+1 a 
Ain (3B) J Am(rsL) = j— ~V (intkr) Yin(Q)) (5.87) 


The advantage gained is that we can express this field as the gradient of a scalar, 
which enables us to perform a partial integration: 


Wee ar GN ES G? aE il 
Moa(kysBl) 2 7 JOEY 


x i) Hr (Bara) - V(julkr) Yi) 


_ Vii) 7 Oey 
k l 


x [ar V- (6laerVLa) iter ¥ip(S2) (5.88) 


Ji(kr) & alee (5.86) 
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The surface terms vanish because of the finite extent of the nuclear current distri- 
bution. 
Now the continuity equation for the current can be applied according to (5.65), 


Jor iit! 2b+1)¢+1 
Maalkp; El) = = as 


x / dr (Ea — Ep)(B|60r)|e%) ju(kr) Yip 2) 


= =V or ‘q] —— 
x | dr (B|Ar)|a) jury YQ), (5.89) 


where the difference in energy was replaced by the photon energy 


hick for emission, 


ee a { —hck for absorption Ge) 


So the upper sign in (5.89) is correct for emission and the lower one for absorption. 

Siegert’s theorem essentially consists in the replacement of 9(r) by A(r) in the 
matrix element. The density is usually much easier to calculate and less sensitive 
to dynamic currents such as pion exchanges in the nucleus. 


5.4.4 Matrix Elements for Emission in the Long-Wavelength Limit 
For the emission of photons we collect here the results obtained up to now and 


then separate the complicated phase space and angular momentum factors from the 
basic nuclear matrix elements. The transition rate calculated in Sect. 5.4.1 was 


2 
[er (B\j(r)|a) -e,e7*| dQ . (5.91) 


ae Qn hc? 


Inserting the ‘multipole expansion developed in Sect.5.4.2 and renaming the tran- 
sition rate for a given mode Tga(/y;R) for type RI, where R is either E or M 
depending on the electric or magnetic character of the radiation, we can rewrite 
the rate as 

k 


Z 
are \[Mgatkp, RI)| dQ (5.92) 


Taal; R) = 
with the matrix elements 

Mpalkp, El) = ~iv/2n(21 + 1) i! i) dr (B|A(r)|e) - Aip(r;E) (5.93) 
and 

Moalk ys Ml) = pV 2+ Di [or (BlIC)Ia)- AylriM) - (5.94) 


Now for the limit of long wavelengths we will approximate the spherical Bessel 
function in both cases with the by now familiar formula j;(kr) ~ (kr)! /(21 + D!!. 
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For electric transitions we may use Siegert’s theorem in addition, yielding 


Maotk pu; El) = —V 2m ibe Canes) 


kry! 
x [8r (BGO) Vial) (6.95) 


and inserting this into the transition rate leads to 


OH EID 4a ye 
(i+ fh 


The relatively simple part, dependent on the nuclear model, has been defined as 


T a(t; B) = (BQ (E)la)| dQ. (5.96) 


(8|21,(E)\a) = [er (B\pQ)la)r'¥i,(2) (5.97) 
For magnetic transitions, the expansion of the multipole field is 
1 Re 
Aj, (73M) = ————— Lj (kr) Y1,(2 
inl? ) Ta Jif r) tl ) 
1 a ea: 


~ Ts Ol+ DN em (5.98) 


After inserting this into the transition rate, we separate off the same factors as for 
the electric case to get 


(21 yd Fk ae! 


A 2 
Tga(lp;M) = Tare DIZ AT MEM dla) | di2y (5.99) 
with 
(8|21(M Jl) = wa ie (B\9@)la)- B(r'¥i(2)) (5.100) 


These results already show a separation into the crucial nuclear matrix elements, 
which contain the nuclear model information, and the kinematic and radiation field 
factors. Experimentally, however, one is often interested only in averaged transition 
rates. For example, the direction of the outgoing photon is often unimportant. In 
the formulas obtained we have assumed the photon is emitted in the z direction 
exclusively. Other directions can be calculated by rotating the expansion of the 
plane wave, which in turn corresponds to rotating the multipole fields. Since these 
are spherical tensors, it can be achieved through the rotation matrices, with 03; = 0 
since two Euler angles suffice for selecting a direction: 


Aiy(r;R) > 2 Pi (1, 62,0) Aiw(r;R) (5.101) 


There is no need to worry about what direction this actually corresponds to, since 
we will sum over those directions in a moment anyway. Note, however, that the 
Euler angle @, corresponds to an azimuthal angle, as it rotates about the ZS 
while @2 takes over the polar rotation role. 
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Os 


The rotation does not interfere with any of the manipulations carried out, so 
that we may simply rotate the final result for the matrix elements, 


(B|2in(R)|a) 7 LP (¢,0,0) (B|Qiy(RY\e) (5.102) 


but we have to sum the transition rates and not the matrix elements. This requires 
forming the absolute value squared and then integrating over the Euler angles. 
Since only the rotation matrices participate in this, it boils down to evaluating the 
factor 


ae 
MO en (0D GO ———— oon, (5.103) 
I ae) +1] 
which is an orthogonality relation for the rotation matrices. 
Summing also over the two polarization states of the photon produces an ad- 
ditional factor of 2, and we get 


Sr(i + 1) = 
[Ql + NN 


where, as before, R stands for either E or M in formulas like these that have the 
same form for electric and magnetic radiation. 

Finally the projections Mg and M, of the nuclear angular momenta are not 
needed unless experiments with polarized beams and/or targets are considered. 
The transition rate in this case has to be averaged over the initial projection My 
and summed over the final one, Mg. This can be done in closed form by using the 
reduced matrix element. The reduced transition a is defined as 


Tpa(l;R) = (B12 (Ra)|> (5.104) 


MaMg 
= an (JalIp|MojiMg)* . (5.105) 


Evaluating the sum over Clebsch-Gordan coefficients is not too difficult. The fact 
that the uncoupled basis |J~MaJgM,) and the coupled basis |/4JaJg) both form 
orthonormal sets requires that 


S> (Feed a\JolpMaM p) FoI pMoM ll’ t' Jools) 
MaMa 
= So Volp!|MaM pp) Volpl'|MaM pp) 


MoMps 


SO (5.106) 
For the diagonal case this reads 
S> (Jat pl|MaMpu) =1 , (5.107) 
MaMa 


and one may convert it into the desired result by using the symmetry property of 
the Clebsch—Gordan coefficients 
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DE aol 


ij = (-1j-™ i Jj2|my — m — 5.108 
(iuj2d |mymym) = (-1) inal (jiJj2|m, — m — mp) ( ) 
reaching 
pra 
S> Vall g|MauMa)” = Lae (5.109) 
eS 
M.Mp 


Note that there is one crucial difference between what we needed and this deriva- 
tion. The desired sum runs over all possible values of M,, and Mg with ps varying 
as necessary to fulfil the selection rule M,, + 4p = Mg for the projections. In the 
Clebsch—Gordan sum, however, jz is implicitly assumed to be fixed, so that only 
one of the projections can vary freely. We have to make up for this by summing 
over the values of jz also, which adds a factor of 2/ + 1, so that the denominator 
drops out and the result for the reduced transition probability becomes 


e+ 


aT AII@@dIle)/" (5.110) 


B(RI,Jq > Jg) = 


which is the final version. 

To sum up the principal results of these lengthy manipulations we repeat the 
three crucial formulas, replacing the letters @ and G by i and f to make it obvious 
which is the initial and which the final state of the nucleus. 


e The transition rate for the emission of a photon: 


Srl +1) k#+! 
T,(; R) = —--——{~  —B (RI, J; - J, : ; 
JU) Tene ae oe 
where R stands for E or M. 
e The reduced transition probability for electric multipole radiation: 


2p +1 3 Papal al 

Sh =o dia Pr (F||Ar)r! ¥,(Q)|li) (5.112) 
25; +1 

e The reduced transition probability for magnetic multipole radiation: 

B(MI, J; — Jy) = ere 

2J; +1 cc? +1)? 
2 

x | far (Flac) Br! (IH) (5.113) 


These values are usually referred to simply as B(E/) or B(M1) values, respectively. 
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5.4.5 Relative Importance of Transitions and Weisskopf Estimates 


Even if we take into account the selection rules, often several transition types will 
be allowed between two nuclear states, and it is important to find some guidance 
as to which of the allowed transitions will be strongest. First examine the relative 
magnitude of two electric transitions. The B(E/) value scales roughly as R™!, where 
R is the nuclear radius, so that the transition rate will depend on / as (kR)*!. Since 
it was assumed that kr < 1, this means that the lowest multipole will be dominant. 
The same argument applies to magnetic transitions. 

Estimating the relative strength of electric and magnetic transitions is somewhat 
more involved, because one has to specify in detail how the currents inside the 
nucleus are generated. Instead of doing this, we just cite the results of the simple 
Weisskopf estimates, which are useful in their own right and give an indication of 
the relative strengths; this is also applicable in the general case. 

The Weisskopf estimates are based on electromagnetic transitions due to a 
single nucleon, which is described by a schematic wave function that has a constant 
radial wave function within r < R as well as an angular-momentum part given 
by a spherical harmonic and a spinor, but carries angular-momentum properties. 
Assuming a transition between the state with / = 0 and a general value of / with 
the same spin state produces the transition probabilities 


om. 2¢+1) Bete ars, 
fo cea as) ee cae? 
and 
20(1 + 1) BN We 
De ayes) lar) ae Oe ail) 


The factor i/mcR arises from the nuclear magneton present in the magnetic mo- 
ments of the nucleons. 

Comparing the two formulas, it is apparent that the ratio between magnetic and 
electric transitions of the same angular momentum is 


; D 
Ee a 4 S0GAe2e (5.116) 
T(U;E) mcR 


where for the last estimate standard values for the nucleon mass mc? = 938 MeV 
and for the nuclear radius R ~ 1.2 A'/? were used. Thus at the same angular 
momentum the electric transitions are somewhat stronger. This is, however, not 
usually a meaningful comparison, since the parity selection rule forbids us from 
having both transitions between the same levels. The case of practical interest is 
that of an E(/ + 1) transition mixing with an MI transition. For this case we get 


T(UL-+1sE)  &RY ( &\? ( 143 ) 5.117 
nd Wi eC (=) a (21 + 3)0 + 1)0 +4) ee 


The factors containing the angular momentum produce something close to unity; 
inserting numerical values in the rest with k corresponding to a 1 MeV transition 


yields 
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Teale) 
T(L; M) 


For masses in, for example, the rare-earth region (A * 150) the factor is about 
0.1, showing that magnetic transitions should dominate appreciably under these 
conditions. 

Of course it should be borne in mind that all of these estimates ignore nuclear 
structure effects, which may change the matrix elements very strongly; also they 
are strictly valid only in the long wavelength limit. 

There is an additional value in knowing the Weisskopf estimates: since they 
assume that only one nucleon takes part in the transition, experimental values much 
larger than these estimates point to a collective transition, in which a large fraction 
of the nucleons in the nucleus participate in the excitation. Such experimental 
observations gave one of the crucial hints for collective motion in nuclei. 


ee 1.2 x 1074 A4/3 (Aw [MeV]) (5.118) 


RCS ———>E>E>~L—_—>_—E—L_ —L_>—_—E__= 


5.2 The Weisskopf Estimates for Electric Transitions 


Problem. Derive the Weisskopf estimates for the electric transitions. 


Solution. As mentioned in the text, the wave functions assumed for the Weisskopf 
estimates consist of a constant radial part for r < R, a spherical harmonic, and a 
spinor: 


PT) = N¥im(Q)X a) 


The constant N can be determined from the normalization condition 


i 3 
Re 
t= N? far? = wt (2) 
0 


tolbe NV —4/3/R>. 


Now for a single point particle with charge e the electric density operator is 
Ar) = eb(r—r') (3) 


where r’ is the particle coordinate. The integration over r in the B(B!) thus drops 
out and the integration inherent in the matrix element is left. For a transition from 
! = 0 tol it can be split into an r integral and a reduced matrix element according 
to 


R 
3 
(llar'¥lI0) = ee fdr? x (liylfo) (4) 
0 


Using the general formula for reduced matrix elements of spherical harmonics from 
the Appendix, we get 
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oF 


(1||¥:|]0.) = 41000) = (5) 
while the radial integral is 
3 ; 3R! 
= [or eee a ; (6) 
0 


and the full B(El) becomes 


ee Gar \~ 


Inserting all of these results into the formula for the transition rate yields the 
final result given in the text, except for an additional factor of 21 + 1, which is 
missing there because the Weisskopf estimates pertain to specific polarization of 
the radiation. 


5.4.6 Electric Multipole Moments 


The operator appearing in the electric transition rate of (5.112) is also used for 
determining electric multipole moments. We define the electric multipole operator 
as 


= i der Yor) | (5.119) 


Its diagonal matrix elements then yield the multipole moments, but are modified by 
conventional factors, which can be traced back to original definitions in cartesian 
coordinates. So, for example, the quadrupole moment is defined as 


oe i Pr (U|(3z? — 7?) a@ry|w) 


= j= i dr (Lr? Ya(QA(r)|V) , (5.120) 


and customarily this matrix element is evaluated for the substate with the highest 
angular momentum projection, Le., m =j. 


5.4.7 Effective Charges 


Naively one would expect that in the description of electromagnetic transitions 
only the protons should appear, since they alone carry charge inside the nucleus. 
This is, however, not quite the full story. On the one hand, the interactions between 
the nucleons may exchange charge and thus contribute to the current, and on the 
other hand, neutrons and protons are coupled by center-of-mass conservation. The 
former effect is beyond the scope of this book, but the latter will be discussed now. 


Exercise 5.2 
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Assume, for example, that a neutron is excited in its orbital motion. By itself 
it carries no charge, but because the total center of mass must be stationary, the 
rest of the nucleus will move to balance that and produce a displacement of charge 
also. The formal application is simple in the case of the dipole moment, which is 
given by the vector 


A 
D= 740i -R) , (5.121) 
i=l 


where gq; is the charge of the ith nucleon and R is the center-of-mass vector. Now 
focus attention on one particular nucleon, for example, that with i = 1, which is 
excited in a single-particle mode, and assume that the remaining A — 1 particles 
are correspondingly shifted as a group to a position R’. We then have 


D=a-B)+@e-a\R-R . (122) 
The center of mass is 
A—1)R’ 
R= mt+A-)DR . (54123) 
A 
and insertion into (5.122) yields 
Dg (5.124) 


where rj} = rT; — R’ is the relative separation between the single particle and the 
remainder, and 
nl LC 
ae ee q 
Teast! A C2125) 
is the effective charge of the nucleon. Often this expression is simplified by setting 
A—12A and Ze — gq = Ze, so that 


eff _ Ze 

q =¢ 7 (5.126) 
is used for the effective charge. Note that this implies a reduced charge for the 
protons while the neutrons acquire a negative charge. For Z = A the charges of 
the nucleons are +e, showing that the correction can be quite essential. 

For higher angular momenta the formulas are not as simple and the corrections 
become much smaller, so that usually this effect is ignored. In this book the effective 
charges will be used explicitly during the discussion of giant dipole resonances, 
See Sect, 6.9: 
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6.1 Nuclear Matter 


6.1.1 Mass Formulas 


In many nuclear models the properties of nuclear matter enter as limiting condi- 
tions. Nuclear matter is a fictitious concept: it should be thought of as the extrap- 
olation of the almost homogeneous conditions in the center of heavy nuclei to an 
infinite geometry. “Fictitious” means that it is unrealistic for the following reasons. 


e A fixed ratio of protons to neutrons close to 1 is assumed; this would imply 
an infinite Coulomb energy, so that the Coulomb interaction is disregarded. In 
reality beta decay would produce an equilibrium ratio. Note that in the related 
case of neutron star matter the number of protons is very small, and the study 
of nuclear matter is certainly of interest to the theory of neutron stars. 


e For the same reason the density inside heavy nuclei is actually depressed, so 
that an extrapolation has to eliminate the effects of the Coulomb interaction. 


e A homogeneous system of protons and neutrons is not always the lowest state. 
At lower densities it will break up into smaller fragments, whereas at a very 
high density the nucleons may dissolve and form a quark—gluon plasma instead. 


Although nuclear matter is therefore not a physically measurable system, it is 
extremely useful in providing a simple theoretical limiting case for which theories 
may be tested and interesting parameters be defined. 

The reader should be warned that for reasons of space we do omit the very 
important and interesting field of nuclear matter theory, which tries to derive the 
properties of nuclear matter from the nucleon-nucleon interaction. This theory is 
treated in many of the larger treatises on theoretical nuclear physics, such as, [Ei72]. 

Basic information about nuclear matter comes from semiempirical mass for- 
mulas, which determine the binding energies of nuclei in terms of a nuclear-matter 
contribution and various corrections for finite nuclei. The oldest, most well-known, 
and still useful one of these is the Bethe—Weizsdcker formula {We35, Be36] 


Ne Ze 
B(A) = ayoiA + sup’? al Cua ae em ’ 


Gyo) % —-16 MeV, Agu & 20 MeV , - 


Aco 9.751 MeV, asym & 21.4 MeV 


Here the first term is the volume term, which indicates the constant binding energy 
per nucleon at equal density of protons and neutrons and so provides one of the 
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important parameters of nuclear matter. The second term is proportional to the 
square of the nuclear radius, so that it describes the reduction of binding due to the 
nucleons on the surface — the surface energy. The third term describes the Coulomb 
energy, which for a homogeneously charged sphere is proportional to Z7/R and so 
to Be us 3 Finally the last term is the symmetry energy showing the decrease in 
binding for unequal numbers of protons and neutrons. 

The surface and Coulomb energies will be used for developing the dependence 
of the energy on surface shape, while the volume and symmetry energies are directly 
related to the properties of nuclear matter. 

A more modern version of the mass formula was given by Seeger [Se68]. It is 
defined by 


B(A) = Wo A — yA? 
— 0.86 751 Z?A-Y9 (1 — 0.76361 2-3 — 2.543 5? A?) 
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Here the first term again describes the volume contribution and the second one the 
surface energy, while the third one corrects the Coulomb energy by an exchange and 
a surface difuseness correction (second and third term in parentheses). The fourth 
term is the symmetry energy now with an A dependence due to surface effects. 
In addition there is a pairing term (proportional to 6), for which the expression in 
parentheses is zero for odd-even, positive for even—-even, and negative for odd— 
odd nuclei. This term represents the fact that pairs of nucleons are more tightly 
bound; see Sect.7.5 for details. The final two terms have a less obvious physical 
significance but increase the accuracy of the mass predictions. The standard values 
for the coefficients not explicitly given are Wo = 15.645 MeV, y = 19.655 MeV, 
8 = 30.586 MeV, 7 = 53.767 MeV, 6 = 10.609 MeV, and rp = 1.2025 fm. 

This type of mass formula is sufficent to describe the bulk properties of nuclei 
throughout the periodic table to within about +10 MeV in the binding energies, 
including the position of the valley of @ stability. In addition, because of the physical 
motivation of the major terms, it is useful for deriving deformation properties up 
to and including the fission barrier. Although for the quantitative analysis of fission 
and for the description of deformed ground states shell effects (see Sect. 9.2) are 
necessary, it should be kept in mind that these are small perturbations on a large 
binding energy which is described quite well by such a simple formula. 

There are more recent enhanced mass formulas, amongst which the droplet 
model [My76] is probably the most important one. It contains a larger number 
of terms to describe the surface dependence of all the physical contributions in 


more detail — similar in spirit to the density-dependent formulas such as given in 
Sect onl 3. 
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6.1.2 The Fermi-Gas Model 


Another model that is very simple yet gives insight into a number of important 
properties of nuclear matter is the Fermi-gas model. In contrast to the liquid-drop 
simile underlying the previous chapter, it focuses on single-particle properties by 
treating the nucleus as a gas of noninteracting fermions with prescribed densities 
of protons and neutrons. 

Free particles in an infinite volume are described by wave functions and 
eigenenergies given by 


nee 


Ue(r) =sin(fk-r) , &= 
2m 


(6.3) 


To discretize the continuum of states we restrict the wave functions to a cube with 
side length a; x, y, z = 0,...,a. The requirement that the wave functions vanish 
at both ends of the interval immediately leads to 


ie a » k= =n, ane =. ; 
a a a (6.4) 
x, My, Hz = 1,2,... 
and the eigenenergies are then 
h2 a2 
Enynyn, = mM ele ate ny a? 5) : (6.5) 


The next argument is quite similar to that given for photons at the end of Sect. 6.4.1: 
in the limit of large a the number N of triples (n,,n,,n,) can be determined by 
going over to spherical coordinates (n, §2) in the differential: 


=n. dn — 1 dnd) (6.6) 


Using spherical symmetry we can replace the integration over 92 by a factor of 
47/8 (the 8 because only positive values of the n are allowed, corresponding to 
one eighth of angle space), and n is then the only independent quantity. On the 
other hand, because of (6.4) we have 


a (6.7) 
age 
which can be used to replace n on the right of (6.6) 
a m \ 3/2 
Wee iS) Jin den (6.8) 


In the derivation is was assumed that all states in the spherical region corresponding 
to an energy € < €, are filled. The density of states has to be integrated up to the 
Fermi energy €p, and dividing by the volume a? yields the density of particles a: 


N By) 
— ° 6.9 
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The trivial calculation of the integral produces the desired result 


2 


ef = — Jere : (6.10) 


Before applying this result, we have to add one crucial ingredient: degeneracy. 
All the states constructed can actually be filled twice, so that the same number 
of states and the same Fermi energy correspond to twice the number of protons 
or neutrons. One might also deal with protons and neutrons together, so that an 
additional occupancy factor of 2 comes in; in general, therefore, a degeneracy 
factor g is needed. It is easy to insert this factor into the derivation; we only note 
that in the final result the density has to be divided by that factor, so that we get 


h2 (3n a4 
= — {| — : omlel 
oF Om a con 


A related and important additional quantity is the Fermi momentum, which is often 
given in nuclear theory instead of the density, 


io) oe) Ge (6.12) 


The total kinetic energy density is the sum of the single-particle energies over 
occupied states, 
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It was called kinetic energy density, because it does not include the binding poten- 
tials in any way. In this model the nucleons move like free particles, but should 
actually be bound in a very large homogeneous potential well that contributes a 
negative potential energy, which is not considered. The average energy per particle 
is given by the simple relation 


(6.13) 


— =e . (6.14) 
It increases with 2/3 
energy formula. 

Note that the situation considered was the lowest state of the Fermi gas only, 
corresponding to nuclear matter in the ground state or, in the statistical limit, at 
zero temperature. The energy arises only from the Pauli exclusion principle, which 
forced us to occupy higher and higher levels with increasing density. This is the 
case of a degenerate gas. 

One important consequence of the Fermi-gas model is an explanation of the 
origin of the nuclear symmetry energy. For different proton number Z and neutron 
number NV, Z + N = A, in the volume considered, the densities of protons and 
neutrons, @p and @, can be different but should still add up to the total density, 


and thus is a density-dependent term in the nuclear matter 
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Op+On= 00 . (6.15) 


Consequently the Fermi energies will differ, and all the formulas above have to 
be adapted to such a mixture. Comparing the integrals for total kinetic energy and 
particle number yields the proper averaging for the average kinetic energy, 


3 Neht Zep 
5 A 

The Fermi energies are given in terms of the densities according to (6.11), so 
that only the densities need to be expressed in terms of Z, N, A, and the total 


density. Remembering the dependence of the symmetry energy on the expression 
(Z —N)/A, we can write 


eS (6.16) 


Ze o9 Z—N 
e qo = 2 (14 A ) 
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Inserting this into the Fermi energies, then into the average kinetic energy, and 
finally expanding the powers yields to lowest order in (Z —N)/A 


ee 5(Z SN) 
DE 1 + ~——__— Gal 
ES iy +5- | (6.18) 
where the constant coefficient is given by 
Se 3 on ae 
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This result shows the correct behavior and thus explains at least one simple mech- 
anism that can lead to a symmetry energy. A quantitative comparison shows that it 
is too small by a factor of 2. Some arguments for correcting it by potential-energy 
contributions. can be found in [Ei87]. 


6.1.3 Density-Functional Models 


A natural generalization of the Fermi-gas model is provided by Thomas—Fermi 
theory, in which the true single-particle wave functions are replaced by plane 
waves locally, so that at each point there is a density of nucleons in proper relation 
to the local Fermi momentum. Fixing both the momentum and the position clearly 
violates quantum mechanics, but this method, which is also called local density 
approximation (LDA) still is quite succesful, for example, in atomic physics. For 
modern applications in nuclei, many corrections and higher-order terms have to be 
added, leading to the so-called energy density formalism. It can be summarized in 
a variational principle 


6 i d’r (Elo(r)]—Ao(r)) =0 . (6.20) 
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Fig.6.1 Schematic plot of 
the “nuclear equation of 
state’ W(o). Note the small 
positive region above zero 
density due to the Fermi- 
gas limit. Above equilibrium 
density little experimental 
information is available and 
exotic effects may be conjec- 
tured; here two equations of 
state with different stiffness 
and one with an isomeric 
minimum are shown. 


Here o(r) is the density inside the nucleus, which is varied until a minimum of the 
integral is found, and E[g] is the energy functional, which expresses the energy of 
the nucleus in terms of the local density. The second term in the integral expresses 
the subsidiary condition that the total number of nucleons must be constant. 

The main problem in this approach is, of course, to find a suitable functional 
E(o). In nuclear physics the development began in connection with the Bethe— 
Weizsiacker formula [We35, Be36], was increasingly developed in parallel with 
the growing understanding of the nuclear interaction [Sk56, Sk59, Wi58], and fi- 
nally lead to a fully developed energy density formalism [Br68a, Be73, Lo73]. In 
the succeeding years many refinements were added and the method has been ap- 
plied successfully to many aspects of nuclear structure and collective excitations. 
In this book practical examples of density functionals will appear in connection 
with giant resonances (Sect. 6.9) and with the Skyrme-force Hartree-Fock approach 
(Sect. 7.2.9). In this section we do not go into further detail (see, e.g., the review 
by M. Brack [Br85] and the other articles in that volume); instead we only discuss 
a few elementary definitions in a schematic model along the lines of [Sc68]. 

This density functional contains only the most basic ingredients but is already 
sufficient to describe the density distributions in nuclei quite well. It is given by 


Et = [arew@+ > - fete ‘far 
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Most of the terms are easily understood in the context of mass formulas. The first 
term is a volume energy contribution with the new twist that a density dependence 
for the volume energy per nucleon W(@) is allowed. In this form, it is often called 
the equation of state of nuclear matter, although strictly speaking the equation of 
state should also describe the thermal properties. 

In normal nuclei, most of the matter is close to equilibrium density 09 ~ 
0.17fm~> with a binding energy of Wo = W(o9) & —16MeV. Little is known 


Op(r)Op(r') 
[rar 


(6.21) 
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about its behavior away from equilibrium. Fig.6.1 gives an indication of what 
this function might look like. There is a minimum at (09, Wo) and a parabolic 
rise on both sides. At zero density the proper limit of zero energy should be 
reached, and for very small densities, where the nucleons do not yet feel sufficient 
attraction, the energy must be positive because of the Fermi-gas kinetic energy. In 
principle the behavior between these two points should be felt in the structure of 
the nuclear surface, but in this region of rapidly changing density such a simple 
energy functional is certainly not good enough for us to draw firm conclusions. 

In recent years the question of what happens at higher densities has become 
the focus of attention, because in the collision of nuclei at high energies it may 
be possible to create nuclear matter at high density and temperature. Many exotic 
effects such as a secondary metastable state of nuclear matter, a density isomer, or 
the phase transition to a quark—-gluon plasma have been discussed, but at present 
the situation is still open. Since this topic is outside the subject matter of this book, 
we refer the reader to reviews such as [Ma85] or the excellent articles in [Cs91] 
for an introduction. 

An important quantity for nuclear models is the incompressibility of nuclear 
matter, which is related to the curvature of W(o) at the minimum and is conven- 
tionally defined as 


» dW 


0 ar (6222) 
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K cannot be measured directly but must be deduced from density vibrations, the 
so-called giant monopole resonances, which unfortunately require a detailed model 
of the behavior of the surface. Thus there is still no unanimous consent about 
the proper value of K, but K ~ 210MeV [B180] seems to be widely accepted. A 
simple equation of state with the correct incompressibility is given by a parabolic 
expansion 


W (0) = (o-oo) , (6.23) 


K 
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but note that although it should be valid for small oscillations around equilibrium 
density, it does not correctly produce the vacuum limit and it is quite unclear 
how far the parabolic behavior may be extrapolated to higher densities. Various 
parametrizations of the equation of state of similar simplicity are being employed 
in simulations of high-energy heavy-ion reactions. 

We now return to a discussion of (6.21). The second term is the familiar 
Coulomb energy of a charge distribution eg)(r) produced by the protons. Note 
that this implies that the proton and neutron densities are different and have to 
be varied independently to determine the nuclear density distribution. The third 
term is an approximation to the Coulomb exchange energy [Di30]. Such exchange 
effects will be discussed in connection with the Hartree-Fock method (Sect. 7.2). 

The next term is the symmetry energy, now written as an integral over local 
deviations between neutron and proton densities. This is quite in the spirit of the 
local-density aprroximation, which produces a local Fermi-gas model at each point 
and thus a simple generalization of (6.18). The power v of the additional density 


factor is not well known. The Fermi-gas model would suggest v = —4, but as 
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we Saw it is not quantitatively reliable, so we try to fit it to experimental data; in 
practice values between —1 and 4 work well. 

The last term is the density-functional version of the surface energy. It is ba- 
sically the energy due to a Yukawa interaction, but the energy for a homogeneous 
distribution has been subtracted (that is why o(r’) — o(r) appears), so that it con- 
tributes only on the surface. 


6.2 Nuclear Surface Deformations 


6.2.1 General Parametrization 


The excitation spectra of even—even nuclei in the energy range of up to 2MeV 
show characteristic band structures that are interpreted as vibrations and rota- 
tions of the nuclear surface in the geometric collective model first proposed by 
Bohr and Mottelson [Bo52, Bo53a, Bo54] and elaborated by Faessler and Greiner 
[Fa62a,b, Fa64a,b, Fa6Sa-c]. The underlying physical picture is that of a nucleus 
modeled by a classical charged liquid drop, generalizing the concept that led to 
the Bethe-Weizsacker mass formula to dynamic excitation of the nucleus. For 
low-energy excitations the compression of nuclear matter is unimportant, and the 
thickness of the nuclear surface layer will also be neglected, so that we start with 
the model of a liquid drop of constant density and with a sharp surface. The in- 
terior structure, i.e., the existence of individual nucleons, is neglected in favor of 
the picture of homogeneous fluid-like nuclear matter. 

The comparison of the results with experiment will show to what extent these 
approximations may be justified. However, it is already clear that the model of a 
liquid drop will be applicable only if the size of the nucleon can be neglected with 
respect to the size of the nucleus as a whole. This, as well as the neglect of the 
surface layer thickness, should work best in the case of heavy nuclei. 

With these assumptions, the moving nuclear surface may be described quite 
generally by an expansion in spherical harmonics with time-dependent shape pa- 
rameters as coefficients: 


love) Xr 
RO, = Ro(1+ > ie Ou é) (6.24) 
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where R(@, ¢,t) denotes the nuclear radius in the direction (@, d) at time t, and Ro 
is the radius of the spherical nucleus, which is realized when all the Q@, vanish. 

In all the following formulas the ranges of summation \ = OF eo rand 
jt = —A,...,A will be implied if not otherwise indicated. 

The time-dependent amplitudes Q@ ,(t) describe the vibrations of the nucleus 
and thus serve as collective coordinates. 

To complete the formulation of the collective model a Hamiltonian depending 
on the q@),, and their suitably defined conjugate momenta has to be set up. Before 
doing that, however, let us examine the physical meaning of the a),, in more detail. 
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From (6.24) one may easily derive some properties of the coefficients @),,. 


i 


Complex conjugation: the nuclear radius must be real, i.e., R(@,¢,t) = 
R*(6,¢,t). Applying this to (6.24) and using the property of the spherical 
harmonics that 


6,0) — (1) 2 6,@) (6.25) 
it is clear that the a,, have to fulfil 
Ox (ie (6.26) 


Spherical tensor character: the behavior of the a@,, under rotations follows 
from the invariance of the function R(@,¢), which must be a scalar under 
rotations. At first this statement may seem surprising, because the nuclear shape 
described obviously does not show rotational symmetry. To explain this point, 
therefore, let us carefully reexamine what happens as we rotate the system. 

The original nuclear shape is described by the function R(@, ¢). A rotation 
carries the direction (8, ¢) into (6’, 6’), and we have to describe the shape by 
a new function R’(6’, ¢’), which fulfills (cf. the discussion at the beginning of 
Seciae 2) 


R'(0', 6) = R09). (6.27) 


The idea now is to demand that the definition of the nuclear surface be ro- 
tationally invariant in the sense that the rotated surface R’(@,¢) has the same 
functional form, but with rotated parameters a yu Lhese can then be determined 
from 


a Co aaa, Q) = Se Bp Yrul@, Oe (6.28) 
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where Y, y 18 obtained from Y),, through application of the usual rotation matri- 
ces. It is easy to see from here how the a,, have to transform: because of (6.26) 
the sum over jz can be expressed as a coupling to zero angular momentum: 
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Thus the desired invariance of the definition in (6.24) is attained if the set of 


parameters @,,, 4 = —A,...,A transforms like a spherical tensor with angular 
momentum A; more precisely, 
a SD aye (6.30) 
pb 


Parity: the same arguments hold for the parity transformation. If the spherical 
harmonics are reflected, the tensor @,, must undergo the same sign change to 
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Fig.6.2 Illustration of the 
multipole deformations for 


2 = Iyosoo 4k Jin Caen cage 
the shapes are plotted for 
Gy) = is, win 7 = 
Qcooyd BGl a = ©,15, 


an = O25), a3 = a4 = 0.15. 
The figures are not scaled 
correctly with respect to each 
other and the volume is also 
not kept constant with in- 
creasing deformation. Note 
the complicated shape con- 
stant with increasing defor- 
mation. Note the compli- 
cated shapes for larger de- 
formation. 
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preserve the invariance of the surface definition. As the spherical harmonics 
have a parity of (—1)*, so must Coys. 


6.2.2 Types of Multipole Deformations 


The general expansion of the nuclear surface in (6.24) allows for arbitrary distor- 
tions. In this section the physical meaning of the various multipole orders and their 
application will be examined for increasing values of X. 


il. 


The monopole mode, A = 0. The spherical harmonic Yoo(S2) is constant, so 
that a nonvanishing value of ago corresponds to a change of the radius of 
the sphere. The associated excitation is the so-called breathing mode of the 
nucleus. Because of the large amount of energy needed for compression of 
nuclear matter, however, this mode is far too high in energy to be important 
for the low-energy spectra discussed here.! The deformation parameter ao 
can be used to cancel the overall density change present as a side effect in the 
other multipole deformations. Calculating the nuclear volume (see Exercise 6.1) 
shows that this requires 


1 2 
ao = -—= y a (6.31) 
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to second order. 


Dipole deformations, 4 = 1 to lowest order, really do not correspond to a 
deformation of the nucleus but rather to a shift of the center of mass (see 
Exercise 6.1). Thus to lowest order A = 1 corresponds only to a translation of 
the nucleus, and should be disregarded for nuclear excitations. 


Quadrupole deformations: the modes with \ = 2 turn out to be the most 
important collective excitations of the nucleus. Most of the coming discussion 
of collective models will be devoted to this case, so a more detailed treatment 
is given in the next section. 


The octupole deformations, A = 3, are the principal asymmetric modes of the 
nucleus associated with negative-parity bands. An octupole-deformed shape 
looks somewhat like a pear. 


Hexadecupole deformations, \ = 4: this is the highest angular momentum that 
has been of any importance in nuclear theory. While there is no evidence for 
pure hexadecupole excitation in spectra, it seems to play an important role as 
an admixture to quadrupole excitations and for the ground-state shape of heavy 
nuclei. 


Modes with higher angular momentum are of no practical importance. It should 
be mentioned, though, that there is also a fundamental limitation in A, be- 
cause the range of the individual “bumps” on the nuclear surface described by 


The compression is seen experimentally and is quite important for determining the com- 


pression properties of nuclear matter. The assumption of a sharp surface, though, is not 
good enough for a quantitative description as its energy depends sensitively on how the 
density profile on the surface changes during the vibration. 
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Y),.(0, 6) decreases with increasing A, but it should obviously not be smaller 
than a nucleon diameter. For a crude estimate it suffices to notice that the 
number of extrema of Y),,({2) is roughly given by \* (the number of zeros 
of the associated Legendre function in @ times that of sing or cos ¢). As the 
number of nucleons on the surface is A?/3, we get a limiting value of A < A!/?. 
This shows that even the hexadecupole deformations become marginal below 
A = 64. 


An illustration of the multipole deformations for the lowest four angular momenta 
is given in Fig. 6.2. 
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6.1 Volume and Center-of-Mass Vector for a Deformed Nucleus 


Problem. Calculate the volume (to second order in the @,,) and the center-of-mass 
vector (to first order) for a deformed nucleus with the surface given by (6.24). 
Solution. The volume of the nucleus is given by 


R(&2) 


v= faa fare : (1) 


0 
Integrating over r and inserting (6.24) yields 
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where terms up to second order in the deformation parameters were kept and then 
the orthogonality of the spherical harmonics was used. Note that the integral over 
such a single function can be evaluated using 


1 
fee ¥y (82) = var [40 TaD 
= V4n / IDM OW MO) = Ong (3) 


The first term in the parentheses in (2) is just the volume of the undeformed nucleus. 
Thus the volume will be unaffected by the deformation if 


V4a ao + S— foray |? = 0 (4) 
Ap 
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For the center-of-mass vector we have to evaluate 


_ fdrror) 
Ben Ter ole) 


which, for the case of constant density within the volume given by (6.25) and in 


(5) 


spherical notation, where = \/= r Y1,,, reduces to 
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Proceeding in the same way as for the volume we get 
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6.2.3 Quadrupole Deformations 


As mentioned above, these deformations are the most important vibrational degrees 
of freedom of the nucleus and many of the coming developments will be devoted 
to this case. In this section we will therefore take a closer look at the significance 
of the various parameters hidden in the quadrupole deformation tensor Oe 

For the case of pure quadrupole deformation the nuclear surface is given by 


RO, 4) = Ro (: + S005, Yon, ») , (6.32) 
Tv 


Note that the volume-conserving term in agg is of second order in Q2,, and thus can 
be safely omitted. The parameters a,, are not independent, because (6.26) implies 
on Gola. so that a9 is real and we are left with five independent real 
degrees of freedom: a@og and the real and imaginary parts of a) and ay. 

To investigate the actual form of the nucleus, it is best to express this in 
cartesian coordinates by rewriting the spherical harmonics in terms of the cartesian 
components of the unit vector in the direction (@, #), 


€— sine coso =sin?sing , C=cosé , (6.33) 
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which fulfil the subsidiary condition €* + 7? + ¢? = 1: 


Yo0(0, 4) = \/ = (Bcos*@— 1) = 4/22 - FWP), 
eu = es eC ting) , (6.34) 
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Inserting these into (6.32) yields an expression of the form 
R(E,n, 6) = Ro(l + gel? + Onn” + a¢¢@? 
+ oren€n + 2orecEG + 2ancnc)  , (6.35) 


where the cartesian components of the deformation are related to the spherical ones 
by 
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There appear to be six independent cartesian components (all real), compared to 
the five degrees of freedom contained in the spherical components. However, the 
function R(@, d) fulfills 


[Ro d2Q=4nRo , (6.37) 
because the integral over the Y2,,(§2) vanishes. Doing the same integral in the 


cartesian form is easy: for symmetry reasons the mixed components contribute 
nothing, while the diagonal ones, from symmetry, should yield 


[eases [rpan= [eon = (6.38) 
(no need to evaluate a), and we have 
[Rom d92 = 4n7Ro + a(aee + Ann + ae) ; (6.39) 


so that the cartesian components must fulfil the subsidiary condition 


Age + Ann tage =O . (6.40) 
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As the cartesian deformations are directly related to the stretching (or contraction) 
of the nucleus in the appropriate direction, we can read off that 


© 0 describes a stretching of the z axis with respect to the y and x axes, 


* 242 describes the relative length of the x axis compared to the y axis (real 
part), as well as an oblique deformation in the x-y plane, and 


© 241 Indicate an oblique deformation of the z axis. 


One problem with these parameters is that the symmetry axes of the nucleus (if 
there are any) can still have an arbitrary orientation in space, so that the shape 
of the nucleus and its orientation are somehow mixed in the Q2,,. The geometry 
of the situation becomes clearer if this orientation is separated by going into the 
principal axis system. If we denote this new coordinate frame by primed quantities, 
the cartesian deformation tensor must then be diagonal, so that 


REE‘, 0) = Ro(1 + aeE? + abn? +.ab-¢) , (6.41) 


and the condition a, = OQ = O4,- = 0 implies for the spherical components that 
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There are still five independent real parameters, but now with an even clearer 
geometrical significance: 


* do, indicating the stretching of the z’ axis with respect to the x’ and y’ axes; 
¢ 2, which determines the difference in length between the x’ and y’ axes; and 


e three Euler angles 6 = (,, 62,63), which determine the orientation of the prin- 
cipal axis system (x’, y’,z’) with respect to the laboratory-fixed frame (x, y, z). 


The advantage of the principal axis system is that rotation and shape vibration 
are clearly separated; a change in the Euler angles denotes a pure rotation of the 
nucleus without any change in its shape, which is only determined by ag and ay.” 
Note also that a2 = 0 describes a shape with equal axis lengths in the x and y 
directions, i.e., one with axial symmetry around the z axis. 

There is also another set of parameters introduced by A. Bohr [Bo52, Bo54]. 
It corresponds to something like polar coordinates in the space of (ao, a2) and is 
defined via 


I 
ag = Cos 7, a2 = — Bsin : : 
ay 2 5 6 siny (6.43) 
The factor Te was chosen such that 


2 Itis interesting to note that this is is exclusively possible for the quadrupole deformation, 
which contains just the right number of parameters to fix three axis directions and their 
relative lengths. In comparison, the dipole deformation determines only one axis direction 
and length, while the octupole fixes too many. 


6.2 Nuclear Surface Deformations 
> aul = Deh Sag ee ie (6.44) 
be fb 


This particular sum over the components of a,, is rotationally invariant since 


ye |orrp |? = So Diane 


Eb e 


= V5 °(220|41'0) aya = V5 [a2 x an}? , (6.45) 


pp’ 


and so has the same value in the laboratory and the principal axes systems, as 
already indicated in (6.44). 


BXERCS — a aea)| 


6.2 Quadrupole Deformations 


Problem. Describe the nuclear shapes in the principal axes system as a function 
Okey for lixed 3. 


Solution. To see the shape of the nucleus, calculate the cartesian components in 
terms of @ and ¥. First the condition (6.32) for the primed components yields 


i? i f 
Ogg = — Age — Ayn (1) 


which when inserted into the definition of dp in (6.42), with the use of (6.43) leads 


to: 
V6 /15 5 
Che arm an aq POS : (2) 
Again from (6.40) we have 


i jl ! ! 
Dee — yn = 2Age Fee; (3) 


and this may be used in the definition of az from (6.42) to yield 


| 1 rs ; 
ee = 2 (a - <za0) = = 8 (4v3sin-y— 3087) : (4) 


The terms in parentheses can be combined using the addition theorem for cosines: 


5 
Oe = 4) G- Boos (y— *) (5) 


In a similar way 


| as) 
Oe =— a6 (4v3siny + cos) ae GBcos(y — 47/3). (6) 
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Fig. 6.3 Plot of the functions 
B cos(y — 27k /3) for k=1, 2, 
and 3, corresponding to the 
increase in the axis lengths 
in the x, y, and z directions. 


cos [y—2nk/3] 


The cartesian deformation components indicate the stretching of the nuclear axis in 
that direction. Using the new notation 6R;, for these, where k = 1,2, 3 corresponds 
to the x’, y’, and z’ directions, respectively, one may combine these results into 
one equation: 


AR, = \/ = Boos (-y ~ 284) : (7) 


Figure 6.3 makes it easy to understand the variations of the three axes with Ne 
At y = 0° the nucleus is elongated along the z’ axis, but the x’ and y’ axes are 
equal. This axially symmetric type of shape is somewhat reminiscent of a cigar 
and is called prolate. As we increase 7, the x’ axis grows at the expense of the 
y’ and z’ axes through a region of triaxial shapes with three unequal axes, until 
axial symmetry is again reached at y = 60°, but now with the z’ and x’ axes 
equal in length. These two axes are longer than the y’ axis: the nucleus has a 
flat, pancake-like shape, which is called oblate. This pattern is repeated: every 60° 
axial symmetry recurs and prolate and oblate shapes alternate, but with the axes 
permuted in their relative length. 


———SeSSE SSS eee 


The results of Exercise 6.2 are again summarized in Fig. 6.4, which shows the 
various nuclear shapes in the (G, 7) plane and how they are repeated every 60°. 

A problem that is apparent from this figure is that identical nuclear shapes 
occur repeatedly in the plane. For example, the oblate axially symmetric shapes 
at 60°, 180°, and 300° are identical: only the naming of the axes is different. 
Triaxial shapes, even, are represented six times in the plane. This is more clearly 
seen in Fig. 6.3; for example, identical shapes occur on both sides of aoe 
and are repeated at y = 180° and y = 300°. Because the axis orientations are 
different, the associated Euler angles also differ. In conclusion, the same physical 
shape (including its orientation in space) can be represented by different sets of 
deformation parameters (3,7) and Euler angles. 


6.2 Nuclear Surface Deformations 


y= 180° 


6.2.4 Symmetries in Collective Space 


In the previous section two alternative approaches to developing a collective 
model were suggested: the quadrupole deformation may be described either in 
a laboratory-fixed reference frame through the spherical tensor a3,,, or, alterna- 
tively, by giving the deformation of the nucleus with respect to the principal axes 
frame using the parameters (ao,a2) or (G,) and the Euler angles (6;,02,83) indi- 
cating the instantaneous orientation of that body-fixed frame. Both cases require 
different treatments of rotational symmetry. 

In the laboratory frame the kinetic and potential energies of the nucleus must be 
a function of the @,, and the velocities @),,. They should be rotationally invariant, 
and this can be fulfilled by constructing them in a manifestly invariant way. For 
example, a deformation-dependent potential may contain powers of a, coupled 
to zero total angular momentum, 


0 
V(ayp) =C [a2 X a2]°+D [ar x fag xar]?] +... , (6.46) 
but also more complicated functions of scalars, such as 
Laz x a2}° ~ 6 (6.47) 


The kinetic energy should be constructed in a similar way. The wave functions 
then also have to be built up as functions with good angular momentum yy (@y,,). 
As will be shown later in the section about the harmonic quadrupole vibrator, this 
is done most easily in second quantization. 

In the principal-axes frame, which is often called the intrinsic system, on the 
other hand, rotational invariance is even easier to ensure: the energy must be 
independent of the Euler angles. The time derivatives of these angles of course 
can and should appear in the rotational kinetic energy. The deformation energy 
depends on @ and y exclusively. We thus expect an energy expression of the form 


ING ERT eran 8, 82, 03) + Vo) (6.48) 
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Fig.6.4 The (Z,y) plane is 
divided into six equivalent 
parts by the symmetries; the 
sector between 0° and 60° 
contains all shapes uniquely 
and may be taken as the rep- 
resentative one. The types of 
shapes encountered along the 
axes are indicated verbally; 
e.g., prolate x=y implies pro- 
late shapes with the z’ axis 
as the long axis and the two 
other axes equal. 
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For the wave functions, however, there are problems because of the nonuniqueness 
of the coordinate values as shown in the preceding section. There are in general 
six different points in the (G,7) plane describing the same physical shape of the 
nucleus, plus an additional ambiguity in the Euler angles. It is thus necessary to 
examine the problem more closely. 

Consider how many ways there are to choose an intrinsic coordinate system 
(again denoted by primed coordinates) that has its axes along the principal axes of 
the nucleus. Three steps are necessary to select such a system. 


1. Choose the z’ axis along any of the three principal axes, pointing in a positive 
or negative direction along that axis; there are six possibilities. 


2. Now fix the y’ axis by selecting one of the two remaining axes and again 
positive or negative orientation; four choices are possible. 


3. The x’ axis now is completely determined by the requirement of having a 
right-handed coordinate system. 


The total number of different coordinate systems thus is 24.Mathematically they can 
be enumerated systematically by taking one of them as the “standard” system and 
constructing the others through transformations that perform a suitable permutation 
of the axes and the associated transformation of the collective coordinates. It is 
easy to convince oneself that all 24 of these transformations can be built up out of 
three basic ones Rx, k = 1,2,3, which are usually chosen as follows. 


Ry: Rix’, y’,z') = (x, -y’, -z’). This corresponds to a rotation about the x’ axis 
for an angle of 7. It does not change 6 and +, because the stretching of the 
nucleus along each axis is not changed by reflecting that axis. The Euler angles, 
however, are affected: Ri (61, 82,03) = (0; + 7,7 — 62, —O3). Note that Re ae 

Ry: Rox’, y',z") = (', —x',z'); a rotation of 51 about the z’ axis. Therefore, 
R} = 1. Examining the corresponding interchange of axes x’ < y’ in Fig. 6.3 
shows that the effect on the deformation parameters is R,(G,y) = (8 fy) selilic 
Euler angles obviously show only the rotation about the z’ axis: Ro(61, Oy, 03) = 
(i502, 23 es): 

R3: R3(x',y',z") = Cy’, z', x"), ie., a cyclic permutation of the axes, which implies 
is = |. In Fig. 6.3 this corresponds to R3(8, y) = (B,y+ 2), Again, as for 


R,, it is not so trivial to derive the change in the Euler angles: R3(6;, 92, = 
(61,02 + %,03 + Zh 


The existence of these transformations, which describe ambiguities in the choice 
of the intrinsic system, now has an important consequence for collective wave 
functions: a collective wave function must have the same value at all 24 points that 
are related by the 24 choices of the coordinate system. Phrased in terms of the basic 
transformations, a collective wave function must fulfil: 


(R\) W(B,Y, Oi), 77,03) — WB, 7,91 + 7,7 — 82, —63) } 
(Ro): b(B, 7, 91, 02, 83) = b(B, —7, 1, 02, 83 + a, (6.49) 
(R3) : VB, 91, 62, 03) = ¥(B,7 + 2, 1,02 +, 0; + £) 


It is important to understand that this has nothing to do with a physical symmetry 
like, for example, parity. In that case, there are two physically distinct points in 
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space, r and —r, and if the Hamiltonian is parity invariant, we can choose wave 
functions fulfilling ~(r) = myb(—r) with a parity quantum number 7. 

In contrast here, even for Rj, which is very similar to parity in that it also 
fulfills R? = |, there is no parity-like quantum number. The difference is that 
the 24 different sets of coordinates do not describe physically related but distinct 
situations as r and —r do, but describe one and the same physical configuration. 
The different points in collective coordinate space correspond to only one physical 
situation and there is only one unique value of the wave function associated with 
all of them. So the term “symmetry” is used in a different sense here: there is no 
physical symmetry in the sense of that used in Chap. 2 but rather a degeneracy of 
the coordinates. 


6.3 Surface Vibrations 


6.3.1 Vibrations of a Classical Liquid Drop 


It is instructive to examine the vibrations of a charged liquid drop in classical 
physics, because it gives particular insight into the origin of the important forces 
and their balance. The total energy of a charged drop with a sharp surface can be 
split up into kinetic energy, Coulomb energy, and surface energy: 


bat a. 2 (6.50) 


where each term will depend on the deformation parameters a,, and the kinetic 
energy should also contain the collective velocities a,,. Calculating these terms 
to reasonable complexity is possible in the limit of small a@,,. Expecting harmonic 
vibrations as the crudest approximation, we will keep terms up to second order. 
Let us now evaluate the contributions to the energy one by one. 

The Coulomb energy of a proton charge distribution with density @(r) is in 
general given by 


=; [er joes / alr) or) o(r’) (6.51) 


ror], 


For a nucleus with constant charge density equal to zero outside the nucleus and 
to @, inside, this can be rewritten as 


3 
Bo = 503 | dr fe — . (6.52) 


or, in spherical coordinates, 


R(?2) R(22’) 
Fe = 503 [an fas ee = =e (6.53) 


The upper bounds for the radial integrations depend on the angle and are given by 
R(§2) according to (6.53). 
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It is useful to split up the integrals into the energy of the unperturbed sphere, 
given by integration up to a constant radius of Ro, and the varying parts. Formally 
this can be achieved by writing 


R(Q)——-R(2") R(§2) Ro R(2’) 
[ow [ar ( fa r+ for)(far+ | a) 5 (6.54) 
Ro 0 Ro 
and this can be recast into 
Ro Ro Ry R(92’) R(Q2) Ry R(Q)— R(2") 
|/e/feme ee eg 
Ro 
Ro Ro R(Q) Ro R(Q)— R( 2") 


= for farsa far farts far fw x KG; 59) 
0 0 Ro 0 Ro Ro 


where the last step utilized the interchangeability of the dummy variables r and r’. 
Inserting this into (6.53) yields 


R(2) Ry ; 
Ec = ED + o [sa fac fore [arr eee 
ee 
Ro 0 
R(S2) R(92’) 
1 
+ ~ 50 [sa fan’ f arr? ie ae aie (6.56) 


Roy 


The Coulomb energy of the undistorted sphere was abbreviated as 
Ro Ro 


1 1 
(0) _ 2 2 2 
Ee =5@ fae fac forr fare eel 
0 0 
= Le 65 
5 Ro oe 
Z is the charge number of the nucleus and is related to Oq Via 
4n 
Le= Oy Ro ; (6.58) 


To proceed further, the addition theorem for spherical harmonics is applied: 


-o- any x, xi a SVs (6, b)Yru(O', 6’). (6.59) 


ae expressions r< and rs stand for the smaller and larger of the two radii r and 
‘, respectively. Now the first four-fold integral in (6.56) becomes 


R(Q2) 


er Yu) far ee), for for = . (6.60) 


Ro 
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The integration over 2’ can be done using 
[ae Von =) ar [sore Vy = 47 6.6000 (6.61) 


because of Yoo(2) = 1/1/47 and the orthonormalization of the spherical harmonics. 
Thus the sum over A and y collapses to the term with A = 0, = O and the 
remaining function Yoo({2) yields only a factor 1/47, reducing the integral to 


R(Q) 


Ang; fae for fora @ (6.62) 


Ro 


To perform the integration over r’ we have to split up the integral into two parts 
because of the definition of ry: 


Ro r Ry 
esata 2 / r2 Ly fay ad 
US 

0 r 

= 1/2? 41p2-1,2 21 1 (3 - 47?) . (6.63) 

The integration over r has also become simple now: 
R(Q) 
1 

i dr r2t 4(R3 ads y= = 5 (ROR(®) — R = 4@)— 4R5) . (6.64) 
Ro 


When we expand the difference between Ro and R({2) to second order in @,,, the 
full integral now becomes 


R(S2) Ro 1 
An 0% [ae [are [or'r ae 
A «Ro 0 7 


2 : 
= 3 TRoo, | dQ (2 S> ah Yau) 


AL 


+ SOS ah Prau(Q) ony! ¥5 (0) 


Ap Atpt 


Z es * 
= 37 ROO; (2 An ono + Sahar) 
= -Fetieh lou 665 


Here the upper limit of the integration was inserted from (6.32), and then again 
the orthonormalization of the spherical harmonics was used. Finally the relation 
V4nco + >> oe | ,|* = 0 derived in Exercise 6.1 was inserted. 

The second integral in (6.56) can be evaluated quite similarly. Keeping only 
terms up to second order in @,, leads to 
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R(22) R(Q’) 


1 7) ¥ ai 2 2 1 

= d d 

50; [aa fan | Pi Fo ar 
() 


Ry 


\ 
= 20Ryo, YL eel (6.66) 
Ap 


Combining all of these terms we get the Coulomb energy to second order: 


ee 
— FO) 2 
Ec = E§ (1-2 > rem Fla ar, (6.67) 


Thus any small deformation from a sphere lowers the electrostatic energy of the 
nucleus (disregard the trivial case \ = 1, which in this order corresponds to trans- 
lation and does not therefore affect the potential energy). 

The surface energy of the nucleus Eg is given by 


ee | ds, (6.68) 
surface 
with o the surface tension and dS the surface element, in spherical coordinates 
equal to 
OR 1 AR\? 
OS = 4) | ee Se —— R*sin@d6d¢d . 6. 
+ Ra (3) 1 ee (5 sin @ (6.69) 


If the multipole order is not too large, the derivatives should be small also and one 
may expand to first order to get 


1 /OR\? 1 OR\? 
dS = e+e (a +57 (ag) 
| 208 2sin?@ \ Od 


Here again the definition of the nuclear surface according to (6.25) has to be 
inserted. To abbreviate the resulting formulas we use the notation 


sindd0dd . (6.70) 


N=Rod ah, ¥ru(Q , (6.71) 
Ap 


and with this the surface element becomes 


dn\? 1 On 
dS = 219 cae | lt cee i 
+ 29+ 1° + 3Ro (%) ea 5 (3) |} sinaaoas - (6.72) 


In analogy to the Coulomb energy we separate the surface energy of the unperturbed 
sphere 


‘ | 
EO =4noR? , (6.73) 
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to rewrite the surface energy as 


1 
is ea 57 [sinoaoae {29 “ie 


i : 
= ED + 3° [so 6 dé de [—20" + Ro YG se OP} ON! 


Ap DN e 
(o OYY ys OV Oy )| 


ele) 06 sin2 g Og Od 


(6.74) 


where the argument {2 of the spherical harmonics was suppressed for conciseness. 

The aim now is to rewrite the derivatives of the spherical harmonics in such 
a way as to exploit some well-known simplifying relation. In fact this can be 
achieved by partial integration. For example, the @ integration in the first term may 
be rewritten 


ed OLY) eee ee OY es 
= - [a0 (eer rye Sin 8 + a Ye a) ; (6.75) 


Similar manipulations with the term including the ¢ derivatives finally lead to 


1 
Es = oe + Ja YY {ose [ss 


Ap ON? oe 


eee a1 8 
x —2¥ Yew = ae a2 + Cos OF + sin? 6 Od? Yr 3 (6.76) 


The differential operator appearing in this form is almost identical to the angular- 
momentum operator (a factor —h? is missing), so we can utilize the eigenvalue 
equation 


a + pl a mays You(22) = —AA + DY a ,(2) (677) 
BvD oO ae sin? OP du = du : 


to get the final result for the surface energy: 


i * 
Ey =E® + 50K S- fab yornw Ora/SupilAA + 1) — 21} 
Ap A‘ p! 


1 
= EQ 1+ = DIA-DA+Dlarwl?| (6.78) 
Ap 


Thus the surface energy shows a quadratic rise with deformation, which increases 
strongly with rising angular momentum, which is natural because more numerous 
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smaller structures on the surface for higher angular momentum should lead to a 
stronger increase in the surface area. Again for A = | the restriction to a pure 
translation leads to no change in the surface. 

Finally the kinetic energy needs to be determined. This requires some additional 
assumption about what motion of the nuclear material is associated with a motion 
of the surface. Keeping to the spint of the fluid model, we assume that there will 
be a local velocity field of the matter v(r,t) and that the kinetic energy of the flow 
is given by 


T= [er ene it ae (6.79) 


Here @,, is the mass density inside the nucleus. The velocity field has to obey the 
boundary condition that at the nuclear surface it should agree with the velocity 
of the surface. Unfortunately this is not sufficient to fix the field; an additional 
assumption about the dynamics is necessary. In fluid mechanics the simplest natural 
case is that of an ideal, i.e., nonviscous, fluid for which the flow is irrotational, 


Va — (6.80) 


This trrotational flow model is often used in nuclear physics; although it is certainly 
not justified quantitatively (the viscosity of nuclear matter should be quite large 
at low excitation energies and the shell effects should also distort the dynamical 
behavior quite drastically), it provides a convenient limiting case to which more 
detailed pictures of nuclear dynamics can be compared. 

For irrotational flow the velocity field can be expressed in terms of a potential, 


VE) = VOM t (6.81) 
and the assumed incompressibility of nuclear matter also demands 

Vv) — 0 (6.82) 
Combining these two conditions we find a Laplace equation for the potential: 

AD i) = 0 (6.83) 


In spherical coordinates the general solution, regular at the origin, is given by 


P(r, 8, 9,1) = SO An)? YO) (6.84) 


Ape 


The coefficients A),,(t) have to be determined from the boundary condition 


a 
= 5 Hr, 0,8) (6.85) 


0 
eet) — 
t r=R(0,¢,1) 


T=R(O,0,1) 


which expresses the equality of the radial component of the velocity on the surface 
to the velocity of the time-dependent surface itself (in principle the components 
should be evaluated along the surface normal; for small vibrations though, this 
deviates only slightly from the radial direction). Inserting the definition of the 
surface from (6.25) and the expansion of (6.84) leads to 
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Ro DH p¥ aul, 8) = YA AR", 6, 1)¥ny(8,8) (6.86) 
Aft Apt 
For small oscillations we can replace R(6,¢,t) by Ro on the right-hand side and 
then solve for the coefficients: 
oe 
Adu = Ro ae (6.87) 
These can now be inserted into the kinetic energy, which in spherical coordinates 
is given by 


T= + 0m [er |Vo/? 


ab\* 1 (88\? 1 a8” 
= Gin |) SMO ete aN cee |e rere mee CS 
70 [sn es (#) +7 (Fs) ey & ee 


to yield 
R(Q) 
T= 50m SO So Ann Abrus / dr prtr’ [ae 
Ap Ap! 0 


(6.89) 


x (x Po ,2 peo Oe — 


06 ~=—O08 sin?@ Of O¢ 


Again because of the smallness of the oscillations the upper boundary of the integral 
is set equal to Ro; then, like in the case of the surface energy, partial integration 
is used to exploit the eigenvalue relation for the angular-momentum operator. The 
final result is 


T = 30m >) \AruP ARQ 
Aft 


1 
= 72m Ro De 5 leanl? 
Ape 


This can be written in the familiar form 


T=} S > Bylanyl? (6.90) 
Ap 


if the collective mass parameters By are defined as 
ok) ae (6.91) 


If we define stiffness coefficientsfor the potential through 


ee Oe ee ee (6.92) 
Sane »(« TO omy ee 
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the kinetic and potential energy of the vibrating nucleus take the form 


ye ae 


0 
x i 
5 [a xX a] 


— > 5By|ay,|7 — 
ou (6.93) 


V2rA+ 1 
v= SC ales = ier [a, x ay]? 
Au » 


This result shows that each single mode (characterized by A and pz) behaves like 
a harmonic oscillator with both the mass parameters and the stiffness coefficients 
depending on the angular momentum. The second form given in each case shows 
their scalar character explicitly and can be seen immediately form (AAO| — 0) = 
eles 2a 

For the description of nuclear spectra, only quantization has to be added, which 
will be done in the next section. 

The preceding discussion completes the first construction of a nuclear model 
and illustrates this crucial concept quite well. We have used physical ideas from 
another field of physics, which need not be exactly applicable but can give insight 
into the physics of the nucleus via its successes and shortcomings. In this case, 
the assumption of hydrodynamic behavior of the nuclear matter may or may not 
be adequate and this can be judged by looking at the predictions gained. All 
the parameters of the model are known from the liquid-drop mass formula. As 
happens often with such model ideas, we will find that the structures predicted, 
such as the excitation spectra constructed in the next section, are found in nature, 
but the detailed values of the parameters are not correct. In this case one may still 
employ the model, but determine the mass parameters and stiffness coefficients 
from experiments, hoping to still find the model useful for predicting additional 
pieces of data and for understanding the underlying physics. Eventually, however, 
each model has to be justified through a derivation within a more fundamental 
description of the nucleus. 


6.3.2 The Harmonic Quadrupole Oscillator 


The next step in the formulation of the surface vibration model is quantization. 
This can be done in strict analogy to the familiar harmonic oscillator, The method 
is outlined by: the definition of coordinates and canonically conjugate momenta, 
replacement of these by operators and postulation of canonical commutation re- 
lations, introduction of creation and annihilation operators. The last step is not 
strictly part of quantization, but rather an elegant solution method. 

Restricting the discussion again to quadrupole deformations, we start off with 
a Lagrangian of the form 


L=T-—V =43¥5 By [ay x a)? —1V5C)[a.x a)”. (6.94) 


Following the outline given, we first derive the conjugate momentum to Coe 


LL ea 1! i 
Top, = Bo, = nae ie Oy 2—p = Bo(—1) Op (0.95) 
joe 
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i233) 


From this expression one may already deduce the principal properties of the con- 
jugate momenta: 7, does not form a spherical tensor, because although it is 
defined in terms of the spherical tensor Qo,,, the components are exchanged; 
1, = (—1)"t2_, = G2, however, is a spherical tensor. Since 7™2,, must then 
transform under the complex conjugate representation, 


7, MO Ove (6.96) 
pe! 


the usual angular-momentum coupling, etc., can be transferred to the momenta, but 
if one wants to construct terms involving both momenta and coordinates, Ty then 
72, Should not be coupled with az,,. The kinetic energy can be rewritten in terms 
of the momenta as 


v5 


2 
1 
= = 
T= 2B, ln rl 7 Ta Moe (6.97) 


Quantization is now easy. a2,, and Ty are replaced by operators G2,, and 72,,. 
These operators must have the generalized property 


Oy, = (el)? On, ’ Fo == ae T= ’ (6.98) 


where @,, and 73,, are spherical tensors. 

Note that there is an additional minus sign for 7, associated with the time re- 
versal properties of the momentum operator: this is a purely quantum-mechanical 
property that has no analog in classical mechanics; compare the analogous differ- 
ence between the classical momentum, which is a real quantity, and the quantum 
operator —1hV. This additional sign does not affect the transformation properties 
under rotation. 

Quantization can now be done by imposing the commutation relations 


[Boy Gay’ | =0 ’ 
ae | Oe (6.99) 
[appa tiogs| = WhO ar 


Analogously to the standard case of cartesian coordinates, the commutation rela- 
tions can be fulfilled by setting 


rs) 


00124, 


fo, = —ih (6.100) 


and creation and annihilation operators Bu and Boy may be introduced: 


B Bow 1 
1D) Ss PS Re i eee oe Vp 
Poy 2h ae : DByhuwy oe (6 101) 


A = Bow ba : 1 Pe 
Pop = ah Gi Eas Ly) 2Bo fiw Tp 


The pseudoparticles that are created and annihilated by these operators are called 
phonons in analogy to the quanta of vibrations in solids. 
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The precise form of these definitions still requires some explanations. The 
factors are exactly identical to the cartesian case if, as usual, the frequency is defined 
as Ww, = ,/C2/B2. What is new is the particular combination of azimuthal quantum 
numbers and the factors of (—1)“; these are necessary to make the operators into 
spherical tensor operators, so that, for example, @,, and 72_,, can only be combined 
in the way shown, and just this combination must appear in the creation operator 
for it to also become a spherical tensor and to have the desired property that Bt 
creates a phonon with projection +. Boy on the other hand transforms like 7, 
and its form follows from that of ay through Hermitian conjugation. 

The commutation relations between the operators take the usual form for 
bosons: 


have | = ’ (Pou, Bou | =0 ’ [Boys Bie = Ona ; (6.102) 


and the Hamiltonian becomes 


Z 
: eee) 
i = on ( S> Bh Boy + 3) (6.103) 


u=—2 


Note that the operators in the sum are effectively coupled to zero angular momen- 
tum. 

The results of Chap.3 can now be applied directly. The operators Bi, create 
quadrupole phonons with magnetic quantum number pz, and we can immediately 
enumerate the lowest states of the nucleus in this model. All the states will have 
positive parity because of the parity of the ay,,. 

If we introduce the phonon number operator 


2B 
Nee on (6.104) 


with eigenvalue N, the energies of the states will be given by 
Ey = fw. (N +3) , (6.105) 


as we are effectively dealing with five oscillators, corresponding to the different 
magnetic quantum numbers, which can be excited independently and have a zero- 
point energy of Shu each. N counts the total number of quanta present. 

Other quantum numbers that will appear are the angular momentum 2 and 
its projection j, so that the states can be labelled provisionally by |N Aw). The 
lowest-lying states are as follows. 


1. The nuclear ground state is the phonon vacuum |N = 0,A = 0,p = O}. Its 
energy is the zero-point energy: 


A1\0) = hw 0). (6.106) 
2. The first excited state is the multiplet (one-phonon state) 


|N =", A= 2592) 010) een eee (6.107) 
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with angular momentum 2. The excitation energy above the ground state is 
hw. 

3. The second set of excited states is given by the two-phonon states with an 
excitation energy of 2/iwp. It is not sufficient, of course, to Just construct them 
using Gale they have to be coupled to good total angular momentum. Thus 
these states are 


IN =2,Au) = SO (22Alu'w"'n) Bt 6t.10) (6.108) 


jee 


Angular-momentum selection rules allow values of \ = 0,1,2,3,4. However, 
it turns out that not all of these values are possible. Exchanging ju’ and Tat 
the Clebsch-Gordan coefficient and using a symmetry property of the Clebsch— 
Gordan coefficients 


( Jijod |mym2M ) = (—1)th-4 ( jajiJ |m2mM ) (6.109) 


to symmetrize the expression we get 


IN =2,rw) = 5 >> [1 +197] (22AIp'p" 12)05 72) 0 are 110) 
pl pl! 


because the operators commute. Consequently the wave functions for odd val- 
ues of A vanish: such states do not exist. The two-phonon states are thus 
restricted to angular momenta 0, 2, and 4, forming the two-phonon triplet. This 
effect is an example of the interplay of angular-momentum coupling and sym- 
metrization (or, for fermions, antisymmetrization), which for more complex 
applications can be formalized in the coefficients of fractional parentage. They 
will not be needed in this book. 


In general, the higher states of the spherical vibrator are not of interest for analyzing 
experimental spectra; for real nuclei one rarely finds states above the triplet which 
might be interpreted in this model. However, they are useful as mathematical basis 
states for expanding the wave functions of more complex models. A full analytic 
construction of the eigenstates was given by Chacén and Moshinsky [Ch76al, 
who also introduced the required additional quantum numbers. The first systematic 
application of the model as discussed here was given by Scharff-Goldhaber and 
Weneser [Sc55]. 

The spectrum and the properties of vibrational nuclei will be examined in more 
detail in Sect. 6.3.5, after a derivation of the other important observables calculable 
in this model. 

It is interesting to note the symmetry group of the harmonic oscillator model; 
this will not be exploited directly but is mainly useful for a comparison to the IBA 
model of Sect. 6.8. When we write the Hamiltonian as 


2 2) 

| 9) Cy 3} 

rh Do brea Por Tel (6.111) 
B= = 


both terms appear as absolute squares of five-dimensional complex vectors, and 
such a quantity is invariant under unitary transformations in five dimensions, i.e., 
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under the group U(5). This same group will appear in the vibrational limit of the 
IBA model. 


6.3.3 The Collective Angular-Momentum Operator 


The collective coordinates a),, have been defined in a highly abstract way. To con- 
struct proper eigenstates of total angular momentum we will also need a collective 
angular-momentum operator, which acts on these coordinates. It has to fulfil the 
following crucial properties, which are all apparent from the general discussion of 
angular momentum in Chap. 2. 


1. Jt should be a spherical tensor operator jb pe = —1,0, 1, of rank 1, constructed 
out of @,, and By: 
2. It must fulfil the usual angular-momentum commutation rules. 


More specifically, it must act on the collective coordinate operators in the 
correct way for an infinitesimal rotation; as was seen in Sect. 2.3.7 this requires 


(i, PH =Aghf , (by, Tf) = Ave a+ DE F9) Te 112) 


for any tensor operator ce constructed out of the collective coordinate &),, 
and the momentum operator 7,,. Note that if this property holds when sub- 
stituting both @),, and 7), for T*, it must be true also for all spherical ten- 
sors constructed from these by angular-momentum coupling, so that, e.g., the 
angular-momentum commutation rules for the Le follow automatically. 


We will discuss for the motivation the general form for such an operator and check 
the last property for the special case (Be = &) ,, which is sufficient to fix an overall 
normalizing factor of the operator. The calculation for #\,, is quite analogous. 
For the familiar case of cartesian coordinates the angular-momentum operator is 
given by L = r x p, which can also be written in terms of the angular-momentum 
coupling of the two tensor operators to a resulting angular momentum of one. 
Assuming the same form for the present case leads to a conjectured expression 


L=CS> OAL ut) Gay Ayn (6.113) 
jal pole 


with an as yet unspecified constant factor C. Note that we have used 7* because 
of the mentioned transformation properties of the conjugate momenta. 
Inserting 


0 


= i ; ” 
SW = —(-1)4 A y=p"! — ih(—1)" a ee 
hal 


(6.114) 
into (6.133) we get for the z component (jz = 0) of the angular momentum 


: ' O 
Apwory = le S COAL = W/O) 1D! ayy Te 
pe! fe 


7 Op 


=iR(-1I)"C OALu—pO) ary, (6.115) 


so that we should require 


6.3 Surface Vibrations 


129 


[i 


ae 
ee oo) 
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To make sense, of course, C must turn out to be independent of pz. The value of 
the special Clebsch—Gordan coefficient appearing here is 


ms = —\A—h Ee 
(AA1|p—0) = V3 (-1) So (6.117) 


so that 


A 
ae YRA+ IAF DA. (6.118) 


Specifically for quadrupole coordinates we find C = —i\/10 and the angular- 
momentum operator becomes 


L,=-iV10(ax#*]) (6.119) 


It is straightforward but laborious to check that the operator fulfills the remaining 
requirements, needing essentially the extensive manipulation of Clebsch-Gordan 
coefficients and their special expressions. 

It remains for us to write this operator in second-quantized form, which is done 
in the following exercise. 


RS aE S>>~“—_ _—_ _ _ L__ 


6.3 Angular-Momentum Operator for Quadrupole Phonons 
in Second Quantization 


Problem. Write the angular-momentum operator for quadrupole phonons in second- 
quantized form. 


é 


Solution. From the definition of the creation and annihilation operators given in 
the preceding section, we can in turn solve for the coordinates and momenta (let 
WS Stick to the special case A = 2): 


ey ; 
OQ, = Sep (At, a (-1)'Bo-n| ? 
fray = iy/ARBowe [(—1)" BE, — Bay) (1) 


The expression for the angular-momentum operator now becomes 


by = VIO > Y-22t|u'n") [Aly +" Baw] [Ae — CD" Ba-w] 


Ae? oe! 
h Aa n i OP oS A 
= -VI0> S221’ nw) [Bt Phan — DE Bape Br 
fee” 


+ (=D! Bop Bhan — ("BL Bw] (2) 
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Exercise 6.3 
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The first two terms in the parentheses each vanish when summed up over the 
Clebsch-Gordan coefficients because the symmetry relation (6.109) leads to a sign 
change when interchanging the summation indices (the operators commute). The 
last two terms, on the other hand, can be combined using the Boson commutation 
relations to ae 


ime 5 DS (22t\e'n" 1) [DY Bh Bow = (= 1)" Ah Bue | 


2% pl! 


h 2 ppl 
mo aa (221('—p’'0) (3) 
pu 


The last term again vanishes because of (6.109), while in the other two the dummy 
summation indices yz’ and yz” can be interchanged using this same relation: 


Ey = V10KS> (221 y'n" pn) (-1)" Bbw (4) 
pe Pag 


An interesting special case is for 44 = 0. The sum can then be evaluated using 
(6.117) in the form 


/ 


Don) = eae = 5 
(221|u’—'0) = (-1) au (5) 
to give the result 
eo oe (6) 
pe 


This formula simply counts the number of phonons in each of the oscillator states 
with projection 4 and sums up their contributions to the total projection. Clearly 
the formalism is consistent in that Bi creates a phonon with angular momentum 
projection p. 


6.3.4 The Collective Quadrupole Operator 


Another important ingredient for the model is the electric quadrupole operator 
expressed in the coordinates Q,,. On the one hand, it allows one to calculate 
predictions for the transition rates and static moments, but, on the other hand, it 
also makes the physical significance of the a,, more precise. The Hamiltonian and 
its model are largely determined by symmetry arguments and would look similar 
if a2,, were any other nuclear excitation degree of freedom of quadrupole type that 
could be approximated by harmonic oscillations. In fact, the Hamiltonian could 
be constructed using only symmetry arguments without any reference to the exact 
nature of the deformations considered. 

Setting up the quadrupole operator, however, requires a specification of the 
nuclear shape and charge distribution. We first derive the classical quadrupole 
tensor and then replace the ap,,(t) by operators. We will naturally use the simplest 
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assumption about the charge distribution, namely that the charge density is uniform 
within the time-dependent nuclear shape given by the Q(t). The quadrupole tensor 
is then given by using the methods developped in Exercise 6.1: 


Qo = oo | dare Y),({2) 
nuclear volume 
R(Q2) 


00 [ae Yo ,,($2) Jo re 
0 


= = dQ Yo,,(2) RQ) 


= SR) [ae HOO [ as 5 (coo I eye ¥3u()) 
fae 


+10 S30 apy a2ye VD] ; (6.120) 
wipe 

What was done here was to insert the definition of the deformed surface (including 
Qo9 to correct the volume of the nucleus according to Exercise 6.1), and then to 
expand the fifth power of the nuclear radius up to second order in the deformations. 
According to Exercise 6.1, ao itself is of second order in the a,,, and this was 
taken into account in the omission of the higher-order terms. Now it remains to 
evaluate the integrals over one to three spherical harmonics. The integral over a 
single spherical harmonic was determined in (6.61). The integral over two spherical 
harmonics is directly given by the orthonormality relation, so that (6.120) can be 
rewritten as 


Qo — ae saa, oe 10 S- cayraay” [a0 Yop (22) You ( 2) Yo, (2) a (6.121) 


3 pip 


To go further we need the formula for an integral over three spherical harmonics, 
which is easily ‘obtained from the reduced matrix element given in the Appendix, 


[32 Yim Yam D Yim 2) 
= (13 || Yi, ||d1) (Ly lgl3|m,mzm3) 


lai, + Qh +) 
= 4 | ——_————_ (I, bl Iybl,)000) . 6.122 
dnl; + 1) (1; Lbs |m m2ms3) (L11213|000) ( ) 


Since the right-hand side is a real number, we can also apply the complex conjugate 
of this equation 


1s 
i dQ Yoy,(2) Voi (2) Youn (2) = ay (222|u Hu) (222|000) . (6.123) 


The p-dependent Clebsch-Gordan coefficient can be used to couple the a,, to total 
angular momentum 2, while the constant one is given by 


(222|000) = —1/4 . (6.124) 


SZ 
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In this way the quadrupole tensor becomes 


10 
Qo, = ooR3 (ox, = Vi0n [a x ali.) ’ (6.125) 


and it may be quantized simply by substituting the operator @,, for the classical 
deformation. 

Express the charge density go in terms of the proton number and the nuclear 
volume as the quadrupole operator may finally be written as 


10 2 
= a | ) (6.126) 
V700 s 
Note that if the second quantized version of this operator is inserted, it shows that 
the operator allows a change in the phonon number by | (to first order in a@,,) or 2 
(to second order), so that typically E2 transitions will strongly link states differring 
by one phonon, but also cause two-phonon transitions with less probability. 


6.3.5 The Quadrupole Vibrational Spectrum 


The angular momenta and energies of the first few excited states have already 
been given in Sect.6.3.2 and are illustrated in Exercise 6.4. Here we will derive 
a few more properties of these states and then discuss their realization in nature. 
Remember that the states are denoted by |NV Ay) with phonon number N and angular 
momentum quantum numbers A and yz (this classification is unique only for the 
lowest few states). 

As already mentioned, the energy spectrum by itself is not very specific, in 
the sense that any harmonic motion of quadrupole type would show the same 
structures. It is thus very important to investigate also the predictions for transition 
rates, but even before this the parameters of the model have to be fixed. These are 
two: the stiffness C2 and the mass parameter (also called the collective inertia) Bp. 
Their combination hw2 = hiy/C2/By can be read off immediately from the energy 
spectrum as the spacing between the ground state and the first excited state, which 
should be a 2+ state and should have equal separation from the 0+ — 2+ — 4+ 
triplet above it. The remainder of the spectrum is also completely determined by 
this one parameter — one may find agreement with experiment or not, but one has 
no handle to adjust things further. To determine the second independent parameter, 
however, already requires some other measurable quantity. In the electromagnetic 
properties the nuclear radius appears as an additional quantity; this should not be 
fitted but assumed to be given by the standard experimental result Ro = roA1/3, 

Some easily derivable quantities are given here. 


1. The mean deformation: 
(O24) = (NX p'|€ny|NN pn) =O. (6.127) 


That this quantity must vanish is clear mathematically from the fact that the op- 
erator @,, changes the phonon number by +1 and thus cannot have a nonzero 
expectation value in a state of good phonon number. Intuitively this is a con- 
sequence of the fact that dynamically the nuclear surface spends as much time 
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in positive deformations as in negative ones — similar to the vanishing of the 
average (x) for the one-dimensional oscillator. 


It is more useful to regard the mean square deformation 


(8?) = (NAu| >> loop |?|N AW). (6.128) 
Us 


It can be evaluated using the standard methods of second quantization, but there 
is a much faster way using the virial theorem, which for the harmonic oscillator 
in both classical and quantum mechanics states that the average values of the 
kinetic and potential energies are equal to each other. In our case this should 
also apply, since each 4 component acts like a harmonic oscillator, so that for 
an N -phonon state 


Ey = 2(V) = hun (N + 3) 


= Cy(NAp| SY ary? NAL) = C2(6?)_, (6.129) 
bb 


which yields 


(G7 me (N+3) . (6.130) 
The quantity (G7) indicates the softening of the nuclear surface caused by the 
vibrations. Although we used the assumption of a homogeneous charge distri- 
bution for setting up the quadrupole operator, these oscillations will effectively 
produce a diffuse surface, even though this effect should not be taken too se- 
riously as an “explanation” of the surface diffuseness. The associated mean 
square deviation in the radius is (AR?) = Ré(G7). We will look at numbers 
in an exercise. The mean square deformation of the ground state is a useful 
parameter, so we assign to it the notation 


ie Sh 


= 6,12 | 
0 2B xW \ ) 


A related and directly measurable quantity is the mean square charge radius, 
defined as the average of r? over the charge distribution, i.e., in this model 
with its homogeneous charge distribution but time-dependent surface, 


abie pe 3 
eae Sr aad = ; faraar' 
oo {Br 4nRo 


=> d(1 Aan pe 3s crap Yo5(2)) ; (6.132) 


Using the same methods as for the quadrupole tensor, the integral may be 
reduced to 


(’)= 3RG + 7 FRE) (6.133) 


Is! 
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and one may now, for example, investigate its dependence on the phonon 
number N. An excitation of the nucleus leads to a change in the Coulomb field 
felt by the electrons, so that these show a slight but measurable energy shift. 


. The B(E2) values are relatively easily obtained if the quadratic term in the 


quadrupole operator is neglected. In this case 


A Ah is a 
On = ooRs \/ 55 (BL +(-1)*B_p) (6.134) 


so that only one-phonon transitions are allowed. The matrix element of the 
operator is trivial in the case of transitions between the ground state and the 
first excited state |2'm) = |N = 1,2m) = 8}, |0): 


q h an ok A 
oe 0) = ooR34/ ——(0|Bn 6/0) = aoR§4/-—— bmp - (6. 
(27 m|Q2,|0) = eoRo DBow ' |B £},|0) Loo Aus Om (6.135) 


The Wigner—Eckart theorem states that 
(2}m|Ooyl0) = (24 ||O21l0) (022|Ojm) = (24 ||Orul0) Onn, (6.136) 


so that in this simple case the reduced matrix element just differs from the 

standard one by the Kronecker symbol. Using J; = 0 and Jy = 2, the B(E2) 

value reduces to 

lea || 

Ui; +1 
s\2 OR 

_ (2oR6) 2Bow 


= (a0R§)"63 (6.137) 


a 2 
B(E2,0¢ + 2) |(2*11O2.110)| 


This B(E2)-value therefore directly determines the mean square deformation, 
and together with the excitation energy suffices to fix all the parameters of the 
model. 


. The quadrupole moment of an excited state is given by 


16 Pi 
Q= (NA = AlOno|N Aw = 2) (6.138) 


(see Sect. 5.4.6), and in this case the linear term does not contribute because 
the phonon number is the same on both sides of the matrix element. Of the 
quadratic term only the combinations with one creation and one annihilation 
operator need to be considered, so that we can substitute 


ee 
Oe Vion ooo 2Bow> 
x S01" (222|4-0) (64.6, + 6.3) (6.139) 

a 


The operators may be commuted according to 


816i One — 20) 6, (6.140) 
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and the constant term herein does not contribute because of 
S°(-D (222|u—10) = 0 (6.141) 
LB 


(to show this once again use the symmetry relation (6.109)). So we are left 
with 


8 h 
= ——=00R} =— 9 (-1)" (222|n—n0 
Q ay "Brun 2 aie lu 20) 
x (NAW =ABLB INA =A). (6.142) 


The sum can be evaluated only for specific cases. In the ground state the matrix 
element is zero, but for the first excited state we get 


CO ir) — One (6.143) 
and because (222|2—20) = (3 the final result is 


_ 12 a2 
35m? 


Q- ZeR, (6.144) 


In the exercise we suggest applying this model to a specific nucleus. The quality 
of the description obtained is typical also for other nuclei and we can summarize 
the experimental situation in the following way. 

Spectra like that predicted by the spherical vibrator model are approximated 
for a small number of nuclei near closed shells, which are generally believed to be 
spherical in their ground states. Usually one finds the predicted triplet of OT, 27, 
and 4+ states at about twice the energy of the first excited 2+ state, but the triplet 
is not degenerate. The quadrupole moments and B(E2) values are not described 
well by the model, and this is easily understood. The nondegeneracy of the triplet 
already indicates that there are deviations from harmonic motion, and this implies 
that the true states of the nucleus do not possess good phonon number. But then 
for the quadrupole moment, for example, the linear term contributes even in the 
diagonal matrix element, and even if the admixture of different phonon numbers is 
small, it may still yield contributions comparable to those of the second order term 
and completely change the result expected in the model. The harmonic oscillator 
with its high degree of mathematical symmetries is simply too idealized to make 
its properties robust with respect to perturbations; its main merit is a starting point 
for more sophisticated approximations. 
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6.4 '4Cd as a Spherical Vibrator 


Problem. Apply the model of the spherical vibrator to the nucleus '!4Cd. 


Solution. The experimental data are summarized on the right-hand side of Fig. 6.5 
First we use the energy of the first excited 2+ state and the B(E2) value of the 
transition to the ground state to compute Cz and B> using the relations 


LQ) vin) G/B) — Vo08 Mev ae 


Bene \ 2 meee (1) 
BE? = 0") | ae =1018e* fm*_ , 
( : = ! ) (= ;) 2/ CyB2 : 


together with 


Z=48 , A=114 , Ro=1.2A? , (2) 
to get 
Cp =41.3MeV , By =132h?/MeV . (3) 


The spectrum shows that the two-phonon triplet (03, vs : Ae) is almost degenerate 
near the theoretical energy, but the presence of an additional 0* and a 2* state close 
by already indicates strong anharmonic effects, if these are also to be interpreted 
as collective surface modes. 

We now compare these with the predictions of the liquid-drop model [(6.91) 
and (6.92)]. The liquid-drop mass formula contains a surface term as A2/? with 
dag © 13 MeV, yielding a surface tension 

asA2/3 


= re —2 
g= apart = 0.72 MeV fm : (4) 


Together with e? = 1.44 MeV fm this yields 
epaid den 424 Mev, Bee 1 09n?/ Mev) | (5) 


Note that the density @,, in (6.91) is the mass density. Thus the stiffness coefficient 
is described very well, while the mass parameter is off by an order of magnitude. 
This is not surprising, because for the mass parameter the probably unrealistic 
assumption of irrotational hydrodynamic flow was made. 

The B(E2) values for the transitions from the triplet to the one-phonon state 
and from that to the ground state are 


B(E2;0) 525) 2) 2B (Ee Oe 2026. nee (6) 


whereas the experimental values are smaller by factors of 2~10. The transition from 
the two-phonon state a to the ground state should be quite small, because it is a 
second-order effect. In fact, we find 


6.3 Surface Vibrations 


I3z 


a a a N= 
1.364 Da 
Le a4 
Real 
1.116 N=2 1.13 or 
oO [ee] 
(ee) co 
Ou ON 
ri oe 
ml oy 
ON Ww 
ie) S&S) 
0.558 2+ Ne q) 0.558 Dai 
5 |s 
5 a 
ft ie 
a le 
or N = 0 or 
Spherical vibrator Phonon number Experiment 
Een at a Bae 7) 
é i de W707) 840, Bo ( 


which is very small compared to the experimental value of 1904 e? fm‘. Again this 
indicates anharmonic effects: if the wave functions contain admixtures of other 
phonon numbers, the first and much larger term in the quadrupole operator may 
contribute to this transition. 

The mean square deformation of the state ZF is 


(1+2) =0.047 , (8) 


h 
ge a = 
which also compares unfavorably with the experimental value of 0.193. The 
quadrupole moment of the state De is given by 


15 ZeR5h? 
Oe as 0 
2(2") 7 BC, 


Note that here, too, only the second-order term contributes, so that it is no surprise 
that the experimental value, —3600 e? fm’, is bigger by a factor of 10*. 

Finally, the surface diffuseness can be obtained from the mean square defor- 
mation of the ground state 


h 
_ 
%o = Bow 
which is surprisingly acceptable. 


=—“06e7fn (9) 


(N +3) =0.034 as 4/(AR?)=1.03fm_ , (10) 


Fig.6.5 Comparison of the 
spherical vibrator model 
with experimental data for 
'l4Cd. The energy levels are 
in MeV, while the B(E2) 
values, indicated next to the 
transition arrows, are given 
in e* fm*. The data have 
been taken from Nucl. Data 
Sheets Vol. 35, No. 3 (1982). 
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6.4 Rotating Nuclei 


6.4.1 The Rigid Rotor 


Another simple concept of the nucleus that describes some features of excited states 
quite well is the rigid-rotor model. As is well known from classical mechanics, the 
degrees of freedom of a rigid rotor are the three Euler angles, which describe the 
orientation of the body-fixed axes in space (the translational degrees of freedom 
can be ignored, since they do not lead to internal excitations of the nucleus). 

Naturally the easiest description will be achieved if the principal axes of the 
nucleus are selected for determining the body-fixed system, since then the inertia 
tensor will be diagonal (refer also to the discussion in Sect. 6.2.4; the present case 
corresponds to constant values of @ and y). The classical kinetic energy of such a 
rotating rigid body is 


ie 6.145 

2 » 20; : (6. ) 
where ©; is the moment of inertia about the ith principal axis of the nucleus. In 
general all three moments of inertia may be different. While this looks like a very 
simple formula, which could be quantized by replacing J’ by J’, there are actually 
two complicating factors. 

One of them is indicated by the primes on the angular-momentum operators in 
(6.145). These operators cannot be identical with the standard angular-momentum 
operators rotating the system about space-fixed axes, because even if these axes 
were chosen to coincide with the body-fixed principal axes initially; they would 
no longer do this after the rotation. Instead, the rotation has to be done through 
operators that always rotate the nucleus about the instantaneous directions of the 
corresponding principal axes, and these body-fixed angular-momentum operators 
are denoted as J/. 

Their commutation relations look similar to those of the space-fixed operators, 
but with a crucial change in sign: 

Si. Je; | = i eee ale a (6.146) 
This is caused by the different definition of how the second rotation is applied. 
For the space-fixed operators, for example, dd describes an infinitesimal rotation 
about the y axis followed by one about the x axis. In the body-fixed case, however, 
the second rotation will be about the original x axis already rotated by the first 
operator into the x' axis. The difference is illustrated in Figs. 6.6 and 6.7, while 
the consequences for the matrix elements are explored in Exercise 6.5. 
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Fig. 6.6 A die is used to illustrate the effect of a rotation about the space-fixed axes; in 
the upper part a rotation about the x axis is followed by one about the y axis and in the 
lower part the order is reversed. Note that these are finite rotations about 90°, so that the 
difference is not simply a rotation about the z axis, as would be the case for infinitesimal 
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Fig. 6.7 The same case as for Fig. 6.6, but the second rotation is about the new axis in each 
case. Note that the difference between the final configurations is just reversed from Fig. 6.6, 
making the difference in sign in the commutation relations plausble. 


EXERCISE 


6.5 Angular-Momentum Operators in the Intrinsic System 


Problem. Derive the representations of the body-fixed angular-momentum opera- 
tors in the intrinsic system. 


Solution. Since only the sign in the commutation relations differs, we can closely 
follow the developments in Sect. 2.3.2, noting only the differences as we go along. 
The basis is chosen to be diagonal in both J” and J/: 


j|jm) = FAj|jm) , Ii\jm) = hm|jm) (l) 
The shift operators are also defined as 

ESE Ee ee (2) 
but now the commutation relations are 


FJ£] = FL, (3) 
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Exercise 6.5 


and we obtain the eigenvalue corresponding to J{.| jm) as 
If (If lim) = hm #1) IEL jm), (4) 


showing that the directions of the shifts are interchanged. Using yz again for the 
largest eigenvalue, we must have 


Ji\ju)=0 , (5) 
and 
Ee EN A ree (6) 


may now be rewritten using the commutation relation 


eee) a (7) 
as 
EE EE Ce SS ae (8) 


which agrees with the old formula except for the substitution jis die so that all 
the further calculations for the magnitude of ju are identical. 

The next place where differences come in is the norm of the state J{.| jm) given 
by 


(jm|FLI4 im) = (jm|I? — 12 £32 jm) 
=Wljj+1)-m’ +m (9) 
=WjFm+)Gtm) , 
and the nonvanishing matrix elements of the shift operators are 


(j,m $= lVEljm) =h/GeEm+DGtm) , (10) 


with those of the cartesian components now given by 
Ca le ae = 5 [va oe Gia) On ee 
G—m+ DG m) bn m—i] 
(jm! Dy Lim) = [VG mE DGS m) by cn 
- EFM EDT = Wns] 


(jm! J! | jm) = hin Snim 


Note that compared with the space-fixed case the matrix element for ip ‘is un- 
changed while that of iy differs only by an overall minus sign. 
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Finally it is useful to remark that 
Par. (6.147) 


which is plausible as this quantity is itself a scalar and thus does not depend on 
the particular axes defining the components of J . 

The second problem concerns which rotations are actually allowed. A classical 
rotor can rotate about any of its axes. In quantum mechanics, however, there is a 
special case if the nucleus has rotational symmetries and no internal structure. For 
example, a spherical nucleus cannot rotate, because any rotation leaves the surface 
invariant and thus by definition does not change the quantum-mechanical state. 
This may be hard to accept at first, but keep in mind that there is nothing “inside 
the nucleus” to change its position during the rotation in this limit and there is 
nothing marked on the surface to define the orientation! We thus can conclude that 


e aspherical nucleus has no rotational excitations at all, and 


e anucleus with axial symmetry cannot rotate around the axis of symmetry. 


The final decision about the validity of these statements has to come from experi- 
ment, of course; it will depend on whether other degrees of freedom are involved. 
We shall see that rotations about a symmetry axis are made possible by simultane- 
ous dynamic deviations from axial symmetry. 

The Hamiltonian for a rigid rotor thus comes in two variations: 


im Ji 
A= ee = (6.148) 


for a triaxial nucleus with three different moments of inertia, and 


A 


A De IS) (6.149) 


20 ( 
for nuclei with axial symmetry about the z axis. 

Quantum -numbers for the rotor will be generated by the space-fixed operators 
J? and Jj,, because the energy of the nucleus does not depend on its orientation 
in space. The corresponding quantum numbers are conventionally called 7 and M, 
respectively, so that the eigenvalues are h?7(J + 1) and AM. In addition, if the 
nucleus is axially symmetric about the body-fixed z axis, i will also generate a 
good quantum number, which is denoted by K (actually, K will turn out to be 
restricted to zero for the rigid rotor). 

Before entering a discussion of the spectra resulting from these Hamiltonians, 
we derive the wave functions. In principle one may write down the explicit expres- 
sions for the body-fixed angular-omentum operators in terms of the Euler angles 
and then solve the resulting very complicated differential equations, but there is a 
much simpler way, which is based on the fact that the wave functions depend on 
the very coordinates which also describe the symmetry of the system. To explain 
this derivation it may be helpful to first examine a simpler case, namely that of the 
free particle. 
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For the free particle in one dimension the only degree of freedom is the x 
coordinate, and the Hamiltonian 


pe (6.150) 


is translationally invariant, so that it commutes with the momentum operator, and 
the eigenstates of A are also eigenstates of f,, with an eigenvalue of, say, k. 
Call the wave function y,(x). Applying the translation operator transformation of 
Sect. 2.2 to go from xg to x9 +x, we can write 


Py (X0) = W(%o — x) = exp (—Ex pr) Yoo) =e vr). (6.151) 


But this implies that if (xo) is known, then the wave function is determined in all 
of space. Using xo = 0, substituting x — —x, and writing ¥(0) = wo, we have 


ve)=oe'™ , (6.152) 


which is the standard plane-wave solution, but obtained purely from symmetry 
considerations and the general expression for finite transformations under that sym- 
metry. 

Now apply these ideas to rotation. Again we know how to rotate a wave 
function, and this will determine the values at arbitrary Euler angles in terms of 
those at a specific set. We deal with the triaxial case first: the wave function will 
have quantum numbers J and M. Denote the wave function by ¢;4(@). It can be 
rotated through another set of Euler angles 0; according to 


dtm (8) = S~ DO (01) bar). (6.153) 
M’ 


But by definition 


bu (9) = dm (8), (6.154) 


where @’ is that orientation which is carried over into @ by the rotation 6; (Com- 
pared with the translation example, the correspondence is x9 ~ 6, x ~ 6), and 
xo — x ~ 6’). Combining these two equations yields 


dm (8) = S~ DP (Or) bn), (6.155) 
M’ 


and as for the case of translation we need the wave function only at one specific 
set of arguments, for example at the point 6’ = 0 (i.c., for all Euler angles equal 
to zero). Then one must assume @ = 6, and the relation (6.155) can be inverted 
using the unitarity of the rotation matrices to yield 


dim (8) = S> DUN) bru(0) (6.156) 
M! 


The wave function consequently is determined completely by the values dy (0). 
They can, of course, be normalized. 
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6.4.2 The Symmetric Rotor 


For an axially symmetric nucleus, the wave function may be simplified further. 
The nucleus then does not change its orientation under a rotation given by 43, and 
when we look at the decomposition of the rotation matrices given in Sect. 2.3.3, 
this implies that M' is also a good quantum number, so that the sum in (6.156) 
must drop out. In fact, because of the definition of 63 as a rotation angle about the 
body-fixed z axis, AM’ must be the eigenvalue of J/, and should be denoted by 
K. The eigenfunction for the symmetric rotor is thus essentially 


omx(0) = DY). (6.157) 


This wave function still has to be normalized, and we will show shortly that the 
symmetries discussed in Sect. 6.2.4 will also cause a modification. 

The energy of the axially symmetric rotating nucleus (6.149) can now be written 
in terms of the quantum numbers: 


YG Sa] 
7 20 


where J/? + J? = J? —J? was used. 

The application of the required symmetries as in Sect. 6.2.4 is straightforward, 
but must be modified slightly. In Sect.6.2.4 the intrinsic axes could be chosen 
arbitrarily along the three principal axes defined by the nuclear shape. Here, in 
contrast, the z’ axis is fixed by the condition that it be the symmetry axis of the 
nucleus, but it can still be chosen in two opposite directions. The x’ and y’ axes 
can be rotated arbitrarily around the z’ axis because of the axial symmetry, which 
makes any direction perpendicular to the z’ axis a principal axis. This second 
ambiguity is similar to Rj, but with an arbitrary rotation angle 7: 


E (6.158) 


R51, 82, 83) a ‘G ’ 82, a3 Te ) 0 (6.159) 


The semiexplicit form of the rotation matrices given at the end of Sect. 2.3.3 is 
sufficient to derive that 


dmx (1, 02,03 +) =e 6(0), 02,43), (6.160) 


so that for invariance we need K = 0. This is a more formal derivation of the 
aforementioned impossibility of rotations about a symmetry axis. 

R; drops out because it changes the z’ axis. The other basic transformation that 
should be applied is the inversion of the z’ axis corresponding to R, of Sect. 6.2.4. 
It acts on the Euler angles as 


Ri(O1, 92, 93) = (01 + 7,7 — 2, -83) (6.161) 


As K = 0, the inversion of the sign of 03; does not change the wave function, 
whereas the increment in 9; produces a phase factor of exp(iM 71). The remaining 
change due to 92 can be derived from the symmetry relation 


dO) = (-1¥—™ dy? (tt — 82) (6.162) 


mm! 


Together they yield 


Fig. 6.8 The spectrum of a 
rigid symmetric rotor, show- 
ing the typical (7 + 1) de- 
pendence of the energies. 
Only even angular momenta 
appear. 
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Ri dim (0) = (- 1)! dmx (0), (6.163) 


and the implication is that the total angular momentum has to be even. 
We can thus summarize the eigenstates of the rigid rotor. The states are 


IM T=004.. oN =) ele (6.164) 


degenerate only trivially through the laboratory projection M. The eigenenergies 
are 


RI +1) 
ee) 


The corresponding spectrum is that of a typical rotational band shown in Fig. 6.8. 
Although this sort of band appears in exceedingly many nuclei, the present case of 
only one such band it not very realistic, because any additional degree of freedom 
will lead to other bands based on excitations of those degrees of freedom. One 
such example, the coupling to vibrations in the @ and y coordinates, will be treated 
soon. 

It remains for us to compute the normalization of the eigenstates. The normal- 
ization integral for the rotation matrices is given by 


(6.165) 


” 8x? 
/ 0 DINK (01) Die (82) = 5 Sik banat Ox, (6.166) 
so that the normalized wave function is given by 


Py ae I 


sa Pu) (6.167) 


mx (8) = 


The calculation of the transition probabilities is deferred to the discussion of the 
more general rotation—vibration model. Here we only cite the result 


> 2 
) ae (i + rem) (6.168) 
for the only transitions present in this model. This result contains the deformation 
Go of the nucleus and not its moment of inertia, because the former appears in 
the quadrupole operator; we will later find a connection between the moment of 
inertia and the deformation (see Sect. 6.5.1), but this contains the (unknown) mass 
parameter, so one may as well accept a new parameter in the form of (. Clearly 
fo is directly determined by one transition probabilities, while one level spacing 
fixes the moment of inertia; together then these two values determine the model 
completely. In practice, of course, the simple angular-momentum dependence of 
the model will be approximated for only the lowest states, and the deviations for 


higher angular momentum indicate the change of deformation and/or moment of 
inertia with rotation. 


2) 
B(E2;I; > Ip) = (= 
T 
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6.4.3 The Asymmetric Rotor 


A more interesting spectrum is exhibited by the asymmetric rotor, which was first 
investigated by Davydov and Filippov [Da58]. This model assumes a rotational 
Hamiltonian as in (6.148) with all three moments of inertia different. The eigen- 
functions constructed in the preceding two chapters applied to only the case of 
axial symmetry, leading to K as a good quantum number. Without axial symme- 
try a more general solution as in (6.156) must be used, but it is better to use 
suitably symmetrized basis functions instead. Again we have to consider carefully 
which of the symmetries apply. Because all three intrinsic axes are now assigned 
to specific and distinct moments of inertia, they are physically distinct and only 
those symmetries that invert the individual axes should be considered (a change in 
axis selection cannot be compensated by adjusting the deformation in this case). 
Looking at their definition, it is clear that one of these is R2, which corresponds 
to x’, y’,z’) — (-x’, —y’,z’) and transforms the Euler angles to (6), 62,03 + 7). 
Applied to a rotation matrix it yields a factor of exp(iK 7), so K must be even. The 
other transformation is still R;, which transforms DU (0) into (BO, 
Since in this case the result is a wave function that does not differ by only a factor, 
this does not lead simply to a restriction of the quantum numbers, as in previous 
cases; instead, the symmetry must be satisfied by symmetrizing the wave function. 

The symmetrized combinations to be used as basic functions are therefore 
defined by 


21 1 
(O|IMK) = es (DYx 0) + -1/DY* (0)) (6.169) 


so positive and negative values of K cannot be used independently. The factor 
1+ dx0 takes into account the difference in normalization between K = 0 and the 
other states. The eigenfunction of the asymmetric rotor may now be expanded as 


|Mi) = S~ag\IMK) (6.170) 
“K 


The index i enumerates the different eigenstates for the same / with expansion 
coefficients ae The index K runs over all nonnegative even numbers O < K <I. 

Note that for odd / the function with K = O vanishes, so that K = 0 is 
forbidden in this case. Furthermore, for J = 1 both projections K = 0 and K = 1 
are forbidden (the latter because it is odd), so the model does not allow any state 
of J = 1. For J = 0 there is only one state, which must be the ground state. The 
third special case is J = 3, for which only K = 2 is permitted, so there is also 
only one state with J = 3. 

In the general case the wave function is expanded in the set of basic functions 
and the Hamiltonian can be split up into a diagonal part and a remainder by taking 
the average of the x’ and y’ rotational energies: 
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4 ony O> 203 4 0; O, 
7 il 1 Z ji 
ah es We ee 
ilate) ) + 56, 
Lal eo 
= yoo | pcan | 6.171 
+3(5 g; ) 02 +22) (6.171) 


The remainder cannot be explicitly diagonalized, and no generally useful results can 
be written down. There are, however, interesting special cases for 7 = 2 and/ = 3. 
In the latter case, there is as mentioned only one wave function |3M) = |3MK = 2), 
and the eigenvalue can be evaluated straightforwardly. The result is 


1 
E(3+) = 2h (s +4 z + zz) (6.172) 
1 D 3 


For the two states with J = 2 the calculation is a bit more involved and is left to 
Exercise 6.6; the result is 


tee tee oP 
Te) 2h Sh 30702 


1 1 1 ie 
—3{—— : all 
(sa, Zs 0,0, a 55) a 


This result appears at first to be not very enlightening, but if we compare it with 
the energy of the 3* state the interesting property 


BQ ee On an) (6.174) 


is immediately apparent. This is a clear prediction of the model, which can be 
easily checked through experiment. 


RDS EEE SESE eee 


6.6 States with Angular Momentum 2 in the Asymmetric Rotor Model 


Problem. Calculate the states with angular momentum 2 in the asymmetric rotor 
model. 


Solution. For angular momentum 2 there are two basis States, namely the two 
states with K = 0 and K = 2, which we denote by |20) and |22), respectively. 
The diagonal part of the Hamiltonian (6.173) yields the matrix elements 


P Saal 1 
20|H|20) = — { — 
(20/4 20) = = (a+) 7 


Os 


e Care| 1 
22|H |22) = — | — + — 
(2nj2a) = 5 (2 + 3.) + 
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For the nondiagonal matrix elements we note that from the matrix elements of the 
shift operators given in Exercise 6.5 we have 


J!|20) = 2h?+/6|22)_, (2) 
so that 
(22|A1 |20) = (20|A|22) = V6 a (3) 
0; Oy 


This determines the 2 x 2 matrix completely, and its eigenvalues A can be obtained 
from the solution of the secular equation: 


She 1 
elec Nr) 
cet 2 1 1 ie i al 1 2h? == as (4) 
(a) Bit ayiee 
A lengthy but trivial calculation now yields the result given in (6.173). 
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6.5.1 Classical Energy 


The most important special case of collective surface motion is that of well- 
deformed nuclei, whose energies have a deep axially deformed minimum like in 
the simple rotor model treated in Sect. 6.4, but with the additional feature of small 
oscillations around that minimum in both the ( and y degrees of freedom. As the 
harmonic vibrations are easier to deal with in cartesian coordinates, we set up the 
potential in (ao, a2) instead of in (G,y). Assuming the potential minima to be at 
dy = Bo and az = 0, we introduce the deviations from the equilibrium deformation 
as 


E=a9—-fPo , N=) =4_2 (6.175) 
and expand the potential as 
VEm = 3008’ + Con” . (6.176) 


Note the additional factor of 2 in the 7-dependent part, which takes into account 
that 7 really stands for the two coordinates a, and a_2. Also the potential at the 
minimum was assumed to vanish; this is allowed since only energy differences are 


meaningful in this model. 
The construction of the kinetic energy is much more involved. The harmonic 
kinetic energy of the vibrational model, 


ie Bo ss lary |” ; (6.177) 
a 


Exercise 6.6 
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has to be transformed into the new set of coordinates (€, 77) and orientation angles 
and then must be quantized. As in the case of the rigid rotor in Sect.6.4.1 the 
kinetic energy should be expressed in terms of the angular momenta about the 
body-fixed axes, because only in this way will the moments of inertia be constant 
during the rotation. This implies that for writing down the classical kinetic energy 
the angular velocities w/, i = 1,2,3 about the intrinsic axes should be used. 

As the kinetic energy does not depend on the orientation of the nucleus, only 
on its rate of change, we are free to evaluate it for a specially chosen orientation, 
for which it is natural to use the idea that the body-fixed axes are equal to the 
space-fixed ones. In this case we have simply 


a=SotE , a=a1,=0 , ®=a.=7n . (6.178) 
The desired transformation is now given by the chain rule of differentiation: 


Cory 4 Jo ¢ i O02), 


Q2y, = a) ke BE On in. (6.179) 


and the only nontrivial derivative is that with respect to the angles of rotation 0; 
about the body-fixed axes. The results from Exercise 6.7, rewritten using € and n, 
are 


an =€E , 
ani = —5 [V6 +6) + 2n] wf +4 [V6 +) -2n]uh , (6.180) 
A240 = 1 F 2inw4 


Inserting these into (6.177), we get a decoupled expression in the sense that there 
are no mixed terms in the velocities: 


T = 1B(€? + 2n?) + 4B7?w? 
B 2 
ea | V6 + €) + 2n]| wi (6.181) 
B 
+ 5 [V6 +6) —2n] we 


This may be written more succinctly as 
3 
F= SBE ap) ely Awe (6.182) 
k=1 
with the moments of inertia as 


B 
Ti = 5 [VOM +8) + 2m] = 4B 6" sin® (y— 2), 


B 2 
i= > | vom + €)—- 2n| = 4B 6 sin’ (y — in) ' (6.183) 
Ui, = 0 Se” sine 


The expressions in the (3, y) notation are also given and can be summarized as 
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Ue — 48 Gasing (y — rk) : (6.184) 


Note that they contain @ = fo + €. 
The kinetic energy thus neatly splits up into a vibrational part, 


Tats = GE’ ee) (6.185) 


and a rotational part, 
B 12 
Trot = 4 RGG a £) 1 2r] Wy 
B 2 
+o | V6 (Go + 8) - 2n) w+ ABP? (6.186) 


Both are coupled by the dependence of the moments of inertia on the deformation 
parameters, while the vibrational kinetic energy contains simple constant mass 
parameters B for both degrees of freedom. Note the factor of 2 in the 7-dependent 
contribution, which arises as usual from the fact that 7 represents both a and a_». 

At this point it simplifies things if only the lowest order in € and 7 is considered. 
The only moment of inertia where the dependence on € and 7 is not a small 
correction is 73, which is zero for 7 = 0. Physically this describes the fact that 
for 77 = O the nucleus is axially symmetric around the z’ axis and, as mentioned in 
Sect. 4.3, cannot rotate about this axis. The dependence on 7 makes such rotations 
possible dynamically, and they are intimately coupled to the dynamic deviations 
from axial symmetry described by 7. 

In the other moments of inertia the dependence on € and 7 indicates the dynamic 
changes in the moments of inertia with deformation and gives rise to an additional 
coupling between rotations and vibrations. We will not examine this coupling in 
detail, so for further developments the moments of inertia are given by the lowest- 
order expressions 


FER HA=UBESI » LSP | (6.187) 
and the kinetic-energy in its simplest form may be written as 
T= 5B(E +29) +57 (WP +wy) +4Br we. (6.188) 


The classical rigid-body kinetic energy has a quite different energy dependence. 
Without even calculating it one can see that, for example, 73 depends on ag to 
lower order than on a2, because increasing do decreases the mean distance of 
nuclear matter from the z’ axis strongly by stretching the nucleus, while a change 
in a only redistributes the matter between the x’ and y’ axes and should leave 
J; unchanged to first order. With the present result, however, increasing ao for 
az = 0 does not affect the moment of inertia at all, as the nucleus remains axially 
symmetric and 7 = 0. 

One should keep in mind that this result is based on the simple harmonic kinetic 
energy in the laboratory frame and therefore may be quite limited in application. 
Although this does lead to the correct suppression of rotation about symmetry axes, 
its main problem is the treatment of rotations and vibrations on the same footing, 
which makes both the vibrational masses and the moments of inertia depend on the 
single parameter B. Thus this model seems to imply that measuring the moments 
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of inerta also determines the vibrational masses. Microscopically, as will become 
apparent in Sect.9.3, this need not be true. In practical applications, however, 
the possibly wrong description of the vibrational masses can be hidden by the 
parameters in the potential. In any case the expression of (6.188) has been highly 
successful. 


LCS ah LLL _ Esa 


6.7 The Time Derivatives of the a2, 


Problem. Derive the time derivatives of the a, using (6.179). 


Solution. In this exercise we will not restrict the discussions to small deviations 
from the equilibrium deformation as given by (6.175), but work with arbitrary ag 
and a2. From the exponential representation of the rotations we get for small angles 


eo) 0 0! 
0, = 207 exp (-47,) C2 
=H Ga, 
BSS) (ov aera (1) 


v 


in which the matrix elements of ee have to be inserted. These were derived in 
Exercise 6.5 and are given by 


(jm Fim) = B[V/G +m +410 —m) bine m+ 
8 = ING OO), 

pam Ae |j m) —BI/G —m+DG +m) bm’, a (2) 
~ | PST ST ions , 


Crm ge) — Fron 


For the z’ component (2y:|J{|2v) = hyd, and with the special expressions for the 
Q2, given above the only nonzero terms turn out to be 


Oa2+2 
a0! 


=== 71d (3) 


For the x’ and y’ components we immediately note that the contributions to the 
derivatives of a9 and 242 in (1) vanish, because the operators couple these com- 
ponents only to a24;, which are zero themselves. For the remaining components 
the calculation is now trivial: 


Oo2+1 i 
0! = = (V6 ao + 2a2) ; 


Oo2+ 
ai Z = +} (V6 a i 2a) ; 
be 


(4) 
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and all the ingredients have been assembled, so that the final result is 
Q20 = ao , 
Cray = —i (V6.a0 + 2a) Wi ae 5 (V6 a = 2ay) Ww ; (5) 


a / 
O49 = a2 F 2iaqw, 


6.5.2 Quantal Hamiltonian 


The next step is the quantization. One is tempted simply to repeat the standard 
procedure followed in Sect. 6.3.2: write down the Lagrangian L = T — V, deter- 
mine the conjugate momenta and the Hamiltonian, and then demand the canonical 
commutation relations between coordinates and momenta. In this case, however, 
this is not so simple, because the coordinates €, 7, and 6’ define a curvilinear co- 
ordinate system. To see what this means and implies, examine the simple example 
of polar coordinates in the plane. 
In classical mechanics the Lagrangian in cartesian coordinates, 


L=%(x7+y’)-Vq@,y) , (6.189) 
is transformed into polar coordinates (r,¢) to become 
L=2(r+7r'¢*)—Vir,¢) . (6.190) 
The conjugate momenta are 
OL OL 
De = Te are (6.191) 
and the classical Hamiltonian becomes 
1 2 
H = — G + z +V(r,d) . (6.192) 
2m r 
Going over to momentum operators by requiring 
lee ae aa ota (6.193) 
leads to 
0 0 
A amie aay Se eee atlas 6.194 
Pr Woe ? Pe 1 Od ? ( ) 
and inserting this into (6.192) yields the operator 
x ie geee a 
FAlwrong == i (53 ig xi) ag We, “) ’ (6.195) 


which does not agree with the well-known result obtained by performing a coor- 
dinate transformation in the quantized cartesian expression: 
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2 NOK Oy 
he Wee (6 

eal § ee Se V ; 6.196 
2m (s5" Or / 5p 7 75g) AD) \ ) 


What is the reason for this discrepancy? In the classical expression the first part of 
the kinetic energy might be written either as p? or as 1p, rPr which are identical 
classically, but give rise to two different kinetic energy operators when p; is made 
an operator which does not commute with r. Such ambiguities may arise whenever 
the kinetic energy contains coordinate-dependent factors, which is typically the case 
for curvilinear coordinates. We see from this simple example that the correct version 
can be selected only by basing the quantization on a cartesian-like coordinate 
system. “Cartesian” in this context means a system in which the kinetic energy is 
purely quadratic in the velocities with no coordinate-dependent coefficients. 

In the general case, where the associated cartesian coordinate system may not 
even be known, the procedure to be followed has been developed by Podolsky 
[Po28] and consists in applying the formalism of curvilinear coordinates. In our 
case, the Hamiltonian written in the ay, is cartesian and has been quantized in 
Sect. 6.3.2, so that we can also transform the kinetic energy operator given by 


a i 1 

T=— NO Te =, = ——— ole? 
ee ee. S Jer, O2—p ee 

to the new coordinates (€, 7, 0’). 

In this book only the simple case of the lowest-order energy according to 
(6.188) will be treated, so that £,7 < { is assumed. The transformation can be 
calculated most easily by using results from differential geometry. In curvilinear 
coordinates, x;, the line element is generally given by the expression 


= S- oi dx; dy; (6.198) 
with gj the metric tensor. The Laplacian operator in these coordinates then becomes 


1 6] ae 
ER (awd). “ 


] 


where g the determinant of the metric tensor and g‘ is its inverse. The kinetic 


energy operator then becomes 


Ne (6.200) 


The “line element” must be interpreted as the expression appearing in the classical 
kinetic energy: 


_!, |davg, |? 
=5F a 7 aD? ale oe) 
p=—2 


from which we read off 
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2 - 24¢2 Zz No? 
ds? = S~ |day,,|?dé? + 2dn + | (6.202) 
p=—2 k 


The metric tensor thus is diagonal with 

gee =1 5 Gon =2 5 Goro = Oi Bee hk H23 4 (6.203) 
and its inverse can be computed trivially as 

9 =1 5 Gn = 2 > Toy =BIA - (6.204) 
The determinant is 

SS Geer (6.205) 


Inserting these expressions into the Laplacian is quite simple because of the di- 
agonal structure and because they depend only on 77. Thus in all terms except the 
7-dependent one, where its derivative must be considered, the /g term cancels; 
this leads to a first derivative in 7 appearing: 


en Oo (eo? OG 70 Boe 
ee iy 
O€ 2 On 2,/g On OF ; Sy OFF 
—V (a 12 ee Jee iEG 
SS ee 
OREO 2 On? 2707 gE 16B1* 


(6.206) 


An important additional point is the determination of the volume element. Accord- 
ing to differential geometry the volume element is the product of the differentials 
of the variables multiplied by \/|g|. In our case this yields 


dV =4|n| B17 dé d|n| doi dodo, (6.207) 


Note that here the absolute value of 7 has to appear, because the volume element 
must be positive. A constant factor in dV is unimportant, since it will be hidden 
in the normalization of the wave function. In addition, in practical calculations the 
rotation angles about the intrinsic axes 6; will be replaced by the Euler angles, 
since we have seen that these are more appropriate for global considerations and 
from the treatment of the rigid rotor in Sect. 6.4 it may be expected that the angular 
dependence of the wave function contains rotation matrices with the Euler angles 
as arguments. So we write the angular part in a abbreviated form as d°6 and take 
the volume element as 


dV =dé|n|dndo . (6.208) 


This implies that the solutions of the collective Schrédinger equation, which has 
now taken the form 


Ay (€,7, 0) pE,n, 0) = E yE,n, 8), (6.209) 
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A ae —h? Oe Gs ae 
Hes 2B \ a&2 ° 2An? © 2n On 
geen ie: ie 1 
Saaian = C ‘ C200 
7g aA 06° + Cott ae 
must be normalized according to 
[eeinlente ven, YE.) =1 (6.211) 


The same type of integration must be used in all matrix elements. 

The index 1 in the Hamiltonian indicates that it is only a provisional form, 
because there is a trick to simplify both the volume element and the Schrédinger 
equation itself. Define a new wave function ¢ via 


H(E,n, 9) = Vn] b(E,7, 0). (6.212) 


The matrix elements are then simplified to 


[dando 6 G0,0) 66.1.8) = 1 (6.213) 


In the Schrédinger equation the additional factor leads to modifications only in the 
7 derivatives. We have 


(F+ig)e-(S+t ee 
On? On On? — n On) 4/|n] 
1 on 1 
Salas aale ; (6.214) 


where the signs due to the absolute value in the square root cancel. In consequence 
@ fulfills a new Schrédinger equation with the simple second-order derivative in 
7, but with an additional potential, which because of its dependence on 7~? can 
be combined with the J? term: 


A(E,n, 8) $E,n, 0) = E oE,n, 0), (6.215) 
with 
=r Ole 
A(é,n, 0) = — 
ee ae + 5 Col? + Con? (6.216) 


This version of the Hamiltonian of the rotation—vibration model will be the starting 
point for studying the solutions in the next section. 

From the preceding discussion the reader should bear in mind the ambiguities 
associated with quantization in curvilinear coordinates and especially that a non- 
constant volume element can in general be removed in favor of a different kinetic 
energy operator and a change in the potential energy. In any case, one has to be 


6.5 The Rotation—Vibration Model 


155 


careful to use Hamiltonians, wave functions, and volume elements in a consistent 
way. 

Before solving the Schrédinger equation given by (6.215) and (6.216), let us 
briefly note the more general expressions valid if the deformation dependence in the 
moments of inertia is not neglected. The derivation is quite analogous to what has 
been presented here, but of course significantly more complicated. The additional 
term in the Hamiltonian is the rotation-vibration interaction, which is given by 


re aaa 
vib-rot Ge Ge Bo Be 
J24 Fe En 2/6 n 
ee ee 6.217 
47 Ba oar 


All the terms arise from an expansion of the deformation-dependent moments of 
inertia. This version of the Hamiltonian was first given by Faessler and Greiner 
[Fa62a—b], who found that by using only the elimination of the volume element as 
given above a simple analytic solution becomes possible. 

Finally we also show the form of the Hamiltonian when expressed in @ and + 
as was done originally by Bohr [Bo52]: 


- hi a O 1 O O 
OS ee ee eee ae 
2B = ae ae GaN ey 
3 fe 
a 4V(B,y) . 6.218 
23 Bee (6.218) 


Here the moments of inertia are written in the general form. This variant of the 
Hamiltonian can be obtained simply by performing the quantization in this set of 
variables. The volume element in this case becomes 


dV = f*|sinGy)|dGdyd'a (6.219) 


t 


6.5.3 Spectrum and Eigenfunctions 


We can now construct the eigenfunctions of the rotation—vibration model. They can 
be given analytically if the rotation—vibration interaction is neglected, so that the 
Hamiltonian of (6.216) is used. The solution proceeds through the familiar method 
of separation of variables; the term in 7~* is similar to the centrifugal potential 
and can be treated in the same way as in familiar problems. The rotational energy 
in the Hamiltonian will lead to the eigenfunctions of the rigid rotor, while the 
€-dependent and 7-dependent parts can obviously be separated, so that a trial wave 
function takes the form 


WE, n, 8) = DYE (8) 96) x(n) (6.220) 


and additional quantum numbers will be added as needed. Insertion into the 
Schrédinger equation leads to 
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Re fe wea ee er 1 
{gpl +D-K +A -S(etimn 


+ 4Co0? + Cor? }a6xtn =Egxm) . (6.221) 


Note that K remains a good quantum number, reflecting the fact that the nucleus 
is axially symmetric around the body-fixed z axis. The next step is to complete 
the separation of the € and 7 dependence. Using Ep as the separation constant, this 
results in 


R2 d? 
Boalt) = (-F5 as + HC?) 
(E — Eo)x(n) = {x Pes =@] (6.222) 
he (ko) de 
(ep ee “been 


Solving these two differential equations is actually quite simple, as they should be 
familiar from elementary quantum mechanics. Apparently we have a pure harmonic 
oscillator in €, whose eigenenergies are given by 


Eo,ng = hug (ng a 5) ’ ng = 0, I te } (6.223) 


with wg = ./Co/B. The equation for 7 is known from the three-dimensional 
harmonic oscillator in spherical coordinates. With y(r,0,¢) = Lu(r)¥im(8, @), the 
radial equation for the harmonic oscillator takes the form 
eu Wik (le +1) 
a ase Sameer + smu, r?| u(r) = Eur) : (6.224) 
The reason for the notation Jx and w. will become clear presently. This equation 
has eigenvalues characterized by a radial quantum number n., and given by 


is 


Ney 


=o (2, tie =) | 7, = 0) (6.225) 


Comparing (6.222) and (6.224) we make the following identifications: 


m—>2B , Ikdk+1I)>4(K?-1) , wy3 VC2/B (6.226) 

E,, + E — Ey— Z ad +1)-K’) . (6.227) 
Solving the quadratic equation for lx yields 

7 eee (6.228) 


Choosing either sign does not affect the value of Ix (/x + 1); we may thus make 
the choice jc = 5 (\K| = 1) to ensure a positive value for Jx in accord with its 
analog of angular momentum, 
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Before determining the associated wave functions, we note that the total energy 
is now given by 


2 

Enanyik = hw (ng + 5) +hwy(2n, + 4|K| +1) + [1 +1)—K?] .(6.229) 

For the eigenfunctions in the @ direction the one-dimensional harmonic oscillator 

eigenfunctions can be used directly; since usually the evaluation of matrix elements 

is easier in the second-quantization formalism, we need no details and write them 

simply as (€|ng). In the y direction the result for the three-dimensional harmonic 
oscillator reads 


2 
Wigny (M) = Nigny Xe 07 /? 1 Fy (—ny, le + 3, An”) (6.230) 


with A = 2Bw./h corresponding to the factor mw/fh in the oscillator. Using the 
analogies of (6.229), this translates into 


Xn (1) = Nany Vln] nk! eo "/? Fy (—ny ste + 3,0?) (6.231) 


For completeness we also give the normalization factor: 


\M«+3/2 PP (lx aL 3 ah Ny) 


a/ iy! T (Ix + 3) 


The only surprising part of the wave function is the absolute value in the factor 
Jnl. In the standard harmonic oscillator there is no problem, because the radial 
coordinate is always positive; here, however, 7 can also be negative, and one has to 
worry about this when symmetrizing the wave function. The argument for choosing 
the absolute value in this place is that such a factor must appear in the wave function 
because of the corresponding factor in the volume element of (6.208). 

When the rotational wave function is added, the total wave function has the 
structure 


wee, n, 0) = DY) xKn,(m) (B|na) (6.233) 


but we still have to apply to this expression the symmetrizations due to the ambigu- 
ities in the choice of intrinsic axes. Of the three fundamental symmetry operations 
studied in Sect. 6.2.4, R; does not apply, because we have fixed the z’ axis as 
the symmetry axis in the ground state, so that a permutation of the axes is not 
allowed (the same was true for the rigid rotor). Now Rk, does not affect the (8, ) 
coordinates, and its action on the rotation matrices is the same as for the rotor: 


ie = (6.232) 


OUI) = (IO ee) (6.234) 


Note the —K in the argument, which comes from the eo 3 dependence of the 
function (in the case of the rotor we had K = 0 always). Finally R2 inverts 7 and 
adds it to 63, so we pick up a factor e!™/? from the rotational eigenfunction. 


The inversion of 7 yields an additional factor of (—1)*/? according to (6.231). The 
total result is 


RoW(E,n, 0) = (-1I)* vE,n, 9), (6.235) 
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which immediately leads to the requirement that K should be even: 
= 0a ed ee (6.236) 


As for the rigid rotor, R, does not immediately restrict a quantum number. The 
correct symmetry can be achieved only by explicit symmetrization; the rotational 
part of the wave function should be given by 


Dl 2B Gly ee (6.237) 


with the other parts of the wave function not affected at all, as the 7-dependent 
wave function contains only |K|. It is sufficient then to consider only positive 
values of K. Note that for K = 0 the symmetrized wave function vanishes in the 
case of odd J, so only even J are allowed in this case. 

We are now in a position to summarize the results. Adding a normalization 
factor to the wave function (which is due to the rotational wave function, as the 
other ingredients are assumed to be normalized), gives 


(End |IMKngn,) 
~ WIMKnan, (€79) 


(21 +1) ; : 
= [ees ae. +(-1)! ee) Xxn,(n)(Elng) . (6.238) 


The allowed values of the quantum numbers have been determined (note that for 
fixed K the angular momentum J must fulfil 7 > K, since K is its projection) to 
be 


K=O, ee 
See ep ee 
0 a an for K=0 , 
We es eg ae OEE) 
i =O, 2 
ng = 0, 1, 2, ; 


and for completeness the energy formula is repeated: 


h2 
Engn ik = hwg(ng + 5) +hwy(2ny + $|K| +1) Tom [7d +1)—K?] .(6.240) 


The structure of the spectrum is shown in Fig.6.9. The bands are characterized 
by a given set of (K,ng,ny) and follow the /(J + 1) rule of the rigid rotor. The 
principal bands are: 


I. the ground-state band (g.s.), made up of the states |JM000) with J even. The 
energies are given by A771 + 1)/27. 
2. the ( band, containing the states |/M010) with one quantum of vibration added 


in the ( direction. It starts at fiwg above the ground state and also contains only 
even angular momenta. 


3. the y band is not, as the name seems to suggest, the band containing a quantum 
in the ¥ direction. Instead, it is characterized by K = 2, so that the states are 
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given by |JM 200). In the spectra it is easy to distinguish it from the @ band, as 
it starts with a 2+ and contains the odd angular momenta as well. The excitation 
energy of the band head |2M 200) is given by 
h2 
Ee 6.241 
a we a, ( ) 

and clearly contains both a rotational and a -+y-vibrational contribution, the latter 
leading to its name. 

4. the next higher bands. These should be the additional -y bands with K = 4 and 
the one with n, = 1. 


Why does the y band with K = 2 but n, = 0 acquire an energy contribution from 
the y vibration? This is because the moment of inertia around the z’ axis of the 
nucleus behaves as 8B7’, leading to the appearance of a term reminiscent of a 
centrifugal potential in the Hamiltonian of (6.216). This causes a strong coupling 
between rotations and y vibrations and physically expresses the fact that rotations 
with nonvanishing K become possible only in the presence of dynamical triaxial 
deformation. 


6.5.4 Moments and Transition Probabilities 


The collective quadrupole operator was calculated in Sect.6.3.4 and found to be 
given by 


e 3Ze 10 
= ey, = 
eae = (a, V700 


This expression has to be transformed to the intrinsic system, which is carried out 
in Exercise 6.8. The result is 


[a x al.) (6.242) 


Fig.6.9 Structure of the 
spectrum of the rotation— 
vibration model. The names 
of the bands and the quan- 
tum numbers are indicated 
below the bands. 
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Recalling the definition of the quadrupole moment from Sect.6.3.5, we have for a 
state in this model 


+ (D230) + D2 0)) n 


(6.243) 


167 
OK ae 5 (IM =I Kngn,|Q2\IM =I Kngny) . (6.244) 


The result is calculated in Exercise 6.9 to lowest order, 1.e., ignoring the €-dependent 
and 7-dependent parts of the quadrupole operator,; it is independent of ng and n., 
and is given by 


ce — =) 


ix = Qo Cea Or a) 


(eo) (6.245) 


Here 


= 24/5 fy (6.246) 


was introduced as an abbreviation together with the intrinsic quadrupole moment 


3ZeRi, 


J/5n 


The physical import of this equation is quite interesting. In the limit considered, 
the nucleus is a rotating statically deformed shape. The quadrupole moment of 
this shape in its principal axis frame is just given by Qo (note that the correction 
factor (1 +a) is not included). What does the angular-momentum-dependent factor 
describe? For the ground state with J = K = 0 we get Q = 0, and this merely 
expresses the fact that a state with equal probability of orientation of the nucleus in 
all spatial directions is spherically symmetric and shows no apparent deformation. 
For the first excited state with ] = 2 and K = 0 we get Q = —2Q)/7. If the intrinsic 
deformation is prolate, so that Qo > 0, the observed quadrupole momentum in the 
laboratory frame becomes negative, reflecting the fact that a twirled cigar produces 
an oblate apparent shape when time averaged. 

We will not carry out the calculations for the matrix elements of the quadrupole 
operator in detail. Rather we will indicate some general properties apparent already 
from its functional form. Remembering that € and 7 were assumed to be small 
deviations from the equilibrium deformation, we find that the probability of the 
transitions will rapidly decrease with the powers of € and 77 responsible. 

The dominant term is the one containing only @ and no € or 7. Because of 
the latter it cannot connect states of different ng or ny. This must be done by 
the first- and second-order terms. Unfortunately evaluating these in the model as 
presented here is relatively useless, because the terms neglected in the Hamiltonian 
are of the same order (they are mostly caused by the deformation dependence of 
the moments of inertia). Nevertheless we indicate the results in the following. They 


Oh = coe (6.247) 
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can be evaluated straightforwardly by integrating the reduced matrix elements of 
the quadrupole operator. In general we have 


2h +1 


B(E2;1; > i) = Tea 


K¢al edit) a (6.248) 


and a calculation left to Exercise 6.9 yields the final results: 


5 2 
B(E2;]; g.s.band — Jy g.s.band) = 220 (1,21,|0007 +a) , 


B(E2; 1; y—band — I; y—band) = 2g ae 21, |202)(1+a) , 
: 
B(B2;1; 8—band — I, G—band) = Pees Lae, (6.249) 
5 
B(E2; 1; y—band — I; g.s.band) = ae Tae 21, |220)’(1 — 2a ve ; 
oe 
5 
B(E2;1; G—band — Jy g.s.band) = si Te 21, |000)?(1 + 2a Pome OF 


The transition probabilities allow the determination of the intrinsic quadrupole 
moment and thus the deformation itself, whereas the energy spacing in the spectra 
determines the moment of inertia. 

One simple consequence of the transition-rate formulas given here is worth 
mentioning: calculating the ratio of the B(E2) values for the transitions from the 
y-band head to the 2+ and the 0* in the ground-state band, respectively, one finds 
immediately that it is just given by the ratio of the Clebsch—Gordan coefficients: 


(ED Deon (222(022)7 10 


2 pea 6.250 
Oe Oe, (022|022)? 7 oo 


This is one of the Alaga rules. Experimentally, it does not work very well, un- 
less the rotation—vibration interaction is taken into account. As for the harmonic 
vibrator model, it appears that the rotation—vibration model in its simplest version 
contains too high a degree of symmetry, so that many matrix elements vanish and 
slight symmetry violations have drastic effects for the transition probabilities. One 
interesting case is also that of the transitions between the @ and y bands, which in 
this model must come from the second-order term in the quadrupole tensor (need- 
ing a product of a € and an 7 to change the phonon number in both directions), or 
by a corresponding term in the Hamiltonian which leads to a mixing of ( and y 
vibrations in the wave functions. In any case the transitions should be small, and 
this is a noticeable difference from the IBA model. This will be discussed briefly 
in Sect. 6.8.6. 


162 


6. Collective Models 


EXERC SE ee 


6.8 Transformation of the Quadrupole Operator 


Problem. Transform the quadrupole operator to the coordinates 0, €, and 1. 


Solution. By definition, the Euler angles carry the space-fixed variables a2, into 
the body-fixed ones a,,, which have aj) = Jo + € and ay,, = 7 as the only 
nonvanishing components. To go back to the space-fixed system requires the trans- 
formation 


2 DEN ehs «. (1) 


This immediately yields the first-order term in (6.243). For the second-order term 
we note that since the two q,, are coupled to a spherical tensor, it takes only one 
rotation matrix to transform them into the body-fixed frame: 


[a x a]? = Pi | [a aailp (2) 


and it remains for us to evaluate the angular-momentum coupling in the body-fixed 
frame. Considering the nonvanishing components we first calculate 


[a" x a]; = ((222| — 220) + (222|2 — 20))n? + (222|000)(4 +6)? , 
[a’ x a’, =0 , (3) 


f 


(ae im = ((222|0 + 2 + 2) + (222| + 20 + 2))(G) + On 


The Clebsch—Gordan coefficients are given by 
(EP) PNG ae se) == (V2) | a2 0 se 1) 


= ~(222|000) = We (4) 


It is now a simple matter of adding up the terms to arrive at the result of (2.49). 


g2gR, 2S >>> ————— EEE; 


6.9 Quadrupole Moments and Transition Probabilities 


Problem. Derive the formula for the quadrupole moment, (6.245), and the matrix 
elements for the first three formulas of (6.249). 
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Solution. To do this we need two general formulas from the Appendix. The first 
gives all the Clebsch—Gordan coefficients needed: 


SMO = IG 4a) ’ 
(C= eo - 


The second one shows the result of an integral over three rotation matrices: 


[oD%e,cornipe.con Di, 


(121 |M0M) = 


Qa 2 
= py (lial Mi Mats) (b|KiK2K3) (2) 
For the quadrupole moment we need to evaluate 


167 
Qiknn, — 5 — (IM = =i Kngn4|Qoo\[M = = I Kngn,) ‘ (3) 


In the case where the vibrational quantum numbers of the initial and final states 
are the same, the €-dependent and 7-dependent parts do not contribute, so that the 
quadrupole operator is reduced to 


3Ze . 
Org > REDO Bl +a) . (4) 
An 


Introducing the intrinsic quadrupole moment we have 
Q = Qo(1+a)UM = IKngn,|D&*\IM =IKngn, . (5) 


The vibrational parts drop out because of normalization, so the matrix element 
becomes, after insertion of the rotational wave function, 


meal 
= il ——___—_. 
ie dca) 
x / da ( DEUX + (-1! DE \DY" (DUE + (-D! Di). (6) 


For K = 0 the integral becomes 
TD) 2)* W(D* 
4 / COLL OOD (7) 


whereas for K # O there are four terms containing the different combinations of 
K and —K. In the integration the mixed terms vanish because of (2), and the other 
two terms are equal. If we take into account the factor with 6xo the net result for 
both cases is equal to 


Q=Q)(1+a)(I2I|101)(21|KOK) . (8) 
Finally, the Clebsch—Gordan coefficients can be inserted, 


[372 — 10 + 1)] [3K? -10 + 1] 


ie ee Oe) (9) 


(21 |101)(121|KOK) = 


and simplifying this fraction leads to the desired result. 
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Now for the calculation of the transition probabilities. The procedure is quite 
similar to that for the quadrupole moment. First examine the transitions within a 
band, i.e., again ignore vibrational excitation. The calculation is then practically 
identical to the one for the quadrupole moment, except that the initial and final 
states have different angular momenta, and that we need a reduced matrix element: 


(Ip|[DO ||L:) (:21y Mi My) 


= fi Ge + 1) (1 - Ae) 


1672 
x [ee (Dip + (1 DIP « |DY (DWE + (1)! DY", ) 


(+1) +1) gq? 
= $$ ——_(];2], |K OK ) ;21|M;i uM. : 10 
cae my 1 2h ) G25 | ipt i) (10) 
Here the last Clebsch—Gordan coefficient drops out in the reduced matrix element, 
and inserting this into the general formula leads to the given result. 
For a transition accompanied by a change by one phonon in the ( vibrations, 
the contributing parts of the quadrupole operator are given by 


z 5 ote 4 /5 
Q = eq OP ro Bo (« ar Te <0 


5 ee . 
= je 20h Dio (+ 2aye , (11) 


and the integral over the Euler angles is as before, only with different angular 
momenta appearing in the result. For the €-vibrational part one may use second 
quantization: 


- h at A 
Some: CO (12) 


For the transition between the ground state band and the ( band the creation 
operator contributes a matrix element of 1, so that above operator gets a contribution 


of 
hg [3h 
NOE) Te ge, (13) 


leading to the final result. 

For the transition from the y to the ground-state band the calculation is sim- 
ilar. Because the wave function in this case, (6.231), cannot be simply replaced 
by second-quantization expressions, the integral over the wave functions has to 
be evaluated explicitly. This is mainly a matter of looking into function tables 


like [Ab64] and integral tables such as [Gr65a]. The n-dependent zero-point wave 
function is 


xo0(n) = /An| e-""/? Fy (0,1, An?) (14) 
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and that for the -y-band head is 


x20(m) = Av/|n| ne"/? 1, (0,2,An?) (15) 


For the purpose of evaluating integrals, for example, the confluent hypergeometric 
function is too general; using more specific functions usually makes a much larger 
variety of integral formulas and recursion relations available. In this case we find 
that the appropriate special case is 


1F\(—n,a + 1,x) = (1Y n! LO) (16) 


with L‘°(x) a Laguerre polynomial. The integral to be evaluated now becomes 


J an xo0ten nxaotn) =? far xe PELE), (17) 
—oo 0 


where x = Ax” was substituted and the symmetry of the integrand used. In [Gr65a] 
we find the integral 


[ou eo pats L(x) LP)(x) = Gijer (a + B)! (° i” ") ee a (18) 
0 


which in our case yields unity and a final value of 


1 Pe 
a 19 
X 2Bw-y a 


for the total integral. Taking into account that now the part of the quadrupole 
operator proportional to 77 is 


, Geum ee : 
0 = J 065" (ep +d) (1 —2a)n , (20) 


leads to the desired result upon insertion of the integral and addition of a factor of 
two for the two contributions ps = +2, which turn out to be identical. 
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6.10 *33U in the Rotation—Vibration Model 


Problem. Apply the rotation—vibration model to the nucleus **8U using the subset 
of experimental data given in Fig. 6.10. 


Solution. First use the band heads to determine the energy parameters. From the 
energy of the first 2+ state we get 


GeV fm? 
A ENE Gee C=" (1) 
Up ee 


A more understandable number is obtained by dividing this result by the total mass 
of the nucleus: 


Jone (2) 

Am 
Note that the /(/ + 1) rule in this case holds quite well up to the 10* state, the 
highest one given here, which should be at 0.825 MeV instead of the 0.776 MeV 
found experimentally. To find an even better overall description of the band, one 
might use a least-squares fit of the total band instead. 

The other band heads give the parameters hwg = 0.993 MeV (from the second 
Ot state) and 


h2 
hud, = Ey— 7 = 1.018 MeV, (3) 


so @ and y vibrational frequencies are comparable. 
The ground-state deformation can be calculated from the transition probability 


x 285 


B= B(E2; 0; > 27.) (ae 


is (022|000)? (4) 


Remember that you have to be careful which direction of the transition is given: 
the B(E2) values 1; — Ip are those for ly — J; multiplied by (I, + 1)?/(U; + 1). 

Leaving out the term in a, as it provides only a minor correction, and using 
(022|000) = 1 (this is a trivial Clebsch-Gordan coefficient; it says that a tensor of 
angular momentum 2 multiplied by a scalar is still a tensor of angular momentum 
2), we get 


16 
0 = VB = 10.84eb (5) 
and taking into account the definition of Qo 
An 
=— vB . 
2 3ZeR? (6) 


Inserting B= 11. 7e7b = 17 x10" tim and ey ee ak leacione 
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1.077 


0.776 


0.518 


0.307 


0.148 
0.045 
11.7 


Ca — 0 282 ae (7) 


This corresponds to quite a large ground-state deformation, supporting the view 
that this nucleus is a strongly deformed rotor. 

Now that the parameters of the model have all been determined one may check 
what the predictions for the other observables are. For the transition to the @ band 
there is a very simple factor if the correction in @ is again neglected: 

3h 


PB? Ou 2° F(R? Or ot) 079 eb CC, (8) 
ts B g.s. g.S. 2we J 


The transition to the y band also involves only trivial Clebsch—Gordan coefficients: 


3h (022]022)? 
ot Ne ot uy Paani 
B (E2; ON. ed 2no) = 5 (E2; Os, = Te) Us (022/000) 


= 158e bo (9) 


Both of these-ate too large by about an order of magnitude, showing that the wave 
functions of this simple model should be mixed by, for example, the rotation— 
vibration interaction. 

It is interesting to compare the moment of inertia determined from the rotational 
band with the classical rigid-body value. For a rotation about the y axis in the body- 
fixed frame the moment of inertia is given by 


i ar po (x? +27). (10) 
Volume 


This can easily be evaluated to first order in So using the methods for such integrals 
developed before (for example, Exercise 6.1); note only that 


4 
x= yf Zr (ri - F-) z= fr Yoo) (11) 


although in this case it is probably easier to insert the explicit expressions for the 
spherical harmonics. The result is 


Fig. 6.10 Lowest experimen- 
tal bands for the nucleus “8U 
with selected transition prob- 
abilities. The energies writ- 
ten next to the levels are in 
MeV and the B(E2) values 
(next to the transition arrows) 
in e* b’, Note that the arrows 
indicate the transition direc- 
tion for the B(E2) values. 
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Fig. 6.11 Cut of the Wilets— 
Jean potential along the G di- 
rection. The potential is to- 
tally independent of y and 
thus possesses axial symme- 
try. The potential parameters 
are illustrated as discussed in 
the text. 
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The first term in parentheses corresponds to the moment of inertia of a sphere, 
while the second one indicates the increase with deformation, Inserting numbers 
for the special case of 7*8U, we get 


Uoed = ie (ls Seed oe (is) 


Comparing the factors in parentheses to the value of 3.88 from experiment, we 
see that the contribution for the spherical nucleus is much too large, whereas the 
deformation-dependent part is also off by a factor of two. That the classical result 
for a sphere cannot be correct is already to be expected from the fact that a sphere 
cannot rotate in this model; however, this result also suggests that the rotation of 
the nucleus is not like that of a rigid body. Only a fraction of the nucleons must 
actually participate in the motion, probably associated with the part of the shape 
deviating from the sphere. 


6.6 --Unstable Nuclei 


There is another special case in which an analytical solution of the collective model 
is possible. This is the so-called y-unstable case, which was discovered by Wilets 
and Jean [Wi56]. In this model the potential-energy surface has a minimum at a 
finite G, which is totally flat along y, effectively producing a ring-like structure in 
the (G, y) plane. Nuclei that can be interpreted in this way are typically found in 
the region Z > 52, N < 80. As this model has not been widely used, we only give 
a brief sketch. 
The specific form of the potential is 


Bo 
ep 
This potential is illustrated in Fig. 6.11 

The three parameters determining the potential are the stiffness, C, in the GB 
direction at the potential minimum, the location {> of the minimum, and the po- 
tential depth D. (The fourth parameter of the model is the mass parameter B with 
the usual meaning). 


For this potential the Hamiltonian can be written in the intrinsic system as (see 
(6.218)): 


1 
VB, = VB) = 5c (a+ - 266) —D , (6.251) 
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As there is no symmetry axis in this problem, its eigenfunctions must be set up as 
expansions over K values, analogously to the treatment of the asymmetric rotor, 


¢ 


| ST Se 
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if 


So tk Dux (6), (6.253) 
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and this leads to a separation of the G-dependent and y-dependent parts. 
The actual calculation of the wave functions is quite lengthy, so we give only 
the results for the spectrum. The eigenvalues are given by 


[B el 
en 4) a (n con 50) —iCfj-—D (6.254) 


with 


o\ = 5 vBC Be +(QA+3) . (6.255) 


The quantum numbers are the numbers of phonons in the @ direction and a seniority 
quantum number A, both with values in 0,...,00. The allowed angular momenta 
for a given combination (ng, A) are limited by 2 and some are omitted because of 


Fig.6.12 The schematic en- 
ergy spectrum of the Wilets— 
Jean potential. 
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symmetry requirements, as in the case of the harmonic oscillator (mathematically, 
in fact, the present Hamiltonian can be related to the harmonic oscillator quite 
intimately, the only difference being the presence of the centrifugal-type term in 
G-*). In Fig.6.12 we show the resulting energy spectrum schematically: on every 
band head given by a fixed number of 7 phonons there is a sequence of states built 
with different seniority \ and a set of allowed angular momenta. 


6.7 More General Collective Models for Surface Vibrations 


6.7.1 The Generalized Collective Model 


The types of surface motions considered up to now have been confined to three 
limiting cases: the pure harmonic oscillations around a spherical equilibrium shape, 
the rotations and vibrations based on a well-deformed ground state shape, and the 
y-unstable case. 

Although the rotation—vibration model describes a large class of nuclei quite 
well and the spherical vibrator is at least approximated by some nearly magic 
nuclei, the large majority of nuclei do not fit particularly well into one or the other 
of these quite abstract cases. Most nuclei with a spherical ground state do not 
show the full degeneracy in their spectra expected for a pure harmonic oscillator. 
Thus anharmonicities in either the potential or the kinetic energy have to be taken 
into account. For the deformed nuclei, again the minimum will usually not be so 
deep that the potential can be approximated by a harmonic oscillator in the € and 7 
variables. Add to this the more exotic possibility of nuclei possessing more than one 
minimum in the potential-energy surface, and it becomes clear that there is a need 
to extend the collective model approach to much more complicated Hamiltonians. 

Such an extension must allow for a larger class of functional forms for the 
terms in the Hamiltonian. Starting with an unspecified form such as 


A =F (any, My Ci, C2, .-., Cw) 5 (6.256) 


with N parameters C;, it is clear that the specific form must be carefully selected to 
minimize the number of unavoidable parameters. In nuclear physics there are not 
usually enough data to determine a larger number of parameters, and in any case 
fitting a model with an excessive number of parameters to an experiment makes 
the results of dubious value. 

The belief that “anything can be fitted with a sufficient number of parameters”, 
however, also oversimplifies the situation, because the data are usually strongly 
correlated. In a collective model, for example, there will be bands of the types 
we have discussed, and it should require a very strange potential energy surface to 
produce a sequence like 0F —4* —2* built on the ground state! The danger is rather 
that if too many parameters are used, some of them will not be determined by the 
available data, and the theorist then has to be careful not to “predict” features caused 
by accidental values of these parameters. Thus it could happen that a secondary 
minimum appears in the (G, 7) plane, which does not affect the observed properties 
of states which are really seen experimentally and are all located in the ground 
state minimum: such a secondary minimum should not be taken seriously. 
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An even more important consideration historically was the need to be able 
to actually solve the model with the computers available at the time. Any more- 
general Hamiltonian certainly requires numerical diagonalization and the existence 
of a suitable set of basic functions plus a method for evaluating the matrix elements. 
These requirements already restrict the available models considerably. 

An additional, more theoretical consideration is that of whether to construct 
potentials in the principal axes or the laboratory frame. In the former case, rota- 
tional invariance simply implies that the potential (and mass parameters) should 
not depend on the Euler angles, so that an arbitrary function V (3, y) could be used. 
With the symmetries in the (G, y) plane (see Sect. 6.2.4), however, it is clear that 
V(G,y) must be invariant under the transformations 


Dag 
VY DP ers : (cs 7) 


and this can be fulfilled simply by making the potential depend on cos(37) instead 
of on ¥ itself. A useful form for the potential might thus be 


V(B,7) = >- Vy Bi cody) . (6.258) 


i j=0 


The term for i = O has to be excluded for j # 0, because it would have an 
indefinite limit for G — 0. 

In the laboratory frame, on the other hand, a scalar potential can be constructed 
by explicit couplings to zero angular momentum. Gneuss and Greiner [Gn71] used 
an expansion up to sixth order: 


V(a) = C)[a x a]? + C3 [a x [a x al] + Cy ([a x a)” 
+ C5 [a x [a x af)’ [a x al? 
+ Co ([o x [a x ar’) +De(laxal) . (6.259) 


It appears that many more terms with different intermediate couplings are possible 
for constructing a tensor of zero total angular momentum and prescribed order in 
a, but it can be shown that all of these may be reduced to powers of the two basic 
tensors [a x a]° and [a S lier x al?) [No68]. 

In both cases a polynomial expansion is used. The reasons for this are not based 
on any fundamental requirements, an arbitrary function like f(3) or g({a x a]°) 
being rotationally invariant; however, the matrix elements of polynomial terms are 
easiest to evaluate. Hess and collaborators [He80,He81] used the basis functions 
of the harmonic oscillator given by Chacofi and Moshinsky [Ch76a,Ch77a] in 
the (G,-y) representation, whereas Gneuss and Greiner used a basis built up by 
continuing the construction in the laboratory system given in Sect. 6.3.2 to higher 
excitations. 

In both cases one has to consider how many terms to take for the potential. We 
give this line of reasoning for the Gneuss—Greiner potential. Writing their potential 
in 6 and ¥, 

V(B,y) = Cz? + C3B* cos(3y) + Cy" 

+ C1? cos(3-y) + CéB° cos?(3y) + DEB*  , (6.260) 
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Fig.6.13 A gradual _tran- 
sition of the potential en- 
ergy surface from a spheri- 
cal vibrator (left) to a well 
deformed nucleus (right), 
shown through the plots of 
the potential along the ay 
axis above, leads to a smooth 
restructuring of the spectra 


as shown in the lower part. 
The dashed lines indicate 
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where the constants were renamed to primed ones to absorb all the complicated 
numerical factors from the angular-momentum coupling, it is possible to discuss the 
flexibility inherent in this expression. To prescribe the properties of a minimum in 
the potential (location in f and y, depth, and curvatures in both directions) requires 
five parameters, so it is clear that the six parameters in the above expression are 
sufficient to fix details of one ground-state minimum, but for the description of 
two minima there is much less freedom for fixing details. One should thus not 
expect too much detail from such a description. Nevertheless, this model proved 
to be quite useful in describing nuclei intermediate between spherical vibrator, 
deformed rotor, and triaxial nuclei, and in fact the gradual transition between these 
limiting cases can be shown in a convincing way. Fig. 6.13 shows an example of 
such a chain, in which the gradual development of the rotational bands out of the 
vibrational equidistant spectrum can be followed. 

Up to now we have only discussed the potential energy and assumed that the ki- 
netic energy is something trivial like the harmonic kinetic energy of the quadrupole 
oscillator. Microscopic theories indicate that this may be far from the truth, Gy, 
that the kinetic energy may show as complicated structures as the potential energy. 
Adding terms to the kinetic energy poses special problems, though. 
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|. A more complicated kinetic energy adds more parameters, which may be dif- 
ficult to extract from experimental data. 


2. There is a certain ambiguity as to what structures should be put into the kinetic 
or potential energy. For example, the transformation a «+ 7 leaves the spectrum 
of the Hamiltonian invariant, but transforms a Hamiltonian with a simple kinetic 
energy and a complicated potential into one with the opposite characteristics. 
More complicated canonic transformations may be devised that mix coordinates 
and momenta and leave some part of the observable data unchanged. The crucial 
quantity not reasonably transformable in this way is the quadrupole operator, 
which must always contain the true deformation coordinates, but B(E2)-values 
and quadrupole moments are often not specific enough to allow the elimination 
all the ambiguities. 


3. From a practical point of view, the potential provides an easily understandable 
description of nuclear structure: minima are assigned to ground or isomeric 
states, stiffness determines vibrational excitation energies, and barriers hinder 
transitions, etc. The kinetic energy plays a much less transparent role. 


For all of these reasons, most of the studies using the more complicated Hamilto- 
nians were based on a simple kinetic energy, usually of a purely harmonic type, 
and all the more complicated effects were assigned to the potential. 

How is such a model actually applied in practice? A full computer code for 
fitting the model to experimental data is published in [Tr91b]. Because the gen- 
eral procedure followed is characteristic for many numerical solutions in nuclear 
structure physics, it is useful to take a closer look. The computer code solves the 
problem in the following steps. 


1. Generate a set of basis functions. For the basis in this case the eigenfunctions 
of the harmonic quadrupole oscillator are used. The infinite set is truncated 
by allowing a maximum phonon number, which is equivalent to an energy 
cutoff. A general rule is that the less similarity there is between the harmonic 
oscillator potential and the potential to be calculated, the more basis functions 
are needed.,The result of this step is a set of functions |i), i = 1,...,M, where 
i just counts the wave functions as an index in the computer and stands for the 
full set of quantum numbers N (1), etc. 


2. Calculate the matrix elements of the Hamiltonian, i.e., (iJ |j),i,j =1,...,M. 
This can be done by general formulas in the case of polynomial terms in the 
potential (for example, by expanding the momenta and coordinates into their 
second-quantization representation), but requires many complicated manipu- 
lations because of the symmetry and the angular-momentum coupling. It is 
important for the practical numerics that the Hamiltonian is scalar, so that the 
matrix elements vanish between states of different angular momentum or pro- 
jection. In this way the total matrix splits up into submatrices for fixed angular 
momentum, and for each of these only a given projection need be considered — 
in practice one works with the reduced matrix elements instead. The net result 
is a numerical matrix of dimension up to typically several hundred, for each 
angular momentum. 


3. Now a numerical algorithm for matrix diagonalization is used to determine the 
eigenvalues and eigenvectors. To each energy eigenvalue E, is associated a 
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Fig. 6.14 Systematics of the 
low-lying states in the chain 
of Mercury isotopes. The 
States interpreted as belong- 
ing to a rotational band are 
indicated by open circles, 
and those belonging to a vi- 
brational band by filled cir- 
cles. Note that the secondary 
rotational band interpreted 
as being built on an isomeric 
secondary 0* state goes 
up in energy rapidly with 
increasing neutron number 
{Ha89]. 


vector of coefficients a,; giving the expansion of the eigenvector in the basis 
set |Z). 

4. The spectrum being given by step 4, it remains for us to calculate the other 
observables such as, for example, the B(E2)-values. This is now simply a matter 
of calculating the matrix elements of the quadrupole operator in the basis states, 
(i{|Q||7 ) and then summing over the expansions of the eigenstates of the full 
Hamiltonian: 


(kG 1K’) = Se asag; (k |OUR") (6.261) 
ij 


5. The results of the model for a fixed set of potential parameters are known at this 
point, and one has to compare them with experiment and then try to adjust the 
parameters to make the agreement better. In the computer code of [Tr91b] this 
is done through an algorithm for minimizing the x7 deviation between theory 
and experiment; the weighting of the different pieces of data for the x” value, 
however, as well as the selection of an appropriate starting set of parameters, 
still needs human judgment and experience. 


As an example of the type of analysis possible with this model we show the fit 
for the energy levels of some even-even Mercury isotopes in Figs. 6.14-18. These 
isotopes are especially interesting because there is evidence for shape isomerism, 
1.e., the existence of a secondary minimum in the potential-energy surface at a 
different deformation, which supports additional bands that do not fit into the band 
structures related to the principal ground-state minimum. The results illustrate also 
the limits of such a phenomenological model: one has to be very careful in the 
interpretation of the fitted potential-energy surfaces. 


Energy/MeV 


182 184 


186 188 190 192 194 196 
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The position of the isomeric minimum can be determined with confidence only 
if the experimental data that underly the fit contain such information. If transitions 
within the band built on the second minimum have been observed, one can extract 
the absolute value of the deformation, but not its sign; if only the spectrum is known 
the position of the minimum becomes highly uncertain and only the identification 
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of a rotation—vibrational, y-unstable, or spherical vibrational spectra may offer 
clues as to its location. The fitting procedure will in these cases use the position 
of the minima in order to adjust finer — and probably unimportant — details in the 
observed data. Note that in the isotopes fitted, a secondary minimum appears only 
where the data demand it — there is no extrapolation from one isotope to the next, 
although one could in principle extend the model to encompass a smooth variation 
of collective behavior through such isotope chains. 


Fig.6.15 Collective poten- 
tial-energy surface of ‘Hg. 
For a description see Fig. 
6.18. 


Fig.6.16 Collective poten- 
tial-energy surface of '**Hg. 
For a description see Fig. 
6.18. 
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Fig.6.17 Collective poten- 
tial-energy surface of “*°Hg. 
For a description see Fig. 
6.18. 


Ay 


Fig. 6.18 Collective potential-energy surfaces describing the spectra and transition probabil- 
ities in the lighter of the Mercury isotopes [Tr91a]}. On the left, isolines show the general 
layout of the minima, while cuts through the surfaces for y = 0° and y = 45° (the approx- 
imate angular position of the second minimum) show quantitative detail on the right. Note 
also the required symmetry around y = 60°. In all the isotopes there is a second minimum 
in the potential-energy surface, which is located in the triaxial plane and rises slowly with 
mass number. The transition probabilities from this minimum to the ground-state minimum 
have not been observed yet, so the precise location of the minimum remains uncertain. As 
the heavier isotopes show no deformed band, the fit does not lead to a secondary minimum 
there and the surfaces are less interesting, so they are not shown here. 
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6.7.2 Proton—Neutron Vibrations 


Collective states corresponding to relative motion between the protons and neutrons 
have long been known in the form of the giant dipole resonance to be discussed 
in Sect. 6.9. There are, however, also lower-lying collective states which may be 
interpreted in terms of the so-called scissor mode illustrated in Fig. 6.19. 

The natural way of generalizing the collective model to deal with such states 
is to introduce separate deformation variables for protons and neutrons, Ou and 
@,,- These must, be coupled strongly, because the symmetry energy leads to a 
strong increase in energy when the two types of particle are separated spatially 
(for a quantitative discussion see Sect. 6.9). It is therefore more useful to introduce 
center-of-mass and relative coordinates according to 


1 
Or, = ZZos, +Na5,) » by = Ay Oy, - (6.262) 


One may then assume that vibrations in &,, will be of small amplitude and can be 
described by a stiff harmonic oscillator. The total Hamiltonian is constructed as 


H = ae) a Hie) ur ee aati (es S) ¢ (6.263) 


The spectrum of this total Hamiltonian is built up out of the spectrum of Hem. 
which just contains the usual collective states, coupled to the 0* ground state of €. 
At an energy of Awe above that, the spectrum is repeated, but with a richer structure 
caused by the coupling to the 2* first excited state in €, and so on. A particularly 
interesting point in this model is that it not only predicts the existence of scissor- 
vibrational states, but also allows magnetic transitions in the low-energy spectrum, 
if the coupling part Hecmtnr is nonvanishing. Normally the collective magnetic 
moment of the nucleus is given by MZ = (Z /A)gn L, because it is implied in the 
model that protons and neutrons move together, so that the magnetic moment is 
given by the fraction of protons in the nucleus times the magnetic moment of the 
proton, the magneton, One can show, however, that the interaction between a and 
& leads to a more general tensorial g-factor with the magnetic moment given by 
[Ma75] , 


a 


A Ji ow 
Miy = [only + [a x L] (6.264) 
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and this is no longer diagonal, so it can cause transitions. 


6.7.3 Higher Multipoles 


In a similar way the model can be extended by allowing an additional octupole 
deformation a3,, or even a hexadecupole a4,,. Again the Hamiltonian can be set up 
as a sum of the Hamiltonians of each multipole by itself, plus additional coupling 
terms. Mathematically this can be carried out relatively simply only for a spherical 
ground state, although even there the construction of the vibrational states in these 
higher multipoles is much more complicated. One may also consider a strongly 
deformed nucleus with the possibility of octupole vibrations added: then the oc- 
tupole has to be described in the principal axes frame and leads to the existence 
of a seven-dimensional oscillator added to the usual rotation—vibrational model. 
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Fig.6.19 The scissor mode 
corresponds to a relative os- 
cillation of protons vs. neu- 
trons, which is shown here 
with an exaggerated magni- 
tude. 
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A problem with all of these generalizations is that the model necessarily con- 
tains a larger number of unknown parameters, so that the presently available ex- 
perimental data can be easily fitted, but do not allow a unique determination of all 
the parameters or a strict test of the models. 


6.8 The Interacting Boson Model 


6.8.1 Introduction 


We already discussed the geometric collective model which interprets the collective 
low-energy excitations of even-even nuclei as surface vibrations. This model is 
based on the geometrical picture of the nucleus as a liquid drop and neglects the 
internal nuclear structure as described by, for example, the shell model. 

Furthermore we saw in Sect.6.3.2 that certain types of collective excitation 
spectra can be formally described in terms of boson creation and annihilation 
operators for quadrupole phonons. From the point of view of the shell model one 
may think of these quadrupole phonons as the projection of the fermion space 
onto a collective bosonic quasiparticle subspace. For example, pairs of fermions 
may preferentially couple to total angular momentum of zero or two, and these 
pairs may to some approximation act like bosons. Assuming the appropriateness 
of this boson picture one can start phenomenologically by defining some bosons 
and setting up a general form for the Hamiltonian, with the model parameters to 
be fixed by adjusting them to get a satisfactory agreement between calculated and 
experimental data. This later stage of the model is quite similar to the geometric 
model, especially in its generalized form as discussed in Sect. 6.7.1, although with 
some interesting differences in detail. 

Such a boson theory is the interacting boson model (IBM) [also known as 
the interacting boson approximation (IBA)}, first proposed by Arima and Jachello 
[Ar75, Ar76]. An equivalent model, formulated slightly differently, has been pro- 
posed earlier by Janssen, Jolos, and Dénau [Ja74]. A very readable review of many 
aspects of the model can be found in the book [Ia87] and the review [Ca88], which 
the reader is advised to consult on any matter going beyond what is covered here. 
It will also help on the understanding of this model, especially its microscopic 
interpretation, if the reader has some acquaintance in with the material presented 
in Chap. 7. 

The IBA includes two types of bosons with angular momentum L = Ohi (s 
bosons) and L = 2h (d-bosons). The energy of each free boson is €, and €,, 
respectively. Motivated by the shell-model, we interpret these bosons as valence 
nucleon pairs counted from the next closed shell, i.e., the bosons are built up out 
of pairs of particles for less than half-filled shells and — due to the particle-hole 
equivalence (see the end of Sect. 7.3.2) — out of pairs of holes for more than half- 
filled shells. More involved versions of the IBA distinguish, for example, between 
proton and neutron pairs (“IBA2”, [Ar77,Oh78}) or include f bosons with angular 
momentum L = 3h describing octupole degrees of freedom (“sdf-IBA”, [Sc78}). 
Another extension consists in the introduction of angular-momentum-four bosons 
(g bosons) has done by many authors; we refer the reader to [Ca88] for details. For 
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this book we concentrate on the simple IBA (now often called “IBA1”), deferring 
the more involved versions of the model to a brief discussion later. 

In order to clarify the definition of the bosons we give two examples. First 
consider a Osi the next closed shell for neutrons as well as for protons is 50, 
resulting in 12 neutrons (or 6 neutron bosons) and 2 proton holes (or | proton 
boson), for a total of 7 bosons. Another example is 126 Gdoo: the next closed shell 
for protons (neutrons) is 50 (80) resulting in a total of 14 + 12 valence nucleons. 
Hence this isotope possesses a total of 13 bosons. 

The interpretation of the bosons as pairs of nucleons in the valence shell is also 
the reason for one fundamental difference from the boson of the geometric model: 
in the IBA the number of bosons is fixed and given by the number calculated from 
the microscopic structure as in the examples. Thus for the description of collective 
states in one nucleus only eigenstates of the Hamiltonian fulfilling ns + ng = N 
should be considered. This opens a very interesting possibility for this model: 
one may try to fit neighboring nuclei with the same Hamiltonian, varying only the 
number of bosons N.. This has been successful in some cases. In comparison, in the 
geometric model there is no direct relation to nucleon number, but often a smooth 
variation of the potential-energy surface from one isotope to the neighboring one 
has been found. 

Formally the states of the IBA are described in an occupation-number repre- 
sentation using creation operators at, $1 and annihilation operators d,,, § with the 


subscript 42 denoting the angular-momentum projection (u = —2,...,2). These 
operators must fulfil the usual commutation relations 
essere (dia! oe (6.265) 


with all other commutators vanishing. The total boson-number operator is given 
by 


N=) did, +stssarta, . (6.266) 
a, 


For the Hamiltonian a general form is selected with due consideration of invariances 
and limited to a reasonable number of low-order terms. The invariance requirements 
are: 


® boson-number conservation — the eigenstates must be eigenstates of N also: 
[epee | Oe (6.267) 


Practically this can be achieved by having as many creation as annihilation 
operators in each term. 


e angular-momentum conservation 
[ei Lael =o (6.268) 
As for the geometric model, this simply requires that all terms be explicitly 
coupled to a total angular momentum of Zero. 


The definition of the angular-momentum operator is identical to that for the geo- 
metric collective model (see Exercise 6.3), it is only by convention written slightly 
differently: 
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f= V10 ja" x a} (6.269) 


Bb 


with the definition dy = (Gy This is necessary because dy, is not a spherical 
tensor (cf. the same discussion concerning a2,, and 72, in Sect. 6.3.3). The s boson 
of course does not contribute to the total angular momentum. 

Note: In the IBA literature it is common to use a notation for the scalar product of 
two spherical tensors of the same angular momentum. It is defined as the standard 
coupling to a resulting angular momentum of zero, but without the denominator 
/2L + 1 present in the Clebsch-Gordan coefficients, so that 


it 
Ee Te a= SCs. . (6.270) 


m=-L 


The square of a tensor operator is analogously defined as 
- L 
OO EEE Ee VAY TETAS es EST (6.271) 


In the last step ual = (-1)” TE was used. 


—m 


6.8.2 The Hamiltonian 


One of the confusing things about the IBA for the newcomer is the coexistence 
of quite different formulations of the Hamiltonian. The two most widely used are 
based on multipole operators and upon the simplest second-quantization expansion, 
respectively. Naturally, the terms of both formulations are not simply identical, but 
are rather related by linear combination: this means that the coefficients are also 
related by a linear transformation. 

The simplest form of the Hamiltonian is that based upon the phonon-number 
conserving terms, but with angular-momentum coupling also taken into account. 
For reasons of simplicity only one- and two-body terms are taken into account. With 
these restrictions the most general Hamiltonian can be written down immediately: 


Higa = €,N; + €4ng 


+ =Up (ststss) (6.272) 
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Remember that d,,, not d,,, is a spherical tensor. The analogous definition for the s 
boson was only introduced to have a symmetric notation for both types of bosons; 
this is not really necessary since we have simply 5 = §. 

Only even angular momenta appear in the sum on the second line, since the 
other couplings vanish. This can be seen by exactly the same symmetry argument 
that led to the nonexistence of odd angular momenta in the two-phonon states of 
the harmonic oscillator (see Sect. 6.3.2). 

The number of parameters of this Hamiltonian appears to be nine, but can be 
reduced using the condition of a fixed total number of bosons N, which implies 
that terms depending on the number of s bosons, n,, can be rewritten in terms of 
ng. Making use of this constraint and restructuring yields 


n 1 
Apa = €;N + 5 oe —1)+€Ng 


ies P ene Be 
+ Vo (ar x at]? x [8 x S]" + [st x st]? x [a x a | , (6.273) 
where we used the definitions 
1 1 
= (Gp = 6) SO = ON | was 
€ = (€g alos 2( ) 5 o( ) (6.274) 
and 
CL = Cr+ Up6r) —2U261._—- (6.275) 


This result can be derived by trying to express all combinations of $'s = A, through 
N — fig; for example, the last term of (6.272) can be rewritten as 


—3t3ts§ = —A,(A, -— 1) (6.276) 


which can be shown either from the commutation relations or by simply noting 
that the particle-number operator in front of an annihilation operator “sees” a boson 
number reduced by 1. For the rest, the calculations are lengthy, because one has to 
explicitly expand the angular-momentum couplings to incorporate terms with Aj 
in those proportional to Co and C. 

Since we are only interested in excitation energies, we can drop the first two 
terms, which contribute only a constant energy for a given nucleus. Thus six pa- 
rameters are left for the IBA1 Hamiltonian in this form. 

The last formulation to be discussed, and probably the most useful one for 
physical purposes, is the multipole form. Define a set of multipole operators via 


yee EE 
i= [Bl xa] ee >. (6.277) 
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which are directly related to the number of d bosons 


ree SIs (6.278) 
and the angular-momentum operator 
Ley 10 Tiere (6.279) 


In addition the set includes a quadrupole operator 


F a ne ae 
Or, = (ats +5'4,,) = by (6.280) 


and the so-called “pairing operator” 
A 270 
p=4([axd] - 38) (6.281) 
In terms of these the multipole form of the Hamiltonian is given by 


A = € Ra ar aoP' P oP alle + wo ar ae + ante : (6.282) 


The new set of coefficients is again related to those of the other formulations by 
linear transformation. In the literature, different sets of parameters distinguished 
by name and numerical factors can be found and the reader should refer to the 
specialized literature, notably [Ia87] and [Ca88], for details. 


6.8.3 Group Chains 


The next step is the determination of the eigenfunctions and eigenvalues, for which 
group-theoretical methods turn out to be extremely useful. Starting from the max- 
imum symmetry group of the IBA Hamiltonian, which will prove to be U(6), we 
construct a chain of subgroups, as introduced in Sect. 4.2. The eigenvalues of the 
Casimir operator(s) of each subgroup serve as quantum numbers and classify the 
eigenstates completely. 

In the following, we will not give all the details of the calculations, because 
space does not allow the presentation of all the required group-theoretical methods 
in this book. We thus give only an overview of the developments; although it 
requires a deeper understanding of group theory to derive the Casimir operators 
and quantum numbers in each case, it is relatively trivial but laborious to check 
the formulas given. Examples of this may be found in Exercises 6.11 and 6.12. 

What is the symmetry group of the IBA? We note that the 36 operators dta,, 
als, std,, and $'§ are the basic transformations for shifting a particle in a six- 
dimensional space spanned by the five states of the d boson with different projec- 
tions and the one state of the s boson. Recalling the discussion in Sect. 4.3, it is 
clear that they will constitute the 36 generators of the group of transformations in a 
six-dimensional wave-function space, i.e., U(6). It is, however, much more useful 
to consider the angular-momentum-coupled products instead, which are given by 


ist x 8]? [at x]? [st x a] [at x a] 


[at a] fat x il’ [at x (6.283) 


3 
pe 
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Counting the number of projections in each case shows that the total number of 
independent terms is still 36. This defines the Lie algebra of U(6). 

Note that in the following derivations we will, as in Sect. 4.3, use angular- 
momentum operators not containing the physical scale factor h. 

The maximum symmetry group of the IBA Hamiltonian thus is U(6), and 
we now look for all the allowed chains of subgroups, which with their Casimir 
operators allow a complete classification of the eigenstates of the U(6). The easiest 
way is to construct the subalgebras of the Lie algebra by selecting smaller sets 
of operators from the Lie algebra given by (6.283), i.e., find smaller sets of linear 
combinations of these operators closed under commutation. 

In Sect. 4.3 it was mentioned that a physically reasonable group chain should 
involve the groups O(3) D> O(2) to ensure the existence of angular-momentum 
quantum numbers (this already hints that [dt x dy’ should be included in the 
subalgebra). It can be shown that only three chains of the form U(6) D --- D 
O(3) D O(2) are mathematically possible. The associated algebras can be obtained 
as follows. 


A: Removing the 11 operators connected with the s boson we obtain 25 opera- 
tors of the form [at x aly which form the algebra of U(5). This is evident, 
because these operators just generate transformations in the five-dimensional 
subspace of the d bosons. The resulting space is quite analogous to that of 
the bosons in the vibrator model and it is thus not surprising that this case of 
the IBA describes vibrational nuclei. The next step is to discard the symmetric 
operator products, which are the ones with even angular momentum. Remoy- 
ing thus the 15 operators of the form [dt x d\k, with L = 0,2,4, we are left 
with 10 antisymmetric generators, which according to Exercise 4.3 generate the 
group O(5). Finally we drop the 7 operators of the form [at x allen leaving 
the angular momentum operators [at x d Ip) which generate O(3) D O(2). This 
completes the first group chain: 


UGS UG) 20 )es) OC) 2G) 2) a. (6.284) 


B: For the gael chain we consider the 1 + 3 +5 = 9 operators of monopole, 
dipole, and quadrupole character, 


A 210 A a 
[st xs] +v5 |atxd] , £, , and 0, , (6.285) 


which generate the algebra of U(3). The first operator equals the total number 
of bosons (the factor 5 serves to cancel the inverse factor present in the 
Clebsch—Gordan coefficients) and can be dropped, while the others are the 
angular-momentum and the quadrupole operators from (6.280) which together 
generate SU(3). Continuing with the angular momentum-groups by retaining 
the angular-momentum operator yields only the chain 


Wie ars) a03) > 02) | (6.286) 
C: Finally we consider the 3 + 7 +5 = 15 operators 


i, , [ata], [atxap—[stxa] 


2 2 
; f ae (6.287) 
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which are generators of the algebra of O(6). Omitting the 5 operators of the last 
line leaves the generators of O(5), and continuing with the angular-momentum 
groups results in the group chain 


UG) 2 O16) = 6G) >0G)= 00) (6.288) 


6.8.4 The Casimir Operators 


The next task we have is to find the Casimir operators for the group chains given 
above and their eigenvalues. Since the complete presentation of the necessary 
group-theoretical formalism is beyond the scope of this book we will in lieu of the 
calculational details concentrate on the physical meaning and essential properties 
of the derived results. 

The common starting point for all group chains is U(6), and its Casimir operator 
is the number operator N (see Exercise 6.11). Its eigenvalue is the total number of 
bosons N and is constant for a fixed nucleus as mentioned. 

Consider first the group chain A: U(6) D U(S) D O(S) D O(3) D O(2). In 
this case the Casimir operator of the algebra of U(5), which is spanned by the 
25 generators [d' x d]}>, is given by the d boson number operator as 


fi SO aia) ae (6.289) 
bb 


This is quite analogous to the case of U(6). Its eigenvalue is denoted by ny with a 
range of 0 < ny < N. The Casimir operator of O(5) is 


A 1 A A _ A a iS 
B= sd AwAj, with Ay, = ald, — ald, (6.290) 


jay 


and has eigenvalues given by A(A + 3). The physical interpretation of X is that 
it gives the number of bosons which are not coupled pairwise to zero angular- 
momentum. A is called the seniority and its range is given by 


eee Oe a EO (6.291) 


We will reencounter the concept of seniority in the chapter on pairing (see 
Sec) 

The Casimir operators of O(3) and O(2) are, of course, the familiar £? and i 
with eigenvalues L(L + 1) and M with (-L <M < L). 

Unfortunately these five quantum numbers are not enough to classify all states 
completely since there are several irreducible representations (irreps) of O(3) for 
a given irrep of O(5), or, in other words, more than one state of the same L for 
fixed quantum numbers N, ng, and X. In this case one says that the step from 
O(5) to O(3) is not fully decomposable; similar problems will appear also in the 
other group chains. In order to enumerate these surplus irreps the new label 1, 
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Table 6.1 Casimir operators, their eigenvalues, and the associated quantum numbers for the 
group chain A, 


Group U6) US) OG) O(3) O(2) 
Casimir Operator WN fa ie vir ie 
Eigenvalue N Na MA+ 3) L(E+1) M 
Quantum Number WN Nad r 1G, M 


is introduced. Physically it describes the number of d-boson triplets which are 
coupled to zero angular momentum . This yields the scheme given in Table 6.1. 
For group chain B we need the Casimir operator of SU(3). It is found to be 


S HK 36 
C>=20° 4 ae (6.292) 


The eigenvalue of C? is given by 1? +/m+m+3(1+m) with the quantum numbers 
! and m, whose range for a fixed N is given by 


(I,m) = (2N,0),(2N —4,2),...,(2N — 6,0), 
ON 0.2) ee ON 17,0), ORGS 16,2) (6.293) 


For more detail concerning the group SU(3) and a derivation of these results, the 
reader is referred to the volume “Symmetries” of this series. 

The Casimir operators of O(3) and O(2) have already been discussed above 
and in this case the step from SU(3) to O(3) is also not fully decomposable. That 
is why we have to introduce an additional label, which is commonly denoted by 
K and known as Eliott’s quantum number. Its range is given by 


A =min(, 2), min(A,#)—2,...,lor0 . (6.294) 
For K = 0 the range of the angular momentum L is given by 

2 max 2) maxi, /))—2,.4., 1 or0 -, (6.295) 
and for K #0 it is given by 

L=K,K+1,K +2,...,K +max(A,p) . (6.296) 


Summarizing these results we get the scheme of Table 6.2. with the eigenstates 
denoted by |N(/,m)KLM). 


Table 6.2 Casimir operators, their eigenvalues, and the associated quantum numbers for the 
group chain B. 


Group U(6) SUG) O(3) O(2) 


Casimir Operator N (ee Bg ie 
Eigenvalue N Pein em 23m) LL 1) M 
Quantum Number N (1,m) L M 
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Devoting ourselves finally to the group chain C we first arrive at the subgroup 
O(6), whose 15 generators A,,, are given by the set combining the generators of 
O(5) (discussed in connection with group chain A) and those transforming a d 
boson into an s boson or vice versa: 
Noo 4 ENG =O. (6.297) 


> Sp 


The Casimir operator is given by 


a2 1 Sy 42 
i, 2, Ane (6.298) 


and its eigenvalue by A(\ + 4). As a rule the eigenvalue of one Casimir operator 
of the general group O(n) equals /(/ +n — 2) [it is apparent that this reproduces 
the values for the groups O(3) and O(5)]. ; 

Obviously the principle of construction for A? is identical to the one used for 
building A2. The only extension is that because of the step from SO(5) to SO(6) 
the s boson is now included. This analogy is reflected in the physical significance 
of A, the generalized seniority with values in the range 


NN Na inor Oe (6.299) 
The range of the quantum number for the next group in the chain, O(5), must then 
be given by 

= ee. 0: 2 (6.300) 


since it does not count the s bosons. 

As mentioned above the transition from O(5) to O(3) is not fully decomposable 
and we need an additional quantum number which in this case is commonly called 
T. Including the angular-momentum quantum numbers, we denote the diagonal 
eigenstates as |VAATLM ) and the group-theoretical scheme is as in Table 6.3. 


Table 6.3 Casimir operators, their eigenvalues, and the associated quantum numbers for the 
group chain C. 


Group U6) Of) O(5) O(3) O(2) 


Casimir Operator N 2 he ee is 
Eigenvalue N AA+4) A143) ULSI 
Quantum Number 4N eX d i M 
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6.11 Casimir Operators of U(V) 


Problem. Show that the operator C = es B! G; is a Casimir operator of the 
algebra U(N), which is generated by the N* operators fh Be with (6:, 6} = Ore: 


Solution. To prove that C is a Casimir operator it is sufficient and necessary to 
show that it commutes with all generators: 


Il 
es 


=O. (1) 
This completes the proof. 


6.8.5 The Dynamical Symmetries 


In the last section we derived the quantum numbers characterizing the eigenstates 
for the three possible group chains of U(6). In order to find a general solution for 
the Schrédinger equation, we must expand the eigenfunctions of Ajga in one of 
the three bases and hence diagonalize the Hamiltonian matrix for a given set of 
parameters. In the general case, this requires numerical solution. 

Alternatively it is possible to obtain analytical solutions in some limiting cases 
corresponding to special restrictions on the parameters, which reduce the general 
Hamiltonian to a form that is diagonal in the eigenfunctions of one of the group 
chains. For this purpose we regard, for a given group chain, only those terms in 
Apa that can be expressed by the Casimir operators of this group chain and set all 
other terms equal to zero. In this case we have a trivially diagonal basis and the 
Casimir operators can be replaced by their eigenvalues, so that simple analytical 
expressions for the energy eigenvalues result. 

It is not easy to see from the mathematical restrictions whether these limiting 
cases are physically reasonable. It will be shown, however, that the resulting spectra 
correspond to certain limiting cases realized in experiment. To be more precise: 
the energy formulas for the group chains A, B, and C generate spectra typical for 
vibrational, rotational, and y-unstable nuclei, respectively. 

If the Hamiltonian Aja is simplified in the way described, it is said to possess a 
dynamical symmetry. This has to be distinguished from the fundamental symmetries 
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icine ne 
such as rotational invariance, which have to hold for all possible values of the 
parameters. 
Before examining these limiting cases more closely, we first show that Aipa 
can be completely expressed in terms of the Casimir operators N, fa, A, A, 6?, 
and f? of the three group chains. The resulting form is close but not ceutical to 
the multipole form given in (6.282). For this purpose we go step by step through 
the most general form of the Hamiltonian and express each term through the above 
Casimir operators (in some cases the required computations are too lengthy to be 
given explicitly). For convenience, let us write down this most general form again: 


ipa — ee F egna 


zi De VFI Cc; a" x at] x \d <a] | 


L=0,2,4 


0 


1 - 
+ 5 Uo (8 ielss ae (6.301) 
The first term contains fi, and can trivially be expressed as 


Ay =StIS=N—-fig . (6.302) 


The next term, fiz, is itself a Casimir operator, so that we proceed to the term in 
the sum with L = 0, obtaining 


ae Ole ee 2 
a x at}? x \d x d| | 2 sPtP =: : [Aaa +3)- A]. (6.303) 


For the other angular momenta, unfortunately, the explicit form of the angular- 


momentum coupling has to be used. After lengthy calculations one obtains for the 
terms proportional to C, and Cy 


eS 272 : 
a" x at] x x | x d| |= = ae [halt ~2)+2A? — [| (6.304) 


and 
0 


a eae 1 K 3) 
at ae ee OR Dy 
[ x at}* x x d| 5 [Otay —2)— A SPP] (6.305) 
For the term proportional to V2 one gets similarly 
te ie 
[a xa) x x 3] + [at x st]? x x |d x d| | 


— 4D + Shag + 11) — N(4fig + 10) ,(6.306) 
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a2 a ~ 
=< [a —A +fg(N —fg +1) +a + OW - na] (6.307) 


The term proportional to U2 can be rewritten as 


5 ee 210 1 Pe 
at x sx as} | = [2h cal its = eta (NW —Aa) (6.308) 


Ststss = (sls) (313 -1) = (N —fa)(N —fg—1) . (6.309) 


For the first step, $'S is a number operator for s bosons, which sees the boson 
number reduced by 1. 


Fig. 6.20 Comparison of ex- 
perimental spectra with the- 
oretical results obtained in 
best-fit calculations within 
the vibrational limit for the 
nucleus ore Cdo2. For the the- 
ory, the quantum numbers A 
and na are given in paren- 
theses above the correspond- 
ing sets of levels. 
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Fig. 6.21 Comparison of ex- 
perimental spectra with the- 
oretical results obtained in 
best-fit calculations within 
the rotational limit for the 
nucleus '2?Gdy2. The quan- 
tum numbers / and m are in- 
dicated in parentheses above 
the corresponding set of lev- 
els. 
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The net result of these laborious calculations is that Baas can be expressed 
solely by the Casimir invariants of the three group chains in the form 
fi s i m2 
Aiwa = evN + €nyfig + CungW fla + Cn fiz + CA 


LC Cul Ce. (6.310) 


Note that the coefficients C; and €, can be uniquely calculated from the param- 
eters given in (6.272). They just express an additional way of parametrizing the 
Hamiltonian. Since for practical applications the parameters are fitted to experiment 
anyway, their precise relationships are not important here and will not be given in 
detail. 

The Casimir operator of SU(3) was split according to 


pee 
Co Sa le (6.311) 


since the term Q? is interpreted as a quadrupole—quadrupole interaction and thus 
has immediate physical significance. 

As already mentioned, one is usually interested only in the structure of one 
nucleus and in this case the value N is fixed. If additionally only excitation energies 
are of interest, all terms depending only on N may be dropped to yield 


A a2 me me em 
Aipa = cha + Ca, fig + Cy A +0, +, +Cg OF (6.312) 
with the definition 


PE ae Ga (6.313) 
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The Casimir operator of O(2), L,, must not appear in the Hamiltonian, because 
rotational invariance does not allow a distinction between the different orientations 
of the angular-momentum vector. 

Next we apply the various dynamical symmetry cases with the object of a 
comparison to experimental data. 

Group chain A possesses the Casimir operators N, fg, A?, £?, and £,. Only 
the terms with these operators can remain in the Hamiltonian in this case. The 
Hamiltonian is then reduced to 


Ab, =€fa tC, AZ+OQ,P+C,2 . (6.314) 
Now we can immediately write down the energy eigenvalues: 
Een Onn, Oy (3) Op LL 1). (6.315) 


Comparing this result with the geometric model, we recognize that its leading 
term is identical to that of the harmonic oscillator. The main difference is that 
the number of (quadrupole) phonons is infinite in the geometric model, whereas it 
must be < N in the IBA. Because of the similarity of the spectra, this limit of the 
IBA, the dynamical symmetry for group chain A, is referred to as the vibrational 
iimit. Of course this limit of the IBA also contains corrections, which correspond 
to anharmonic effects in the geometric model. 

Hence we conclude that the vibrational spectra of spherical nuclei should be 
well described by the above energy formula. As an example we show in Fig. 6.20 
the calculated results obtained in a best fit of the parameters €, C,,,, Cy), and Cy in 
comparison to the experimental data. 

Next we discuss group chain B, whose eigenstates |N (A, j1)KLM) form a di- 
agonal basis for Apa if the relations 


6S, = Soy =) (6.316) 
hold. Hence the general Hamiltonian of (6.272) reduces to 


Apa = CoQ? + Cr L? = 5CoC* + (Cr—3Co)L’ . ou) 


Fig. 6.22 Comparison of ex- 
perimental energies and the 
results obtained in best-fit 
calculations within the ~+- 
unstable limit for the nucleus 
ee Ptiig. The quantum num- 
bers \ and 7 are given in 
parentheses above the corre- 
sponding sets of levels. 
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Inserting the eigenvalues of the Casimir operators leads to the energy eigenvalues 
Ett 


3C 
= <2 [}? + m? + lm + 3@ +m)] + (<4. - x2) [Gaara (G-3i8) 


which contain the typical L(L + 1) structure of the rotor. Hence the dynamical 
symmetry of the group chain B is called the rotational limit. An example for the 
agreement with experimental data is given in Fig. 6.21. 

Finally we come to the dynamical symmetry defined by the group chain C. In 
this case the Hamiltonian is simplified to 


po =Car Cc, ele (6.319) 


since only the Casimir operators of O(6), O(5), and O(3) are available. For the 
energy eigenvalues the result is 


Ex, = Cx MA +4) + C, A A4+3)+C,LKL+1) . (6.320) 


This energy formula is similar to that for y-unstable nuclei in the geometric model 
(see Sect. 6.6). The characteristic for the spectra of these nuclei (see Fig. 6.22) is 
the sequence of the lowest states: above the ground state 0; there are, with equal 
spacing the 2; state and then the (22, 4;) doublet. Comparing this spectrum to that 
of the harmonic oscillator, it is significant that the 0) state of the two-phonon 
triplet (02, 22,41) 1s pushed to higher energies. Since the group chain C in earlier 
calculations has been applied with satisfying agreement to y-unstable nuclei within 
a geometrical collective model, this dynamical symmetry is called the y-unstable 
limit. Fig.6.22 again gives an impression of the comparison to an experimental 
spectrum. 

For the IBA there is also a published code [Sc91] which makes a numerical fit 
of the IBA Hamiltonian to experimental data and can be highly recommended for 
hands-on practical experimentation. 


6.8.6 Transition Operators 


Concluding the discussion of the IBA, we indicate how transition operators Tis 
(i =electric, magnetic) are set up. The procedure is purely phenomenological as it 
is for the Hamiltonian and simply consists in writing down all appropriate angular 
momentum couplings of the s and d bosons, restricting the result to a reasonable 
number of low-order terms (usually only one-body terms are used). The coefficients 
in front of these coupling terms are treated as free parameters. 

Following this scheme we get for the electric monopole operator 


a ve 4 0 = 4 0 
To = 00 [81 x 8] +0 [atx a], (6.321) 


for the electric quadrupole operator 


TE, = Bp ((a" x i], + st . d| ) +5 lat x d| , (6.322) 


Z z 
M M 
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and for the electric hexadecupole operator 


aig) _ sf js} 4 
=, la x d| (6.323) 


Note, however, that the monopole operator can be rewritten as 


> ‘ Yo S 

Te = Oy (8 = a0 ae (6.324) 
and is hence effectively proportional to the number of d bosons. The expressions 
for the magnetic operators are rather similar and we obtain for the magnetic dipole 
operator 


A a ra) 1 

7M, =n [at x | (6.325) 
and for the magnetic octupole operator 

A 2 3 

TM, =a [at x dl (6.326) 


AS it is proportional to the angular-momentum operator, it is purely diagonal and 
does not cause transitions. This is similar to the geometric model (see Sect. 6.7.2) 
and in disagreement with experiment, so that higher-order terms of the form 


or |latxd| xlatxd (6.327) 
[at x a] [at xa] 


M 


1 
(ar x 8]? x [at x a] | 

M 
have to be added. Alternatively we can keep the first order but then have to intro- 
duce the isospin degree of freedom as discussed in the next section. 

The calculation of transition amplitudes requires detailed group-theoretical cal- 
culations to determine the eigenstates first. It is found that although the basic 
features are similar to those of the geometric model, there are noticeable differ- 
ences in detail such as strong transitions between the 9 and y bands, which even 
dominate over the 6 — g.s. transitions and strong first-order deviations from the 
Alaga rules. 


6.8.7 Extended Versions of the IBA 


In this chapter we give the main ideas underlying the various extensions of the IBA 
with emphasis on [BA2 [Ar77, Oh78]. To make the hierarchy clearer, the version 
of the IBA treated up to now is often denoted as “IBA1”. 

The characteristic of the IBA2 is the distinction between proton and neutron 
bosons. Altogether twelve types of bosons are introduced, with 

Cee ees ed 8) (6.328) 
denoting the corresponding creation operators (7 = proton, y =neutron). For ex- 
ample the nucleus 14°Cd¢2 has one 7 boson and six v bosons, since for both types 
of nucleons the next closed shell is 50. 


194 6. Collective Models 
EE a 


This distinction can be easily justified by microscopic considerations since es- 
pecially for mid-heavy and heavy nuclei the protons and neutrons occupy different 
major shells. Hence the correlation between like nucleons is expected to be much 
stronger. Another motivation is the fact that magnetic collective nuclear proper- 
ties, which from investigations within geometric collective models are known to 
arise essentially from the proton—neutron difference (see Sect. 6.7.2), are described 
properly (see below). 

The maximum symmetry group for the IBA2 is the direct product U,(6) x 
U_(6), which guarantees that the proton and neutron boson numbers are separately 
conserved. For the Hamiltonian Ajpa2 this implies that it must commute with the 
number operators for both boson types separately: 


[Aipa2, Na | = [Atwa2, Ni] =0 . (6.329) 
The total-number operator is 


N=N, +N, = = 22Fndy +13, + dana Heshs, (6.330) 


and the angular-momentum operator is 
a a A A a 7! A = A! 
ly Seas li, = VO ((2 xdq| + a! xd] ) (6.331) 
ub 


An important advantage of the IBA2 compared to the IBA1 is the fact that the 
lowest order for the magnetic dipole operator 


A 


Min = Galen ae alae ; (6.332) 


with g, # gy adjustable parameters, yields nonvanishing transition matrix ele- 
ments, because the angular momenta are not conserved separately. Thus an impor- 
tant origin of the collective magnetic properties is the missing colinearity of the 
magnetic dipole and the angular momentum operator, in analogy to the situation 
in the geometric model. 

Next we discuss the construction of the IBA2 Hamiltonian as commonly used. 
With the same general restrictions based on invariance and simplicity as mentioned 
in the derivation of Hypa, the general form of Aypa> reads 


Din — ee ee ae (6.333) 


with AX”. a general interaction Hamiltonian. With an ansatz of this type the number 
of free parameters is obviously rather large. Practical experience and a compar- 
ison to microscopic theories have shown, however, that the strongly simplified 


Hamiltonian 
Aipaa = Ged + Gia ar Ve =r ae ar Kv5 [O, x 6,)° oF AM (6.334) 


describes many essential collective nuclear structure properties satisfactorily. The 
meaning of the terms is discussed next. 

The first and the second terms count the number of proton and neutron d 
bosons separately and hence describe the effect of the pairing interaction between 
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like nucleons. The third and fourth terms describe the interaction between bosons 
of the same type: 


Vie ; Ge (2 x at} x [dj x ai) (6.335) 


L=0,2,4 


with ¢ = 7, v, and are motivated by Ama. Practical applications of this Hamiltonian 
show, however, that reasonable agreement with experimental data can already be 
obtained with a small number of nonvanishing Cj,. 

The fifth term in Hjpa2 is a proton—neutron quadrupole—quadrupole interaction. 
In analogy to the IBA1, Q;,, is given by 

A 4 ra] a 2 

Oin = 4h 8; + Shain +x; laf x ai) ; (6.336) 
with x; a free parameter. 

Finally we come to the so-called Majorana operator which is defined by 


S a a 4 a 79 
M = V3 |Ghat —sta}y x Gd, - dy) 


0 
+2 >> &vaLF1 (as x at}” x te x d,| | (6.337) 


L=1,3 


with the adjustable parameters A, €,, and €3. To understand the structure of this 
proton—neutron interaction term we have to compare the result of the IBA1 with 
those to be expected from the IBA2. We already saw that the IBAI describes the 
experimental low-energy collective states rather well and we require that these 
states should be equally well reproduced by the IBA2 without adding additional 
states in this energy region. On the other hand, it is obvious that those states in 
the IBA2 which have exactly the same quantum numbers for protons and neutrons, 
i.e., are symmetric in the proton—neutron degree of freedom, correspond to the 
IBA! states. That is the moment when the Majorana force (see Sect. 7.1.2) comes 
into play since it pushes the states which are nonsymmetric in the proton—neutron 
degree of freedom to higher energies while the proton—neutron symmetric states 
remain unaffected. 

It is remarkable that there is experimental evidence for the existence of those 
nonsymmetric or mixed-symmetric states in the energy region of approximately 
3MeV. In a geometrical picture (Sect. 6.7.2) these states are interpreted as the 
relative oscillations of proton and neutron surfaces. 

Finally we want to briefly mention some other extensions of the IBA1. 


e In the so-called sdg-IBA one uses hexadecupole bosons (g bosons) with an 
angular momentum of 4. Usually one neglects the microscopical motivation 
for the boson number in this case and N becomes a free parameter. When we 
do so the model is extended to higher spins, in contrast to the IBA1, where the 
maximum angular momentum is limited by Lmax = 2N ht because of the limited 
number of phonons. 

e In the sdf-IBA octupole bosons (f bosons) are introduced which possess an 
angular momentum of 3. Therefore one is able to describe bands with negative 
parity and asymmetric ground-state deformations. 
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Collective Models 


One can construct the boson analogy to the core-plus-particle model (see 
Sect.8.1) in order to describe odd-even nuclei. These kinds of models are 
called interacting boson-fermion models (IBFM). 


6.8.8 Comparison to the Geometric Model 


The discussion of the solutions of the IBA has shown that it is generally applicable 
to similar phenomena, such as the geometric model. It is therefore interesting to 
highlight some of the differences and strong and weak points of each model here. 


Physical interpretation: the IBA offers the chance of a more direct foundation in 
terms of microscopic structure; this has, however, not been fully successful up 
to now. On the other hand, the cutoff in angular momentum due to the limited 
phonon number, which was originally thought to be an interesting prediction 
of the model, has never been confirmed. 


Practical applications: the geometric model in its more general formulation 
(Sect. 6.7.1) is mathematically very similar to the IBA so that it is not sur- 
prising that the fits to experimental data are of the same quality with similar 
numbers of parameters. The IBA has an advantage in being able to fit a group 
of neighboring nuclei with the same Hamiltonian by varying only the total 
boson number JN, and this has been applied with reasonable success in a few 
cases; in the geometric model it should be possible in principle to fit a series of 
nuclei with smoothly mass-dependent parameters, but this has not been done 
yet in any systematic fashion. Another strong point of the IBA is that 8 — y 
transitions and deviations from the Alaga rule are predicted already to lowest 
order in the model while in the geometric model they result from higher-order 
corrections. 


One may ask whether the geometric model might not be regarded also as a 
mathematically motivated ansatz that uses quadrupole phonons to build up a 
general Hamiltonian similarly, but not identically, to the IBA. It is true that 
the Hamiltonian does not depend in any way on the geometric interpretation 
of these phonons; however, the transition operators were calculated from spe- 
cific assumptions about the geometric form of the charge distribution and their 
parameters are completely determined, in contrast to the IBA. That these param- 
eters can be used successfully in most cases is a clear success of the geometric 
interpretation. 


There have been many papers devoted to finding a formal relation between the 
IBA and a geometric potential-energy surface V(G, y). For a list of references and 
a full discussion see [Ca88]. Here we only quote a general result, which gives some 
insight into this field. According to [Is81] and [Ia87] the Hamiltonian of (6.273) is 
associated with a potential-energy surface of the form 


N 2 
BW, B= Te 
NW —-1 
+ i a4 (04 6" + a2? cos(3y) +a367+04) , (6.338) 
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Fig.6.23 Sketch of the 
photo-absorption cross sec- 
tion. Above the isolated low- 
energy peaks the continuum 
starts in at about 8 MeV, 
leading to the broad giant 
resonance. 
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with the as simply related to the coefficients in the Hamiltonian. Note that the 
potential depends on the phonon number. One important feature this result shows 
is that only appears in a linear term in cos 37, so that minima can occur only on 
the prolate or oblate axis while triaxial minima are not in the model, at least for 
the standard Hamiltonian. 

Dieperink et al. [Di80] have given potentials for the three dynamic symmetry 
cases. The expressions are: 

2 


B 
e U6): FO) reg ; 


Dee 3 
SUE) GY Beas cat yy cscs 


(1+ 62)? : 
i SANS 
e O(6): BWW, B.1) = RIN ~ 1) (=F) 


A simple examination of the minima of these potentials shows the physical signif- 
icance of these limiting cases in a convincing way. 


6.9 Giant Resonances 


6.9.1 Introduction 


Another kind of collective motion distinct from the surface excitations discussed 
up to now, is represented by the giant resonances, of which the oldest known and 
most studied is the giant dipole resonance. They appear as broad resonances in the 
nuclear photo effect (i.e., absorption of a photon by a nucleus) with a mean energy 
systematically decreasing from about 22 MeV for light nuclei to about 14 MeV for 
heavy ones. The width of the resonance is between 2 and 7 MeV, and it is often 
split up into several peaks. 

To illustrate the circumstances better, Fig. 6.23 shows a typical photoabsorp- 
tion cross section, which contains both the isolated peaks due to low-lying states, 
amongst them the collective bands studied up to now, and the continuum beginning 
in near 8 MeV, which is dominated by the peak of the giant dipole resonance. 
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in 250g 
The fraction of the total dipole excitation strength contained in the giant dipole 
resonance can be given more precisely through use of the Thomas—Reiche—Kuhn 
sum rule, which also provides a simple and illustrative example of sum rules in 


general. 
Consider the transition probability for electric dipole transitions between states 


a and 3. The corresponding absorption cross section is given by 


4n?(Eg — Ex) 
[aes Oabs = a ae 


[er (alalaye 
line 
_ nh 


33 
ar ike (6.339) 


which defines the transition strength fgq. We now use a single-particle picture and 
assume first that the density is that of one nucleon with charge q, so that 


[er (a100|a)e = [ore [eer uperya 507 1) ¥a(r2 
= i Pr! ber’) gz! pal’) 
Saale (6.340) 


The energy difference can be expressed via the nuclear Hamiltonian A generating 
the states a and (3 as eigenstates: 


2mq? 2mq? 
faa = = (Ep — Ea)|(Blela)|” = = (alz|6) (Ea ~ Ea) (Blea) 
m 2 A ‘Ss 
= a ((alz|8)(BILA, za) — (aL, z}|8)(B|z|a)) (6.341) 


The crucial point is that the summation over all final states 6 can now be done 
using the completeness of these states: 


2 
Yo foa = F(a lz, (Az]|la) (6.342) 
B 


Furthermore, the commutator remaining can be evaluated in a useful limiting case: 
if the Hamiltonian H consists of the sum of the kinetic energies of all nucleons 
plus a purely local potential, the only contribution to the commutator will come 
from the kinetic energy of the particle making the transition, so that we get 


“ lie a ite 6) i? 
lz, (A,2]| = |e [ Fe] = ay le25-| To 3 (6.343) 


making } og faa = Ga: 
The total cross section summed over all final states is then given by 


207 hi 5) 
ba O85 eee ae (6.344) 
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which has to be summed over the contribution of all nucleons. Using the effective 
charges Ne/A for protons and Ze/A for neutrons yields 


2 
Sy > [azo Oabs = am 


nucleons £ 


e? [Z(N /A)” + N(Z/A)’| 


_ 2n* he? NZ 
~ ome A 


NZ 


Unfortunately the derivation is still not sufficient for practical purposes, because 
the assumption that z commutes with the potential in the Hamiltonian is violated 
noticeably in the nuclear case. The culprits are interaction terms containing a space 
exchange. We cannot derive quantitative detail here and relegate examining this 
problem in more detail to Exercise 6.12, mentioning only that the correction is 
about half the magnitude of the leading term in the Thomas—Reiche-—Kuhn sum 
rule. 


ROS ———————SESE~— eee 


6.12 Contributions to the Thomas—Reiche—Kuhn Sum Rule 


Problem. Explain why a space exchange term in the Hamiltonian yields a contri- 
bution to the Thomas—Reiche—Kuhn sum rule. 


Solution. As an example, take the case of a pure Majorana force given by 
VS en ae. (1) 
y 


The commutator with the z coordinate of a selected particle clearly can be nonva- 
nishing only if either 7 or j is the index of this particle. Both possibilities lead to 
the same result because of the symmetry of the potential: 


ll] =252 fe en 
= 2zu{|r — 7; |)PMz — 27u(|r — 7;|)PM — u(|r — 7; |)PM2? 
OG a) Hai 8 


The last step used the fact that PM interchanges the position coordinates of the two 
interacting particles, so that PMz = zP™ in the term multiplying u(|r — r;|). 


Experimentally it is found that the giant dipole resonance exhausts about 80-90% 
of the sum rule, so that it is clearly by far the most dominant excitation mechanism 
leading to dipole strength. 
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The basic theoretical idea underlying the interpretation of the giant dipole res- 
onance in the collective model is that of a separation of the centers of mass of 
protons and neutrons, leading to a large dipole moment of the nucleus. Following a 
suggestion by Jensen, the first model formulation was due to Goldhaber and Teller, 
followed independently by the more elaborate one of Steinwedel and Jensen. 


6.9.2 The Goldhaber—Teller Model 


Goldhaber and Teller [Go48] gave the first theory of the giant resonance. They 
already recognized that a relative motion of the protons with respect to the neutrons 
must be responsible for this mode and proposed three basic possibilities. 


1. A displacement between protons and neutrons with the restoring force pro- 
portional to the displacement and independent of the size of the nucleus and 
the specific proton affected. This case can be rejected because it leads to an 
A-independent energy of the resonance. 


2. No separation between protons and neutrons on the surface of the nuclei but a 
difference in the densities in the inside, the restoring force being proportional 
to the gradient of the density difference. This is essentially the idea of the 
Steinwedel—Jensen model to be discussed in the next section, but was not 
further investigated because at that time the observed variation in the frequeny 
of the giant dipole resonance was best described by the following idea. 


3. The protons and neutrons each form a spherical system interpenetrating but 
slightly replaced with respect to each other, as illustrated in Fig. 24. Clearly this 
is a pure dipole mode. It is the basis of what is now known as the Goldhaber— 
Teller model and is described now in more detail. 


Call the displacement between the centers of the proton and neutron spheres €. How 
does this displacement change the energy of the system? Of the various terms in the 
Bethe—Weizsicker formulation of the liquid drop energy, the only two that could 
change if the neutrons are displaced with respect to the protons are the symmetry 
and Coulomb energy. While the latter can easily be written as an integral involving 
the local charge density, the symmetry energy is known only in an integrated form 


(N —Z) 
Esym = Asym——G—— 5 as #20 MeV, (6.346) 


and has to be transformed into an integral in terms of local densities. A natural 
way to rewrite it is 


2 
p (7 ae (CRA) 
Egym = Asym fokeebaaeoy (6.347) 


and this will actually be used in the Steinwedel-Jensen formulation.*? Goldhaber 
and Teller in their original work also did not use this expression for the symmetry 


3 
The reader should be aware of the fact that there are some ambiguities in this, which 


fortunately do not affect the present considerations. For example, the Fermi-gas model 
a -1/3 . = 5 6 3 . 
yields a py / dependence instead of the pp ' seen here, and this indicates in general that 
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SS a rr ee 


neutrons <7 “<> protons 


energy. This appears reasonable even today, because they were dealing with regions 
of space containing only neutrons or only protons, so that the quadratic expansion 
about equal density of both species of particles may really not be applicable. 
Instead they assumed an energy ¢ needed to extract one proton (or neutron) from 
the regular environment of almost equal proton and neutron densities. 

It is easy to calculate the change in “symmetry” energy: it is simply proportional 
to the shaded volume in Fig. 6.24, multiplied with the appropriate density factors. 
Straightforward integration shows that this volume is given by AV = 7R?|€|, and 
with the above assumption this yields 


AV ~3 


(6.348) 
This expression causes a slight problem: being linear instead of quadratic in ||, 
it does not lead to harmonic oscillations. Clearly this behavior cannot be true for 
very small separations, where the diffuseness of the nuclear surface must play a 
role. Goldhaber and Teller simply assumed a quadratic dependence Egym = Ske? 
for small € fitted to join the linear dependence at a certain value of €, taken to be 
€ =2 fm. This yields 


ke = = (6.349) 


determining k. 
The Coulomb energy is not affected by the mechanism of the Goldhaber—Teller 
model, as the charge distribution is only translated, not altered in any other way. 
The remaining ingredient in the model is the kinetic energy, which in this case 
is u€"/2, with 4, = ZNm/A the reduced mass of the proton and neutron two-body 
system. Together with the harmonic potential we now get the frequency of the 
giant resonance as 


Bora | ae 45 MeV 
=p gpa ogy SE 6.350 
es eae TR aA eo) 


it is not clear how to transcribe the denominator in the mass formula term. While in the 
present application the constancy of py) makes the denominator a constant overall factor, 
the difference between the various powers can be decisive in the case of a more realistic 
description of the nuclear surface with densities smoothly approaching zero. 


Fig. 6.24 Sketch of the geo- 
metrical assumptions in the 
Goldhaber-Teller model of 
the giant dipole resonance 
with an exaggerated separa- 
tion distance €. The shaded 
regions show where the pro- 
tons are separated from the 
neutrons. 


202 


6. Collective Models 


en. eS 


The numerical result was obtained with, for simplicity, Z = N, and with Gold- 
haber’s and Teller’s value of 40 MeV for ¢. We will compare it to the one in the 
Steinwedel—Jensen model. 


6.9.3 The Steinwedel—Jensen Model 


As mentioned, in the Steinwedel-Jensen model [St50] the giant dipole resonance 
is described as a dynamic polarization of the nucleus by a change in the local ratio 
of protons to neutrons while keeping the total density constant everywhere. The 
dynamic treatment is based on the assumption of hydrodynamic irrotational flow 
for the kinetic energy and on the liquid-drop model for the potential energy. 

The principal physical quantities involved are the proton density p,(r,f) and 
the neutron density p,(r,t), both allowed to vary in time and space. The total 
density pp is assumed to be constant inside the nucleus: 


(i = pp(r,t) + palr,t) ’ (6.351) 


and for the simplest case of a spherical nucleus we will further regard a spherical 
shape only, so that the densities are defined for |r| < Ro and are tacitly taken to 
vanish outside. 

For small oscillations we expand the varying densities around their equilibrium 
values: 


HOV RETA) — HOD =n =e). (6.352) 


with De = Zpo/A and p®? = Npo/A. Conservation of the number of each kind of 
particle is assured by requiring 


[er nir,th=0 . (6.353) 


The restoring force is now mainly determined by the symmetry energy, which 
is used in the form given by (6.347). The Coulomb energy is also affected by a 
redistribution of the protons. This effect is, however, much smaller than the change 
in the symmetry energy, so it is neglected in the following. 

Introducing the small deviation 7(7,t) leads to 

2 

Es asm + a / 77 Cae (6.354) 
The first term is the constant symmetry energy of the unperturbed nucleus and the 
terms linear in 7 vanish because of (6.353). The second term on the right is thus 
the only one to be used as the potential energy of the density vibrations. It remains 
for us to construct the kinetic energy. 

For the kinetic energy the classical kinetic energy of a fluid should be used: 


m 
P= / dr (ppv, + Pata) (6.355) 


where v,(7r,t) and v,(r, t) are the local flow velocities of the proton and neutron 
fluids, respectively. This expression also shows that number densities, not mass 
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densities are used (this makes the factor m necessary). We transform to relative 
and center-of-mass velocities 


Oat) = Up(Tr, t) = Uns, t) ) 


(6.356) 

Vir, t) = (pp(r, t)up(r, t) + palr, t)ua(r,t)) /po 

The kinetic energy then becomes 
m 

Poe / dr (p0V? + Prev”), (6.357) 

where the reduced density 
0,0 nee 2 
lege — a a aa (6.358) 


Pp + Pn Po Po PO 


was introduced. 

In the following we will do the derivation to lowest order only and also assume 
that the mean velocity V is zero, as is appropriate for a nucleus at rest in its ground 
state. In the kinetic energy only the first term of the reduced density has to be 
considered in this case, leading to 


———— din a, (6.359) 


while the potential energy is still given by the last term in (6.354). The Lagrangian 
of the system is thus given by 


m ZN 3. 2 4as 3. 2 
=F orp fre — Se fatry : (6.360) 
Note that for V = 0 the velocities are determined by the relative velocity as 
N @ 
Up = rae . Cr ao : (6.361) 


Before we derive the equations of motion from the variational principle, some 
properties of the velocity fields have to be given. In addition these have to be 
severely constrained by some model assumptions, because a change in the densities 
could be effected by almost arbitrary velocity fields. A universal constraint is 
provided only by particle number conservation expressed in continuity equations: 


Opp,n 
2 aN A ppatan) = 0 (6.362) 


with the boundary condition that the flows through the surface vanish: 


ee Vp,nl in| —Ry =) = (6.363) 


Rewriting the continuity equation for the protons to first order we get 


O O ZN 
= = = ==V- [(oh +n) vp] % = phV-vp=-SepoV-v . (6.364) 
In the last step, (6.361) was used. 
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The variational principle takes the form 


4a, 
dcr Aye Sa 6.365 
§ far fa'r & ao Pov - 1) ) ( ) 


With respect to which variables should the variation be carried out? The underly- 
ing mechanical degrees of freedom are the time-dependent displacements of the 
particles, which determine both the flow velocities and the density variations. The 
motion of each element of the fluid can be characterized by its time-dependent 
position s(r, ft) if the initial position s(r,t = 0) is given. In principle the displace- 
ments should be defined separately for protons and neutrons, but since these are 
trivially related, it is much more elegant to define it such that it follows the relative 
motion, so that 


Os 06s 
ee Spe = 
Bi oe, (6.366) 
and the variation of the density distortion 7 is determined through (6.364) to be 
ZN 
a = — Fr PoV ‘68. (6.367) 


We can now carry out the variation, insert the two preceding equations for 6uv and 
én, and perform a first partial integration (with respect to time in the first and to 
space in the second integrand): 


0=6 far 
ZN 
= fa [er (m2 ov OU — Sas nbn 
Po 
ZN Os 06s ZN 
= fd [a ———— 
/ i r (me pom, yi + 8a;— 72 nV és) 
3 ZN @s 
= jdt jdr “M5 Poa — 8a, Vn ‘6s. (6.368) 


Now the independence of the displacements at different points in space and time 
can be used, amounting to a dropping of the integrations: 


2. Ou ZN 
ES oy = —8asyma Vn : (6.369) 


Taking the divergence of this equation and using the continuity equation via 


OY ae A? On 
dt ZN po Ot? com) 
yields the equation of motion for 7: 
an ZN 
m 772 Basym Fy Wee (6.371) 


This simple result shows that the density fluctuations fulfil a wave equation 
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aS Ven, (6.372) 
with the propagation speed of the density waves given by 
ZN 8a 
as sym 
u 0 ae (6.373) 


For ay © 23MeV we can estimate u = c/5. Solving the wave equation is triv- 
ial with the methods learnt in Sect. 5.3.1: assuming a periodic time dependence 
n(r,t) = 7(r,0)exp (iwt) we get a Helmholtz equation, 


An+k?n=0 , (6.374) 


that can be solved in terms of the familiar solutions of good angular momentum 
Ww 
Thim(?) = B ji(kr) Yin(2) , k= a (6.375) 
The boundary condition is given by the stationarity of the nuclear surface: the 


velocity through the surface must vanish. Equation (6.369) shows that this amounts 
to 


0O=e,-Vn > FKR)V=0 . (6.376) 


r=R Onn s 


The eigenfrequencies are thus determined by the zeroes of the derivatives of the 
spherical Bessel functions. For 1 = 1 the lowest zero is ¥ 2.08, so that k ~ 2.08/R, 
and the energy of the state will be 


ZN @ GR 
is Sane ae vaUSee one 
: Az one 


4ZN 76.5 MeV 
=e i ae (6.377) 


The square-root factor was separated out, because it depends only slowly on the 
mass number and reduces to 1 for Z = N, while the characteristic A~!/3 depen- 
dence is present in the second factor. The A dependence agrees quite well with the 
experimentally observed one. 


6.9.4 Applications 


Up to now the development of the theory has been purely classical, but since in 
this approximation we are dealing with a harmonic oscillator, it is easy to give 
a quantized version: simply introduce the creation and annihilation operators for 
gions with the correct angular momentum properties, an and 91,,, allowing the 
expression of the Hamiltonian as 


= tw (3 HG, + : (6.378) 


Going this far in the theory makes sense only if states with more than one phonon 
are actually observed; the actual observation of such a two-phonon giant resonance 
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Fig. 6.25 Schematic illustra- 
tion of the splitting of the gi- 
ant dipole resonance depend- 
ing on the deformation of the 
ground state. 


has been achieved only quite recently (for a review see the article by Mordechai 
and Moore [Mor93]). 

What happens if the giant dipole resonance is excited in a deformed nucleus? 
Formally this was developped in the framework of the dynamic collective model 
{Da64a, Da64b] for coupling the quanta of the giant dipole mode to the quadrupole 
surface phonons, but it is easy to understand the principles geometrically. Because 
the giant resonance has a much higher energy than the surface vibrations, it is much 
faster and one may use — at least as a first approximation — the adiabatic assumption 
of the giant resonance inside a fixed surface. The energy of the resonance was 
determined by the first zero of the derivative of the spherical Bessel function via 
kR = 2.08, so that it depends inversely on the nuclear radius. Now if the nucleus 
becomes deformed, the radius will be different along the three principal axes, and 
the resonance may split up into three peaks with the energy separation determined 
by the axis ratios (the correct formula for the energies of the peaks is not, however, 
quite so simple). If there is axial symmetry, two of these modes will coincide, and 
one of two peaks will be higher, corresponding actually to motion along two axes. 
The situation is illustrated in Fig. 6.25 for the four possible cases. 

There is also a dynamic coupling between the giant resonance and the surface 
vibrations. Since the energy of the giant resonance is about ten times higher than 
the usual @ and ¥ vibrations, this can be ignored in a first approximation by using 
the adiabatic approximation, i.e., by treating the giant resonance within the instan- 
taneous shape of the nucleus. The correction can be formulated as an interaction 
between the gions and the surface-vibrational phonons, with the coupling strength 
parameters even derivable from the geometric picture. The net result is a further 
splitting of the giant resonance peak, leading to a more complicated structure of 
the total excitation function. 

In experiment it turns out that in many cases the correlation between the nuclear 
deformation and the structure of the giant resonance is correct, but often also the 
resonance shows more structure. This may either indicate a more complicated 
coupling to the surface phonons, or noncollective effects. We will come back to 
the microscopic treatment of the giant resonances in Sect. 8.2. 

The quadrupole giant resonance can be derived in the same model, by simply 
solving for the eigenenergies with / = 2. The corresponding zero of the derivative 
of the spherical Bessel function is k = 3.342, so the energy of the giant quadrupole 
resonance should be a factor of 1.6 above that of the dipole. Although this energy 
makes the theory more complicated because of the instability with respect to two- 
neutron emission, it is in broad qualitative agreement with experiment concerning 
the position of the resonance. 

One principal problem of this collective treatment of the giant resonances is the 
lack of a theoretical prediction of the width. The giant resonances decay relatively 
rapidly because their energy exceeds the binding energy of the most loosely bound 
nucleon, leading to a large width. This can be taken into account more easily in a 
microscopic model, while the collective treatment has to be content with assuming 
some constant width for each of the eigenmodes associated with the resonance. 
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7.1 The Nucleon—Nucleon Interaction 


7.1.1 General Properties 


All microscopic models of the nucleus are based on some model of the basic inter- 
actions between nucleons. The word “model” must be used, since even at present 
there is still no exact and reliable theory such as exists for the electromagnetic 
interaction. Attempts to derive the nucleon-nucleon interaction from the quark 
model are not sufficiently mature to be used in nuclear models, so that there is 
still a plethora of model interactions that are used for various purposes. One class 
of interactions is quite successful in the description of nucleon-nucleon scattering 
processes, but does not fare well in the description of nuclei consisting of a larger 
number of nucleons. For the latter purpose effective interactions are employed, 
which are specially developed for use in Hartree-Fock and related calculations, 
but do not describe nucleon—nucleon scattering satisfactorily. They are thought to 
take into account some of the complicated correlations that characterize complex 
nuclei by introducing, e.g., a density dependence. 

In this section we discuss the very general properties that an interaction should 
have in order to satisfy basic invariance requirements. We restrict the discussion to 
two-body interactions mostly; although three-body forces have been employed in 
nuclear theory it is not clear yet to what extent they are necessary. They do play 
a vital role in the case of the effective interactions and will be duly treated in that 
connection. 

The nucleon—nucleon potential can depend on the positions, momenta, spins, 
and isospins of the two nucleons concerned: 


CG POG tn) (7.1) 


The functional form of v is restricted by the usual invariance requirements, which 
we will now examine one by one. 


e Translational invariance: the dependence on the positions r and r’ should 
only be through the relative distance r —r’. Because the individual vectors will 
not be needed further, we will henceforth use the notation r for this relative 
coordinate. 

e Galilei invariance: the interaction potential should be independent of any trans- 
formation to another inertial frame of reference. This demands that the interac- 
tion should depend only on the relative momentum p,,, = p — p’. As with the 
relative spatial coordinate, we will denote this vector simply by p. 
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Rotational invariance: this condition cannot be used as simply to restrict the 
number of variables; instead it implies that all terms in the potential should be 
constructed to have a total angular momentum of zero. 


Isospin invariance: the isospin degrees of freedom enter only through the 
operators # and #’, so that the only terms that are scalar under rotation in 
asp space are those containing no isospin dependence, the scalar Prog! 
+.#', or powers thereof. As #-# = 3 for the nucleon with its isospin of 3 ae litle 
terms involving only one of the two operators are trivial. However, even the 
higher powers of 7-7’ are not independent, as can be seen from the properties 
of the Pauli matrices 


l= 203 ae G2) 
k 
Adding these two equations we get 


Ati = Sy ti emt, oe 
k 


which leads to 


i ae 
i 

-\ (6, LESS ap ft) (6 +i) cape #1) (7.4) 
U k Kee 


Expanding the right-hand side one finds that the terms with one € vanish, 
because 6j jx = 0, while the remainder produces 


=~ a al 
= ) bij = ) Eiik Eijk’ Tk Ts 
i 


ijkk! 


=3-2) 47-3220 Go 


Here the sum over the products with two és could be reduced by noting that 
for a fixed pair of indices (i,j) the term is nonzero only if k and k’ have the 
same value, which effectively runs through the range 1,2,3. However, each of 
these occurs twice: once for (i,j) and once for (j,i). The final result shows 
that all powers of # - #’ can be reduced to the first-order product, so that only 
this needs to be taken into account. 


Collecting the results obtained up to now, we may split the total potential into two 


terms: 


al 


UST aie Veli pyoyan ia ae (7.6) 


This separation into two terms according to the isospin dependence is only one of 
several alternative decompositions, which are all useful in different circumstances. 


The first alternative is based on total isospin. Two nucleons with isospin ; may 


couple to a total isospin T of 0 (singlet) or | (triplet). The scalar product of the 
isospin operators can then be expressed as 
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—3 for the singlet 


+1 for the triplet D 


=2[r@+)-4~3]={ 


This result allows the construction of projection operators onto the singlet or triplet, 
respectively, which are simply such linear combinations that they yield zero when 
applied to one of the two states and 1 when applied to the other: 


Prog =G01-7-#) , Pra =147-7) . (7.8) 


The interaction between the nucleons can now be formulated also as a sum of a 
singlet and a triplet potential: 


U = UT=0 (aD) 0, a’) Pre ap a) (r,D, 0; a’) Pray . (7,9) 


A third formulation is based on isospin exchange. The two-particle wave function 
with good isospin is 


PTs) = >° GAT eh7s) Le) (be), (7.10) 
tats 
and using the symmetry of the Clebsch-Gordan coefficients 
(juj2d |mym2M ) = (-1) "72 (joj J mgm M) Gail) 


we see that an exchange of the two isospin projections t; and t; corresponds to a 
change of sign for T = 0 and no change for T = 1. Because of (7.7), the isospin 
exchange operator P; which produces the correct sign change can be expressed as 


P=41te- 7) , (7.12) 


and the isospin dependence of the nucleon-nucleon interaction may be formulated 
in a third way: 


Y= (pe OC | vaya. ) Pe (7.13) 


Note that while many of these manipulations apply to the nucleon spin as well, the 
spin dependence of the potential cannot be constrained to such an extent because 
the spin operators can be coupled to zero total angular momentum also with the 
position or momentum vectors. The general definition of the spin exchange operator 
can of course be done in analogy to (7.12) and is as useful as for isospin. 


e@ Parity invariance: the requirement for the potential is 
UOC Te rT | ep, 0,0. Tt | ; (7.14) 


which can be fulfilled by using only terms containing an even power of r and 
p together. 


e Time reversal invariance: it requires 
nan al i} A al / 
UGep.o,o , 7,7 | = v{r, —p,-6, —6',7T,7') P (FAS) 


so that an even number of ps and &s combined are allowed in each term. 
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We can now collect the types of terms allowed by the preceding considerations. 
There is still a bewildering variety of such terms, so that it is natural to start with 
the lowest powers, using such terms as 


A al A al 
o-o r-oj(r-& 
8, (r-8)(r-6') ae 
L.§ = -—ih(r x p) - (6+ 6) 

All of these can be combined with arbitrary functions of r and p. While it is 
known that the spatial dependence of the potential is quite pronounced, less is 
known about the momentum dependence. Interactions in practical use contain at 


most a p? term. 


7.1.2 Functional Form 


Historically the first attempts to formulate a nucleon-nucleon interaction used a 
central momentum-independent potential, but spin and isospin dependence were 
soon recognized to be essential. The potential takes the general form 


v = vol) + U6(r) FE + u(r) FF + 07 (G-G') (FF), Gan) 
or in the traditional formulation using exchange operators: 
v= vw(r)+ umP, + upP, uae, Pp, : (7.18) 


The indices stand for Wigner, Majorana, Bartlett, and Heisenberg. The isospin 
exchange operator P, was used originally in the last term, but this is a trivial sub- 
stitution because for fermions an exchange of all coordinates must simply change 
the sign of the wave function Pb, P, P, = —1, so that P, P, = —P,. 

Of course it is possible to relate the expressions (7.17) ar 4 (7.18) to each other 
by writing the exchange operators in (7.18) in terms of spin and isospin operators 
and then comparing coefficients. 

Another important ingredient of a nucleon-nucleon interaction that was found 
to be necessary to explain the properties of the deuteron is the tensor force. It 
contains the term (r - &)(r - 6’), but in such a combination that the average over 
the angles vanishes. The full expression is 


r2 3 


" (r-G)\(r-6') 1 


Siz = (vor) + vi(r) FF es Ce 
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7.1 The Angular Average of the Tensor Force 


Problem. Show that the tensor force has a vanishing angular average. 
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Solution. When insert we the vector r in spherical coordinates, 
r =r(sin@cos ¢, sin@sing,cos 6), (1) 
the angular average of the numerator inside the parentheses becomes 


I= 7 [aa (r-4)(r-6" 


ee . 
=e [sinoaoas (6, sin@ cos @ + Gy sin@ sind + 6, cos 6) 
x (6} sin cos ¢ + 6 ysin@sing+&cos6) . (2) 


ae neo te the product, the integration over ¢ yields 7 for the integrals over 
sin’ @ or cos * ¢, and zero for the mixed products, so that we are left with 


2 
es 7 | sino09 (6.6 sine O + dyG, sin 764 26,6! cos *@) : (3) 


and the remaining integrations are carried out easily. The result is 


l= Ao a’ (4) 
and this clearly leads to a cancellation with the second term in braces in the tensor 
potential of (7.19). 


7.1.3 Interactions from Nucleon—Nucleon Scattering 


The preceding section has given an overview of the possible functional forms that 
can be used to build up a nucleon-nucleon interaction. The natural way to find 
out which of these terms are actually necessary and to determine the parameters 
seems to be a study of nucleon-nucleon scattering. In this way a large number 
of interactions have been constructed; although nucleon-nucleon scattering can be 
described satisfactorily by these, they have not been as useful for nuclear structure 
calculations. It appears that the presence of many other nucleons inside nuclei 
modifies the scattering behavior to such an extent that it is more appropriate to 
use phenomenological effective interactions, which typically depend on the local 
density of nuclear matter. Such interactions will be studied in the next section. 
Here, however, we concentrate on what is known from scattering data. 

Some basic features emerging from simple low-energy nucleon-nucleon scat- 
tering are: 


e the interaction has a short range of about | fm, 


e within this range, it is attractive with a depth of about 40 MeV for the larger 
distances, whereas 


e there is strong repulsion at shorter distances < 0.5 fm; 


e it depends both on spin and isospin of the two nucleons. 
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Fig.7.1 Schematic plot of 
the radial dependence of the 
nucleon-nucleon potential. 


7. Microscopic Models 


vir) 


soft 
core 


The distance dependence is indicated schematically in Fig. 7.1. 

The idea of Yukawa that the nucleon-nucleon interaction is mediated by pions 
just as the Coulomb interaction is caused by the exchange of (virtual) photons 
leads to the one-pion exchange potential (OPEP). Taking the correct invariance 
properties of the pion field with respect to spin, isospin, and parity into account and 
regarding the nucleon as a static source of the pion field leads to a nucleon-nucleon 
interaction of the form 
eile | 
vopep(r —1',6,6',7,7') = -—— (7 -#’) (6-V)(6'-V’) eT 120) 
where f is the coupling strength and yz the mass of the pion. This expression can 
be obtained by assuming the standard Klein—Gordon Lagrangian for the pion and 
adding an interaction with the nucleon field 7) according to 


A 


Dee f ‘i Pr ptr) F- (6 Vor) vr) 


Note that the pion field @ is a vector in isospin, which in this formula forms a 
scalar product with the isospin operator 7 of the nucleon. Inserting this expression 
with a static point-particle distribution for the nucleon field into the wave equation 
of the pion yields the pion field of a nucleon located at r’ as 


ee | 


g(r’) = -+(6-V 


An G21) 


r—r| 
and the energy of a second nucleon in this field at position r is then obtained by 
a reinsertion of this result into Hix, yielding (7.20). 
Evaluating the gradient operations in this equation leads to a lengthier but more 
transparent form of the OPEP: 


vopep(r, 6, 6", 7, 7’) 
Tae, 1 2 he A al a 5} ee 
ae ai ie) ieee i pace al pr 
An 2 ia A al a A 
mrmgarery NG JO) (7.22) 
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where the abbreviation r = |r — r’| was used, and Sy) represents the tensor force 
as in (7.19). The 6-function term results from the application of a V? on the r7! 
potential. 

The OPEP potential shows some, but not all, features of a realistic nucleon— 
nucleon interaction: 


e it contains spin- and isospin-dependent parts as well as a tensor potential, 
e the dominant radial dependence is of Yukawa type. 


Other properties, however, show that it is not sufficient: 


e there is no spin-orbit coupling and 
e there is no short-range repulsion. 


Conceptually also it is clear that this potential cannot be the whole story. The 
contributions of the exchange of more than one pion and that of other mesons 
must modify the interaction. The latter point is remedied in the so-called one- 
boson exchange potentials (OBEP), which correspond to sums over potentials of 
the complexity of (7.20). We only indicate some general features here. The type 
of interaction term generated by each boson depends on its parity and angular 
momentum and is summarized in Table 7.1. 


Table 7.1. Mesons included in the OBEP interaction. 


Type of meson Physical meson Interaction terms 


scalar “o meson” 1L-8 
pseudoscalar T, 7, 17 Sy2 
vector p, w, d 16-6',Sp, £-8 


For the isovector mesons 7 and p, additional factors of # . +’ appear in the inter- 
action. ; 

An important fact is that the o meson, which is essential for a reasonable 
description of the scattering data, is not seen in experiment. It is usually argued 
that it may be too broad a resonance or that it really represents an approximation 
to the dominant contribution in two-meson exchange. Nevertheless, it is useful to 
include o-meson exchange in such interactions and we will also see it appear in the 
relativistic mean-field model. If its mass together with the coupling constants for all 
the mesons are fitted to experimental scattering data, these data can be reproduced 
quite well in the OBEP potential. 

Before going over to the effective potentials, let us just briefly mention two of 
the most popular sophisticated parametrized versions of nucleon-nucleon interac- 
tions. These are constructed out of the basic interaction terms with a larger number 
of free parameters and then fitted to experimental scattering. A typical example is 
the Hamada—Johnston potential [Ha62], which has the general form 


V(r) = Ve(r) + Ver) Sia + Visi) £- 384+ ViLO Lin, (7.23) 
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with 
op =e Gani a heaceniesd)|) . (7.24) 


The functional form of the radial parts is inspired by the meson exchange potentials; 
for example, 


26. #/\ (6-6) 2 — Mens aes 7.25 
Vc(r) = copic Ne l+a, a7 + be We ; (7.25) 


and similarly for the other terms. A different approach is used in the Reid soft-core 
and Reid hard-core potentials [Re68]. They are parametrized differently for the 
various spin and isospin combinations, for example, 
.6 MeV 
Vip(r) = multe Mens (caer + 4,939 e~7#" + 154.7 7 SHr) (7.26) 
pr 
For those combinations for which they can contribute, spin-orbit and tensor contri- 
butions with similar radial behavior are also included. For the hard-core potentials, 
there is a hard-core radius r, (different for each spin and isospin combination), 
below which the potential is set to infinity. 


7.1.4 Effective Interactions 


While the interactions discussed in the previous section describe nucleon-nucleon 
scattering exceedingly well, they are not often used for typical nuclear structure 
calculations. On the one hand, their complicated structure makes the necessary 
evaluations of matrix elements difficult, and on the other hand the results are not 
particularly encouraging. It seems that in nuclei the interaction is modified by 
complicated many-body effects to such an extent that it becomes more profitable 
to employ effective interactions, which do not describe nucleon-nucleon scattering 
well but are thought to include many of the effects of many-body correlations 
and should strictly be used only in Hartree-Fock and similar nuclear structure 
calculations, not for nucleon-nucleon scattering. In principle they may be valid 
only inside a certain space of shell-model states. Often the functional form of such 
an interaction is selected with a view to ease of computation, as will be seen below. 

Probably the biggest step towards computability of single-particle models is 
made if the interactions are assumed to be Jocal, i.e., their spatial dependence con- 
tains a factor 6(r — r’). In this case the exchange term in the Hartree-Fock equa- 
tions becomes similar in mathematical form to the direct term and the Hartree-Fock 
equations remain differential equations instead of becoming integral equations. Un- 
fortunately a simple force of this type is not adequate except for simple qualitative 
calculations; the major step towards a successful interaction was made by intro- 
ducing a momentum dependence. The matrix element of a potential in momentum 
space shows the reason: 


| ee 
(p\v|p’) = nh / dy uC ea mae G27) 


is a momentum-independent constant for a 6 potential, but a finite range leads 
to a momentum dependence of a width inversely proportional to the range in 
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coordinate space. The lowest-order momentum-dependence (second order because 
of time-reversal invariance) is 


v(p,p') =vut+u(p?t+p?)+up-p’ , (7.28) 


and, disregarding normalization factors, this corresponds to the following expres- 
sion in coordinate space: 


u(r) = up d(r) + v1 (P°6(r) + 67) P?) + P- 4(r)p! (7.29) 


where the momentum operators are now derivatives. This motivates the momentum 
dependence typically included in effective interactions. 

We can now give an overview over some well-known effective interactions. 
First there is a class of highly simplified but not necessarily local potentials useful 
for schematic calculations, for example, 


e the Gauss potential u(r) = —Vo en? / 
exp(—r/ro) 

1 — exp(—r/ro) 

e the contact potential u(r) = —Vo 6(r/ro) 

Usually Vo = 50 MeV and ro + 1,...,2 fm are used. 

Probably the most widely used interaction in Hartree-Fock calculations are the 
forces of Skyrme type [Sk56, Sk59, Va70, Va72, En75, Be75, Gi80a, Gi80b]. Their 
distinguishing characteristic is the addition of a three-body interaction, i.e., the total 
interaction looks like 


= (2) (3) 
VS eo (7.30) 


bay i<j<k 


e the Hulthén potential u(r) = —Vo 


The two-body interaction contains momentum dependence as well as spin-exchange 
contributions and a spin-orbit force: 


ae = to(1 + xoP,) d(r; — rj) 
ae Ll (6(r; - rk =F k?8(r; - r;))tok -d(r; — rk 
+iW(6;+6;)-& xé6@;—r)k . (7.31) 
Here, instead of the operator of relative momentum the related expressions 
al 


A i 1 
k 5 (Vi Vi) 8 5 (Vi Vj) (J) 


a ; al : : 
are used with the additional convention that k acts on the wave function to its left. 
The three-body interaction is a purely local potential 


Oe == jh é(r; oe TOT = Ty) j (GSS) 


The Skyrme forces contain six parameters fo, t), f2, 3, Xo, and Wo, which are fitted 
to reproduce properties of finite nuclei within a Hartree—Fock calculation. We will 
give more details in connection with the Hartree-Fock method in Sect. 7.2.8; let us 


216 


7. Microscopic Models 


only conclude the definition here by mentioning that the three-body force in spin- 
saturated nuclei can be shown to lead to a density-dependent two-body potential 


60 = Int P)dri- ri) o(G@i +7) - (7.34) 


A further class of interactions, the modified Skyrme forces, is based on this formu- 
lation of the three-body force and replaces the linear dependence on the density by 
a power dependence 

OP roditea = G31 + PodO(ri — MP (Seri +7) (1S) 
with A = ; a common choice. This modification was introduced mainly to im- 
prove the compressibility properties of nuclear matter, which is too “stiff’ against 
compression for the standard Skyrme forces [K676, Kr80]. 

The Skyrme forces have been widely used because they contain sufficient 
physics to allow a convincing quantitative description of heavy nuclei while being 
sufficiently simple mathematically to make computation feasible. 

The Gogny force [Go73] has a similar structure as the Skyrme forces with 
the local two-body contributions replaced by Gaussians combined with spin and 
isospin exchange. 

The next class of forces are not intended for full Hartree-Fock calculations, but 
only for calculating the interaction between particles and holes excited from the 
Hartree-Fock ground state. This means that the force need not describe the bulk 
properties of nuclei, such as saturation, and simpler expressions are quite adequate. 
An example are forces of Migdal type (familiar from Fermi-liquid theory), which 
contain terms like 


Vo Ori — rj )(f +f Fi-F) +96;-6) +96) +6; 7:-F;) . (7.36) 


The surface-delta interaction (see, e.g., [Gr65b]) addresses similar applications with 
the idea that because of the Pauli principle the interaction between particles and 
holes is peaked near the surface of the nucleus, thus motivating the replacement 


5(rj — 7) > 6(r; — rj) 6(7; — Ro) (7.37) 


with Ro the nuclear radius. 

Finally there is a class of interactions like the Sussex potential which are not 
written as potentials with a functional form at all; instead one uses the matrix 
elements of the interaction in a basis of oscillator wave functions as unknowns in 
a shell-model calculation and the (very large) set of matrix elements then describes 
the effective nucleon-nucleon potential numerically. Such interactions should of 
course then be used only for similar calculations in the same space of single- 
particle wave functions. 
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7.2 The Hartree-Fock Approximation 


7.2.1 Introduction 


Microscopic models are models that describe the structure of the nucleus in terms 
of the degrees of freedom of its microscopic constituents — the nucleons. To do 
this a microscopic Hamiltonian A is needed, which contains some suitable form of 
nucleon—nucleon interaction such as discussed in the previous sections. For most 
of these models the starting point is a nonrelativistic Hamiltonian containing only 
two-body interactions, and a general form is provided in second quantization by 


A= Sty afa; +3 S~ vy afatand (7.38) 
gy ikl 


where the indices 7, j, k, and / label the single-particle states in some complete 
orthonormal basis and the vj; are the matrix elements of the nucleon-nucleon 
interaction. All indices run over all available states, i.e., normally from | to oo. An 
eigenstate of this Hamiltonian can be expanded as a sum over states which all have 
the same total number of nucleons, but with the nucleons occupying the available 
single-particle states in all possible combinations. Formally we can write 


|Z) = +S Cit ,i...ts aja} i - G0) ’ (7.39) 
ale stA 
where the indices i,, n = 1,...,A, serve to select a subset of A single particle 


states occupied in that particular term in the sum from among the infinite number 
of available states. 

The number of states in the sum of (7.39) is staggering. Even if we take into 
account the fact that the ordering of the indices is unimportant, the number of 
terms in the sum will be given by how many ways there are to choose A occupied 
single-particle states from N, available ones, which is clearly 


Nhe ek 
(*) wen 


if the number of available states is cut off to N,. Obviously the problem is not 
tractable in general. There are two alternatives for proceeding: either restrict the 
number of particles and states, or replace the general wave function of (7.39) by 
a much simpler approximate one. The first approach is used in the shell model, 
which assumes that only a small number of nucleons outside a closed shell and 
confined to few states determine the nuclear properties. The most prominent case 
of the second approach is the Hartree-Fock approximation, which we will now 
develop. In essence the sum over all the different occupations is replaced by a 
single term; then the single-particle wave functions cannot be chosen arbitrarily 
but are prescribed by the method. 


Ada 
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7.2.2 The Variational Principle 


Restricting the functional form of the wave functions is a very useful approach to 
solving complicated problems such as (7.38). In this case, the restricted wave func- 
tion can in general no longer be an exact eigenfunction. To develop this formally, 
examine the eigenvalue problem 


AW=EY . (7.41) 


The unknown (but normalized) solutions % are assumed to span the Hilbert space 
as usual. We seek the solution in the form of a wave function ® which is somehow 
restricted in its functional form, so that all possible ®s span a subspace of the 
Hilbert space available with the %s. Now whatever its form, any function ® can 
certainly be expanded in the Y%, i.e., we can write 


Dy wh, ithe ||| eae (7.42) 
k k 


Now assume that the index k runs from 0 upwards and the states are ordered in 
ascending energy, so that k = 0 denotes the ground state of the Hamiltonian. Then 
the expectation value of the Hamiltonian in @ will be 


(DIA |®) = S~ [cx PEx = Eo + S- [cx l?(Ex — Fo) (7.43) 
k k>0 


and this value will always be larger than or equal to Eo, with the minimum realized 
if co = 1 and c, = 0 fork > 0. This yields the exact solution, but if |®) is restricted, 
it will not be possible to have all the coefficients for k > 0 vanish, and one can only 
minimize these terms. Any admixture of states k > 0 to © will increase its energy, 
so that we can conclude that an optimal approximation to the ground state for the 
Hamiltonian Hi is attained for that wave function ® whose energy expectation value 
is minimal. Formulated as a variational principle it can be written as 


5(P|A|%) =0 . (7.44) 


It is clear from (7.43) that what is being minimized more precisely is the mean 
deviation of the wave function from the true ground-state wave function with the 
contributions of the different states being weighted with their excitation energy. 

In the above derivation of the variational principle it was assumed that the trial 
wave function ® is normalized. Sometimes it is convenient to allow nonnormalized 
functions, but then normalization has to be imposed as a subsidiary condition in 
the variational principle: 


5((P|A |S) — E(P|G)) =0 (7.45) 


Why the variational parameter was denoted as E will be clear in a moment. 

The variation in (7.45) can be carried out either with respect to |S) or (AI, 
since they correspond to two different degrees of freedom, like a number and its 
complex conjugate. Since the resulting equations are hermitian conjugates of each 
other, it suffices to examine one of these cases. Varying (| yields 
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(SP|H |S) — E(50|6) =0 . (7.46) 


If ® were an unrestricted wave function, then |5@) would be an arbitrary vector and 
it could be concluded that 


H|®)—E|6)=0 , (7.47) 


since this vector is perpendicular to arbitrary variations in this case and thus must 
vanish. This shows that for unrestricted wave functions the Schrédinger equation 
is recovered and explains the notation E. In the case of interest here, of course, 
this conclusion is wrong and @ is not an eigenfunction of A. In this case (7.45) 
implies that H|®) — E|®) should be orthogonal to the subspace allowed for the 
solution. 


7.2.3. The Slater-Determinant Approximation 


The method of finding an optimum approximation within a restricted space of 
wave functions now is clear, and only the set of allowed wave functions still has 
to be selected. The choice that leads to the Hartree-Fock approximation is that of 
a single Slater determinant, i.e., a wave function of the form 


IY) = aja) ---a{|0) , (7.48) 


or more concisely 


A 
|Z) =] [aso . (7.49) 


i=l 


Here the index of the creation operators refers to a set of single particle states with 
the corresponding wave functions ¢;(r), i = 1,...,A, to be determined from the 
variational principle. 

Before starting with the derivation of the Hartree~Fock conditions, it is worth- 
while to examine what the approximation means. To understand the concept, first 
ignore the antisymmetrization of the particles and take the simplest case of two 
particles. The approximation would then consist in using a wave function restricted 
to w1(71)~2(r2) instead of a more general ~(r1, 72). The probability density for 
finding particle number | at r; and particle number 2 at r2 (the joint probability) 
is then given by |;(71)|*|W2(r2)|? and is the product of the individual probabili- 
ties, 1.e., that for finding particle number 1 at 7, irrespective of where particle 2 
is located, times the same for particle 2. The two particles thus are independent of 
each other. 

What is excluded in this approximation to the wave function is a correlation 
between the particles. For example, if there is a repulsive interaction between them, 
one would expect the joint probability to be reduced compared to the simple product 
whenever |r; — r2| becomes comparable to the interaction radius. The deviation 
between the joint probability and the product of the single probabilities is called 
the correlation function. 
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Taking into account the Fermi antisymmetrization changes these conclusions 
somewhat. The product wave function now has to be 


jeep) = - [dicrs ola) — valrvda(ra)] (7.50) 


so that the joint probability becomes 


Wio(ri, ra)? = 4 (lear Plda(ra)?? + [dard P(r)? 
— WE (ry )v3(r2)Y1(r2)%2(71) 
—viraWiYerrivrr2)) (on) 


Clearly this is not the same as the product of the single probabilities. In fact if 
we set 7] = r2 = 7 the result is not | (r)|?|¢2(r)|? but zero: the probability for 
finding two fermions at the same location vanishes, so that there is always a strong 
correlation (in the classical sense) between them. Since this effect is always present 
for fermions and does not need any interaction between the particles, however, it 
is better to still refer to the two particles as uncorrelated (or independent) in the 
quantum-mechanical sense, and to call correlations only the deviations from the 
joint probability expected with antisymmetrized product wave functions, i.e., of the 
Slater-determinant form. 


7.2.4 The Hartree-Fock Equations 


Now we are ready to investigate the variational principle applied to the Hamiltonian 
of (7.38) with a trial wave function as in (7.49). How can the wave function be 
varied? It has already been pointed out that the single-particle wave functions ¢;(r) 
are the objects to be determined. They can be varied via an infinitesimal admixture 
of other wave functions from the complete set: 


5dj(r) =) bce de(r) (7.52) 
k#j 

Equivalently the creation operators can be varied: 

ba} =) ben at (7.53) 

k#j 

Insert the varied operator into the wave function of (7.54). The result of varying 
only this one single-particle wave function is 

[Y + 6U;) = |W) + So ben ata a! yafat..---atjo) (7.54) 

ki 


Now if the index k of the newly mixed-in wave function is among the indices of 
occupied states 1,...,A, the variation vanishes, because the corresponding creation 
operator appears twice in the product. This leads to two important consequences. 


e The only nonvanishing variations of a single Slater determinant are admixtures 
of unoccupied wave functions to any of the occupied ones. 
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e Any replacement of the occupied wave functions by linear combinations among 
themselves leaves the total many-particle wave function invariant. 


The latter property is also familiar from the fact that replacing a column in a 
determinant by a linear superposition with other columns does not change its value; 
here applied to the Slater determinant. This makes it clear that we cannot expect 
the variational principle to determine the single-particle states themselves; only the 
total space of occupied states — disregarding any linear transformation of the states 
— has physical meaning. 

The variation of the wave function according to (7.54) may also be expressed 
more concisely by using an annihilation operator to depopulate the wave function 


He 


| + 6%) = |W) + So ocy ala |Z) , k>A , GSA , (7.55) 
k 
with o = +1 keeping track of the sign changes caused by permuting the operators 
to put them in front of all the other operators in |W). For the variation, actually, it 
is not necessary to keep the sign or the sum over j and k, as all of these variations 
are independent; it suffices to demand that the expectation value of H be stationary 
with respect to variations of the form 


|5%) = ca} a; |v) (7.56) 


as a function of the parameter e for arbitrary values of the indices fulfilling k > A 
andj <A. 

Notation: Throughout this chapter it will be necessary to distinguish three types 
of indices: those referring to occupied or unoccupied states only, and others that 
are unrestricted. To facilitate the notation we use the following convention: 


e The indices i,j and their subscripted forms 1;, jz, etc., refer to occupied states 
only, 1.e., they take values from 1 through A exclusively, where A is the number 


Of occupied states: 1 j0— 1... AL 

e The indices a n and their subscripted forms refer to unoccupied single-particle 
states only: m,n =A+1,...,00. 

e The letters k and / are reserved for unrestricted indices: k,/ = 1,...,00. 


We can now rephrase the variational problem in this notation. The Hamiltonian 
becomes 


A= SS thy ko Gl Gx, + 2 = Uky kakaka af af Giga, ; (7.57) 
kiky Ky ky kaka 


and the fundamental variations take the form 
\60) = cal a|w) . (7.58) 


As the variation does not change the normalization of the wave function to first 
order (clear from 6(2|D) = (6@|©) + (6|6@) = 0), one may use the variation 
without Lagrange multiplier for the norm. Conventionally the bra vector is varied, 
so we have to take the Hermitian conjugate of |5), 


Dae 
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(SD| = (leas an (7.59) 
The variational equation now becomes 
O= (OWA) =e*(Ula)a,A|Y) , (7.60) 


where the Hamiltonian of (7.57) is to be inserted. The arbitrary factor e* can then 
be dropped. The calculation of the resulting matrix elements is given as an exercise 
below; the final result is 


Imi + 5 > (Umii — Unit — Yimij + Ymjz) =O - ce) 
j 


From the definition of the matrix elements it is clear that they do not change their 
value if the first index is exchanged with the second and simultaneously the third 
with the fourth, so the equation can be simplified to 


bmi + 3 (Oni = Umi) =0 . (7.62) 


di 


The notation is further simplified by abbreviating the antisymmetrized matrix ele- 
ment as 


Uky kokgka = Uk kykaka mae Uk kaka ks , (7.63) 


so that we get 
A 
bai + ST tas =0. (7.64) 
pel 


To understand the physics contained in this equation, remember the range the 
individual indices vary over: i denotes an occupied state ( < A), m an unoccupied 
one (m > A), andj sums over all occupied states, which has been emphasized in 
(7.64). The equation thus demands that the single-particle states should be chosen 
such that the matrix elements 


A 


hg = ty + S > dgy (7.65) 
j=l 


vanish between occupied and unoccupied states. If we allow (k,/) to refer to 
arbitrary combinations of states, this defines a single-particle operator h, which 
is usually called the single-particle or Hartree-Fock Hamiltonian. As expected, 
the condition (7.64) characterizes the set of occupied states and not those states 
individually. 

To formulate these conditions more concisely and to prepare for further de- 
velopments, the operator h is split up into four parts corresponding to different 
index ranges: lon (particle—particle) denotes those matrix elements with both in- 
dices referring to unoccupied single-particle states, hp, (hole-hole) has both states 
occupied, and hon and hip denote the appropriate mixed cases. Formally then the 
matrix is decomposed into 
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- finn hy 
pS ee ae 
Ge) 0.9 


or, in a more sloppy notation (the matrices have to be filled up to full size by 
adding zeroes), 


h= lop + hun aF hon + hyp ; (7.67) 
and the conditions become 
fon =O and fy =O . (7.68) 


The block matrix decomposition makes it apparent how these conditions may ac- 
tually be fulfilled in practice: the states may be chosen such as to make f, itself 
diagonal, 


A 
hy = ta + >_ Oyj = xu (7.69) 


ii 


with single-particle energies €,. This defines one convenient choice of the single- 
particle states ¢,(r) themselves. Writing the Hartree-Fock equations (7.69) in 
configuration space makes their physical content even more apparent: 


he z 
Enda (r) = —>— Vidar) + ( i Pr! ur’ —r) > Jer?) e(r) 


ial 


A 
~ S~ 4(r) i, Br! u(r! — r)bX(r’)be(r’) (7.70) 


j=l 


The equations are quite similar in form to Schrédinger equations for each of the 
single-particle states. The second term on the right-hand side is the average poten- 
tial 


, A 
u(r) = fader! u(r’ —r)> |b (r’)? (7.71) 
j= 


which has the simple interpretation of the potential generated by the density distri- 
bution of nucleons. The last term is the exchange term; together with the average 
potential it defines the mean field. The Hartree-Fock approximation is often called 
the mean-field approximation. 

The exchange term of course makes the problem quite a bit more complicated 
than a simple one-particle Schrédinger equation. Since it changes the Schrédinger 
equation into an integral equation, it is much harder to deal with in practice, and 
various approximations are employed. One popular approach is that of using zero- 
range interactions like the Skyrme forces for which, as we will see shortly, the 
exchange term can be combined with the direct one. For forces with a finite range 
— unavoidable in the case of the Coulomb interaction — some approximation must 
be employed. 

The Hartree-Fock equations show a mechanism by which the nucleons them- 
selves can produce a strong central field in a nucleus in analogy to the central 
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Coulomb field in the atom, which is not produced by the electrons. What makes 
this possible? Clearly the assumption of the Hartree-Fock approximation was the 
neglection of correlations, arising from direct particle—particle scattering not me- 
diated by the mean field. This is reasonable if the scattering is prohibited by the 
Pauli principle, so that an inordinately large amount of energy is needed for the 
process. The correlations are, however, important for the excited states and this 
will be the topic in Sect. 8.2. 

The full two-body interaction to the extent that it is not included in the mean 
field is called the residual interaction. One important part of it is taken into account 
by the pairing force (Sect.7.5) and other contributions lead to correlated excitations 
as mentioned. 

The Hartree-Fock equations form a self-consistent problem in the sense that the 
wave functions determine the mean field, while the mean field in turn determines 
the wave functions. In practice this leads to iterative solutions in which one starts 
from an initial guess for the wave functions, such as harmonic-oscillator ones 
and determines the mean field from them. Solving the Schrédinger equations then 
yields a new set of wave functions, and this process is repeated until, hopefully, 
convergence is achieved. 


LSE ———EE——EEEx——_ ———_—L_——_== 


7.2 Matrix Elements in the Variational Equation 


Problem. Evaluate the matrix elements appearing in the variational equations 
(7.60). 


Solution. The techniques explained in the chapter on second quantization do not 
apply directly here, because we are not dealing with a vacuum expectation value. 
Whether the state corresponding to a certain index is occupied or not, is thus very 
important for deciding how an operator will act on |W). 

The kinetic energy contribution is 


SO tha WG} maf Gig |Y) (1) 
kiko 


The Basie procedure is the same as for vacuum expectation values. We note that 
both 4; and @, yield zero when applied to |%), because i refers to an occupied 
state in |W) and m to an unoccupied one. These two will thus be commuted through 
to the rear. 

Commuting G,», to the back yields a nonvanishing contribution only from a} ; 
so that the intermediate result is 


Se they ky Omky (w\a} a, ae (2) 
kiko 


and the remaining matrix element is simply 6%,, so that the result, after eliminating 
the sums, becomes fty;. 
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The evaluation of the potential matrix elements is somewhat more involved. 
Starting from 


S> Vekataks WG} Ama} Gf Ane, Y) (3) 
ky ka k3kq 


it is clear that permuting al and Gm» to the rear will again produce the desired 


result, but now each of them produces a nonvanishing commutator with either one 
of the two operators of opposite type following them. This leads to the following 
combinations of Kronecker symbols replacing the matrix element: 


Ours olf, => Win ei — Orta One am Oe ane (4) 


The signs were determined by counting how many permutations of the operators 
were needed to bring them directly in front of the operator with which they are 
commuted to leave a Kronecker symbol. Inserting this into (3), we find that in 
each term two of the sums are eliminated through the Kronecker symbols, and to 
combine the remaining sums it is advantageous to relabel the summation indices 
as kj,ky > k and k3,k4 — k’. This yields 


5 De (Umkik? — Umkk'i — Ukmik? + Ukmk'i ) (Dlalae|w) (3) 
kk! 


The surviving matrix element can be nonvanishing only for k =k’. As 4 al , ak is the 
particle-number operator its matrix element is 1 if the state k is Becupied and zero 
otherwise. The sum in (5) thus can be restricted to occupied states and we can do 
this in the notation used here by renaming k = k’ to j: 


1 
5 >, (mitt — Unie — Umi + Yimit) (6) 


which is the final result. 


7.2.5 Applications 


Let us now investigate the properties of the states of the many-body system in the 
Hartree-Fock approximation. The ground state of course is given by (remember 
that the index m refers to occupied states only) 


|HF) =[[afjo) . (7.72) 


m 
Its energy can be evaluated easily by using the methods developped above: 


Eur = (HF|A|HF) 


= d tam + 5 » Umnmn 
= =D ee Stan (7.73) 


205) 


Exercise 7.2 


226 


7. Microscopic Models 


It is important to relize that the energy of the Hartree-Fock ground state is not 
simply the sum of the individual single-particle energies, but has an additional 
contribution from the potential interactions. The mathematical reason is that the 
Hamiltonian of the many-particle system is not the sum of the single-particle Hamil- 
tonians, but contains the interactions weighted differently. 

It appears a simple matter now to construct excited states based on the Hartree— 
Fock ground state: these should simply be given by the particle-hole excitations 
of various orders. In principle this is not quite true, because the mean field also 
depends on the states actually occupied, which in turn makes the single-particle 
Hamiltonian and the single-particle states themselves change depending on the 
particular occupation. In practice, however, this problem is usually ignored with 
the argument that for a heavier nucleus the change of state of one single particle 
will change the mean field only negligibly, and the associated change of the single- 
particle states is even smaller. We thus construct excited states as one-particle/one- 
hole (1pth) excitations 


|mi) = 4)4,|HF)  , (7.74) 
two-particle/two-hole (2p2h) excitations 
|mnij) = @) a'a,a;\HF) , Gas) 


and so on, with unchanged single-particle states. The expectation value of the 
energy of such states can easily be calculated. For the one-particle/one-hole exci- 
tations, for example, one obtains 


Emi = (mi|H |mi) 


A 
= Evr Fane = ba oe SD Ore: mz Vinin) 
a 
= Deere = a) — eee (7.76) 


simply by writing down the sums with this difference in occupation (note that 
Ommmm = O for antisymmetry). 

Thus in addition to the expected contribution from the single-particle energies 
of the two particles involved, there is also one arising from the change in the mean 
field. Unfortunately the result is really only an expectation value, as there are also 
off-diagonal matrix elements 


(mi|A\nj) = —Onjni—, Gap 


sO in principle a matrix should be diagonalized. In many cases, though, the po- 
tential contribution can be neglected and the particle-hole states can be treated as 
approximate eigenstates of the problem. 

A similar analysis also sheds light on the physical meaning of the single- 
particle energies €,. Compare the energy of the nucleus with A nucleons to that of 
the nucleus with A — 1 nucleons, for example, with one particle removed from the 
occupied state j. The latter is described by the wave function 


7) =G@ HF), (7.78) 
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Day 


where again the dependence of the wave functions themselves on the occupation 
of the states was neglected. Its energy is given by 


R= Sot t+t > tiraag (7.79) 


if#j ijboAj 


and the difference from the ground-state energy becomes 
= I = 1 < 
Ej — Exe = ty — 4) day — 4D Oi 
i i 
Se 
i 


= a. (7.80) 


Here the symmetry of the matrix elements Oj; = Oj; Was used. Thus the single- 
particle energy indicates the energy required to remove a particle from the nucleus. 
This is the contents of Koopman’s theorem, which is discussed in more detail in 
[K671] and [Ba71]. 

Note that this argument cannot be used recursively: if it were reapplied to 
remove another nucleon, the potential interactions between the two nucleons would 
be treated incorrectly (otherwise the total energy of the ground state should be given 
by 5°, €;, which was seen to be wrong). 

The results of Hartree-Fock calculations can thus be used not only to predict 
the bulk properties of the nuclear ground state, such as the binding energy, mean 
square radius, surface thickness, and so on, but also for the description of excited 
states. Furthermore, the wave functions obtained in this way can be used as a 
basis for treating pairing (Sect.7.5) and to describe collective states as coherent 
superpositions of particle-hole excitations (Sect. 8.2). 


7.2.6 The Density Matrix Formulation 


The Hartree-Fock equations take a particularly simple form when expressed in 
terms of the one-particle density matrix. This formalism is very elegant for formal 
manipulations, so that it is well worthwhile to get to know it. 

Given a many-particle state |®), the one-particle density matrix is defined as 


pa = (Pla) a |), (7.81) 


where k and / run over the one-particle basic states. |) need not be a simple 
Slater determinant built out of these states but can be a general superposition of 
such Slater determinants. Note that the one-particle density matrix depends both 
on the state |) and on the single-particle basis defining the operators 4, and 4. It 
is customary to use the shorter term “density matrix” for the one-particle density 
matrix if no confusion with other types of density matrix is possible. 

The following elementary properties of the density matrix are easily derived: 


e px is hermitian: 


pu = (P|a'a,|) = (D[(4/4,)'|S) = py. (7.82) 
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Expectation values of single-particle operators such as 


pa ty al a, (7.83) 
kl 


can be calculated via 


(D|?|S) = 2k |G} ai|®) = So ta ie (7.84) 
kl 


which can be rewritten using matrix trace notation: 
(O|t| Oy Itt) (7.85) 


Here f in parentheses stands for the matrix 4, representing the operator i 


If the state |®) is a simple Slater determinant, the form of the density matrix 
is quite restricted. We first regard the case that |) is built out of the same 
single-particle states as those contained in the single-particle basis defining the 
density matrix. Then we must have 


ae [ee for k and I occupied in |) (7.86) 
0 otherwise 


Thus p is diagonal in this case with ones and zeroes on the diagonal depend- 
ing on whether the corresponding single-particle state is occupied or empty. 
Furthermore it fulfills the fundamental relation 


=p , (7.87) 


which follows immediately from the special form of the matrix. But this relation 
continues to hold in the more general case. If the single-particle states that 
make up |®) are not included in the basis defining p, they may in any case be 
expanded in those using some unitary matrix U, 


a y Uys Gye, (7.88) 
K! 
where (3 now denotes the second quantization operator for these states occupied 
in |®). The density matrix f defined in the basis of the G, now is given by 
p=UpU' , (7.89) 
so that conversely p = U'AU. Since f fulfills (7.86), we get 
po = UlpuutpuU =UtpuU =UlpU =p . (7.90) 


So (7.86) holds for a Slater determinant |) no matter what single-particle basis 
is used for defining p.” 


The following notation is used: ? denotes an operator, ¢ the corresponding matrix, and ty 


the elements of the matrix. 
* Do not confuse this with We UE 00s equation for a general density matrix. A general 


density matrix fulfilling p* = p describes a pure state. This has nothing to do with 
Hartree-Fock theory. 
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ars) 


e In the case of a Slater determinant |®), (7.86) implies that p is a projection 
operator. From the special form it takes if expressed in the single-particle states 
contained in |®) it is clear that it projects onto the space of occupied single- 
particle states. 


The last property of the density matrix allows a simple formulation of the decompo- 
sition of a matrix into particle—particle, particle-hole, etc., contributions (related to 
a given Slater determinant). Returning to the Hartree-Fock case, the hole—hole part 
of the single-particle Hamiltonian in matrix notation can immediately be written as 


late = One (721) 


To find similar expressions for the other parts of h, note that the matrix o = 1 — p 
projects onto the space of empty single-particle states (check that 0? = o and find 
its meaning as for p). This yields immediately 


hi = pho , hn=ohp , Ip =coho . (7.92) 
The Hartree-Fock conditions were that hyp = hp, = 0 and can be rewritten now as 

ie) aon — Oe (7.93) 
and upon inserting the definition of o, 

et 0) (7.94) 
from which we conclude that ph = hp or 

[p,h]=0 . (7.95) 


It is clear why formulations using the density matrix are often more elegant: there is 
no need to separate occupied and empty single-particle states in this approach; this 
distinction is handled by the density matrix. Simple matrix manipulations can then 
replace cumbersome sum expressions that have the additional problem of having 
to distinguish these different index ranges. 


7.2.7 Constrained Hartree-Fock 


The Hartree-Fock equations as such yield an approximate wave function corre- 
sponding to a minimum in the expectation value of the energy. In practice the 
result is not unique. To understand this, consider for example the problem of fis- 
sion. The energy of the nucleus is minimal for its ground state, but for heavy nuclei 
the energy of two separate fragments at a distance is even lower; in addition, it is 
known that many nuclei also possess a shape-isomeric state, i.e., a local minimum 
in the energy at relatively large deformation. 

Which of these solutions is obtained by iterating the Hartree-Fock equations 
depends on the initial configuration, as illustrated in Fig. 7.2. 

In contrast to the phenomenological single-particle models with parametrized 
shapes, the Hartree-Fock minimum may contain arbitrary deformations and also 
violate symmetries if these are allowed by the numerical procedure and if such 
a symmetry is not present in the initial configuration. For example, a deformed 
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Fig.7.2 Schematic sketch of 
the way the Hartree-Fock 
equations converge to dif- 
ferent minima depending on 
the deformation contained in 
the initial wave functions. In 
this case, three different min- 
ima will be approached, with 
the separate fragments going 
to as large a separation as 
is allowed by the numerical 
procedure. 
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E(Q) 


© starting configuration 


isomer 


separated 
fragments 


nucleus can acquire an additional asymmetric octupole-like deformation, provided 
the numerical method does not enforce reflection symmetry and the initial state is 
not ideally symmetric: in the latter case the iteration may not be able to “decide” 
in which direction to deviate from reflection symmetry and will be frozen in a 
symmetric shape. 

The way to determine the whole curve in Fig. 7.2 is to add a constraint to the 
variational principle. For fission, for example, a natural constraint is given by the 
quadrupole moment of the nucleus, so that we consider the variational problem 


6(HF|A — \O|HF) = 0 (7.96) 


The operator Q is the sum of the quadrupole moments of the single particles. 

In using this approach one may keep A constant and then obtain a deformed 
state for each value of A; unfortunately it is then difficult to find states near maxima 
in the energy, so that it is often better to demand a given expectation value of Q 
and vary A during the iteration accordingly. Such calculations have been done ex- 
tensively and yield quite reasonable fission potentials and deformed ground states. 
These should not be compared directly to the potentials used in a collective model, 
because the microscopic wave functions contain some uncertainty in the quadrupole 
moment ~ after all, only the expectation value is fixed — corresponding to zero-point 
oscillations in the collective ground state. The Hartree-Fock energy thus should 
always be higher than the collective potential-energy surface. 

At present it is still too expensive to do Hartree-Fock calculations with more 
than one constraint, so that for the study of potential-energy surfaces depending on 
more than one deformation parameter the phenomenological models are preferable. 


7.2.8 Alternative Formulations and Three-Body Forces 


In many applications it is more convenient to use the variational principle itself 
instead of the Hartree-Fock equations derived from it. This may be due to reasons 
of simplicity or for the following practical consideration: normally the equations 
are solved numerically, for example by expressing the wave functions as discretized 
functions on a numerical grid, such as 
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WES. = W1CG) 9 8 7) AN wl ee (97) 


In this case there is an additional approximation in the wave functions: we seek 
an optimal solution with a Slater determinant built out of such discretized single- 
particle states. Instead of discretizing the eigenvalue problem for the single-particle 
Hamiltonian of (7.69), it is better to discretize the expectation value of the Hamil- 
tonian itself and vary with respect to the true unknowns, the $(x;). Usually there 
are only small differences between the two methods, but conceptually the second 
one should provide a better approximation. 

A case in which this method is also applied is in the application of Hartree- 
Fock to Skyrme forces, where there is an additional three-body potential. If the 
treatment of two-body potentials is appropriately generalized, such a potential leads 
to a second-quantized operator 


1 al Alain. 2 8 
; ) Uk; kokakakske Gy, Ay, Ay, Ak, Aks Ak, (7.98) 
ky Koka kgksKo 


and with exactly the same methods as before the expectation value of such a term 
may be evaluated to yield 


1] = 
6 > Vijkijk 5 (7.99) 
ijk : 
where Gyxix is the antisymmetrized combination 
Vijkijk = Vigkijk 1 Vijijki PF Vigkkiy — Vijkjik — Vijkikj — Vike — - (7.100) 


In the next section this formalism will be applied, which has the interesting conse- 
quence that for a zero-range force the expectation value of the Skyrme Hamiltonian 
can be expressed as an integral over a local energy density functional. 


7.2.9 Hartree-Fock with Skyrme Forces 


The principal purpose of the discussion of three-body forces in the preceding section 
was the application to Skyrme forces. Recall the definition of the Skyrme interaction 
as a sum of two- and three-body parts, 


ie ode) Ue oe > ves (7.101) 
i <a) i<j<k 
the two body part was given by 
uD = to(1 + xoP 5) 6(r1 — 72) 
= $ty (6(r) Se ee 6 — T2)) 
ee ACen IW (GE Gob <b; —i)k , 102) 
and the three-body part by 


Dye = = OG =) (7.103) 
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Remember that the operators & and & were defined as 
A 1 A 1 
k=—(Vi-V2) , ki = = 5 val Va) (7.104) 
i 


afl 
and that k acts to the left. 
To obtain the Hartree-Fock equations, we have to evaluate the expectation 
value of the Hamiltonian in a Slater determinant |HF). It is given by 


E = (HF|A |HF) 
= S~(ilPlé) +4 SHOP) + gO lik) (7.105) 
i ij 


ik 


We will see that it can be rewritten as a spatial integral over a Hamiltonian density, 
= [er Ga (7.106) 


The Hamiltonian density, in turn, is a functional of certain densities obtained by 
summing over the single-particle states. If we write them as 


gi(T,0,q) , 2107) 


where o = +5 denotes the spin projection, q = +4 the isospin (the notation g = p, 
n will also be used for fixed values of the index q), and i thus only enumerates 
the different orbital functions, it will be useful to define the following densities: 


1. number densities for protons and neutrons (depending on the value of q), 
2 
Me = Sek aa (7.108) 
ler 


2. kinetic energy densities for protons and neutrons 


mr) => |Vetr,o,9)| (7.109) 
and 
3. spin-orbit current 
Jy(r) = -i D> Or, 0,9)[Voilr,o',q) x (o|6|o")]_ (7.110) 


Note that the kinetic-energy density does not include the factor h?/2m and also does 
not involve the customary combination ¢*V*¢. The more symmetric combination 
used here is equivalent for the total (integrated) Hamiltonian, as partial integration 
shows. The spin-current densities appear to be quite complicated; inserting a single 
wave function, however, shows it to describe essentially a term of the form pk xo, 
i.e., the cross product of the local momentum with the spin, weighted by the local 
probability density. 

The sums should be taken over all occupied single-particle states. We now make 
the assumption that the space of occupied states is invariant under time-reversal. 
This is clearly true for the most important application, namely static properties 
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of even—even nuclei. Formally, the assumption means that if a state $;(r,o,q) 
is occupied, the time-reversed state obtained with the time-reversal operator T is 
also occupied. Using the result from Exercise 2.4 that J = —ioy for the spinor part 
combined with complex conjugation for the orbital wave functions, we get 


T bi(r, 0, q) = = S“(aloylo’)d7(r, Oe q) = —20¢; (r, 85 q) Q (7.111) 


The consequence is that expectation values containing a spin operator vanish: 


>, Fi (7,0, qolFlo’)@ilr,0',q) =0 . (7.112) 


foo’ 
To see this use the operator (1 =e ay to time-reversal symmetrize the expression 


Soir, 0; Del, ai q) 
=4) 0 (63 (r,0,4)¢i(r, 0’, q) + 400' dir, 0, q)67 (7, -0',q)) 


= t6,0 ¥-(ldilr,o, OP? + dir, 2, I?) 
Ore Dat) = (73) 


Now the desired expectation value can be evaluated: 


Sloe, 0, q) (o|6|o’) gilt, o, q) 


iao’ 


= 4) bc0'py(r)(o|é|o’) 
= SpA acl =U (7.114) 


The last equation follows from the vanishing trace of the Pauli matrices. This 
calculation also makes it clear that if the condition of having both time-reversed 
states occupied is not fulfilled, the formalism will become much more complicated, 
because the single scalar density will have to be replaced by a density matrix with 
spin indices. 

The derivation of the energy functional is given in Exercise7.3 to sufficient 
detail to enable the reader to work out the whole problem if desired. Here we 
summarize the results. The final result for the energy density, including the kinetic 
energy, then becomes 


er) = r+ 4a [(1 + 420) 6 ~ (0 +4) (+ 0) 
+ A(t) + tr)pt + §(t2 — t1)(PnTn + PpTp) 
+ b(t2 — 3n)p V7p + (3H + t2) (pn Vpn + Pp V° Pp) 
+ £(t —h) (Ji + JS) + 4 tspappp 
—4Wo(pV-T+prV-Int+ pV: Ip) - (7s) 
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Coulomb effects are not included in this formula; the Coulomb energy with a 
suitable approximation for Coulomb exchange has to be added separately. 

A much simpler form is valid for nuclei with N = Z, for which, in the absence 
of Coulomb effects, one may assume pp = fn = ip and similarly for the other 
densities. Muy we have 

A(r) = x + Pop’ + igte” + 7g Gt + 5t2)p7 

+ On —5h\(Vp) —2WopV- J+ y(ti-b* . (7.116) 
In both cases the energy expression is the starting point for deriving the Hartree— 
Fock equations by variation with respect to the single-particle wave functions. This 
yields equations of integro-differential form as in the standard Hartree-Fock case. 


EXER SS ee 


7.3 The Skyrme Energy Functional 


Problem. Calculate the energy associated with a Slater determinant for the case of 
the Skyrme force. 


Solution. Let us demonstrate the methods used by evaluating some of the individ- 
ual contributions to the Skyrme energy functional. The exchange contribution is 
taken into account by adding an exchange operator in the matrix element: 
Uk: kokaka = Ukykakaka — Vkikokeks 
— (ky k|6|k3k4) = (ky k|6|kak3) 
= (kyko|u(l — P3.s4)|k3ka) (1) 


where P3.,4 exchanges the two particles in the ket. It can be expressed as the prod- 
uct of spatial exchange Py, (Majorana), spin exchange P,, and isospin exchange 
P,. Replacing the generic indices k by the triples (i, a,q), the term proportional 
to fo yields 


Yo= 5 Dd) (ijoa'ag'|to 6(r1 — 2)(1 + x0Po) (1 — PuPoP,)lijoo'gq') -(2) 
oo'ag’ 


The Majorana exchange operator Py reduces to a factor of 1, since the 6 function 
forces the wave functions to be evaluated at the same point in space. For the isospin 
exchange operator, one has to assume that the wave functions retain pure isospin, 
so that there can be an overlap in isospin space with the other single-particle wave 
function only if the isospin is the same: P,; — 6g. Using the spin-exchange 
operator in the form P, = 5(1 + 6, -&), we get 


a 5 lo ‘Ss (ijoo'gq’|6(r _ r2)|| + Sxo(1 +6, - 6)| 


Yoo'gg’ 
x [1 = $byq(1 + 61 -62)| lif0"gq’) 


= Fite 53 (ijoo'aq'|6(r1 — r2) 


ijoo'gg’ 


x [! + 5x9 — 564q' — qq + 6) 6)| RICE) a 
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In the last step the fact was utilized that terms linear in 6 -&@ vanish (see (7.114)), 
while those proportional to (6, - &2)? yield a factor of 3 as is easily derived from 
the relation 


(6-6'? =3 -26-6' (4) 


already derived in (7.5), and noting that only the constant 3 contributes. There is 
now no explicit exchange term anymore, and the wave functions from left and 
right can be combined into densities: 


Vo = fo Se [er Idi(r, 0,4)? lair, 0,4’) 1 Fey = Orep (x0 Be 4) 
ijoo'gg’ 
=1y S37 [er palr)pq'(7) pl by (20 i 4) . (5) 
ogg’ 


The contribution to the energy density becomes 
Hor) = $10 | (1 + 4x0) o%(r) — (x0 + $) (e2(r) + 02(r)) | (6) 


with the total density p = pp + pn. 

For the term proportional to t; the same arguments can be applied to the ex- 
change operators. Because the second contribution in this term is just the hermitian 
conjugate of the first, it suffices for us to consider only that one in detail. Inserting 
the definition of & and using the above considerations for (1 — PyP,P-), we get 


Vi=-ieh D> (ijoo'ga’|6@r — 2) (Vi + Vz —2V1 - V2) 
yoo'gqdq’ 
“ ¢ Salas = ON OF bq’ )lti0'gq) + h.c. 7) 


Using the same arguments that led to (7.114), we can see that some of the terms 
involving Pauli matrices do not contribute and the expression reduces to 


Vi=—kt! D> (ijoo'gg'|6(r1 — 12) (Vi + V3 -2V1 - V2) liioo'gq’) 


oo'ga’ 


% (1 - 4 644") 
—-h Slijoo'gq' |r — 12)(V1 - V2) (61 « 62) lijoo’qq’) bqqr + h.c. 
i 
= Vin AP Vi2 the . (8) 


For the first term we may use time-reversal invariance to get 
VEO = 2 IO eo) (9) 
tog 
and, similarly, 


So VG = 50 (G77, 2, NV Er, 2,4) + G(r, —0, VO; (T, -2,9)) 
iog iog 


=1Vp (10) 


Exercise 7.3 


236 


7. Microscopic Models 


Exercise 7.3 


to obtain 
Vi = — qh [er {eV*p —2pT — 1(Vp)" 
a oe xa — 2pgTq — L(V p,)'| i (11) 
q 
Integrating by parts reduces it to 
Vin = yeh [er (207 —putn— pot —30V 20+ 4 panV7 n+ 3 pV Pp) (7.117) 
To evaluate Vj, one may use the vector identity 
(V1 - Vo) (B12) = 4(Vi +1) (Waa) + 3(V1 x G1) - (Wo x 62) 
+ V5 [v1 x oi] x [Vo x &9]"] . (13) 


Note that in the last expression the square brackets stand for angular-momentum 
coupling. This expression can be reduced further only if axial symmetry is also 
assumed, which leads to a vanishing of all but the second term because the others 
will average to zero in the integration process. The final result is 


Vio = —¥5h De, (ijoo'gq'|5(r1 — 72)(Vi X G1) (V2 x 2) lif c0' Gq’) bq! 


ijoo'gqq’ 


Lp i) Pr [T2r) + F200], (14) 


lI 


with J,,, the proton and neutron contibutions to the total current density. The total 
t,-dependent contribution to the energy density including the hermitian conjugate 
contributions now is 


= + [Aor — 20nTr — 2PpT — 3pV"p + 3pnV’ Pn 
BE Wein cod ar (15) 


These detailed derivations should be sufficient to illustrate the methods used in the 
calculation and since no new ideas are used for deriving the others, we skip those 
calculations, completing this exercise only by a look at the particularly interesting 
case of the three-body term. 

The matrix element 


= 15 (ijklrzsliik) (16) 


tik 


requires insertion of an operator antisymmetrizing over all permutations of the 
single-particle coordinates. The permutations of (123) appearing with a positive 
sign are (123), (231), and (312), while negative contributions come from (213), 
(132), and (321). Denoting by P(12) the operator exchanging particles 1 and 2, the 
correct operator is 


[1 + P(12)P (23) + P(13)P (23) — P21) — £23) — P31]. (17) 
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Now each of the P operators is replaced by the combination of PuP,P-. Because 
of the 6 functions, Puy can be omitted, while, for example, ENOlD. leads to $(1 + 
@ | - G2) in which the term with Pauli matrices can be dropped because of (7.114) 
as before. Thus we get 


8123 = 3 6(71 — 12) 6(r2 — 13) 


x ; + 16,(12)P,(23) + 4P,(13)P, (23) 
— $P,(12) - 37,23) - 42,80]. (18) 


Relabelling the indices shows that the second and third term yield the same contri- 
bution to the sum, and the same holds true for the last three terms. Also the isospin 
exchange operators result in Kronecker symbols as before, so we get 


1 
a at > [err id: ldy 14? a 5649’ Saq’ — 364 : (19) 


ijk 
Inserting the definition of the densities leads to the final result 


A. 


As = bts |p* + 4(o3 + 63) — 30(eh + 95)] 


t3PnPpP (20) 
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7.3.1 The Spherical-Shell Model 


Historically the shell structure of the nucleus was not predicted by ab initio theo- 
retical considerations based on the Hartree-Fock method. Instead, the experimental 
evidence for shell closure in analogy to the inert gases of atomic structure led to the 
phenomenological postulation of mean-field potentials [Ma48, Fe49, Ha49, Ma49, 
Ma50, Ma55]. which could later be explained in terms of self-consistent fields. The 
principal difference to atomic structure was recognized clearly: there is no domi- 
nating field generated by an external source corresponding to the Coulomb field of 
the nucleus, which suffices to explain many features of atoms without recourse to 
the much more complicated effects of the electron—electron interaction. In nuclei 
the mean field is exclusively produced by the nucleon-nucleon interaction. 

This type of model of noninteracting particles in a mean potential is often called 
the independent particle model. 

The most important piece of experimental information on shell structure is the 
existence of magic numbers. If the number of protons or neutrons is one of the 
magic values, the nucleus turns out to be especially stable; more specifically, it is 
characterized by 


pei 


Exercise 7.3 


238 


7. Microscopic Models 
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Fig. 7.3 Sketch of the functional form of three popular phenomenological shell-model poten- 
tials: Woods—Saxon, harmonic oscillator, and the square well. The parameters are applicable 
to Pb. Note that for the harmonic oscillator the absolute value of the energy is unimpor- 
tant, as it does have the natural limit of vanishing energy for large distances; for this figure 
it was adjusted to agree with the other potentials in the center of the nucleus. 


e a larger total binding energy of the nucleus, 
e a larger energy required to separate a single nucleon, 
e a higher energy of the lowest excited states, and 


e a large number of isotopes or isotones with the same magic number for protons 
(neutrons) 


(all of these in comparison to neighboring nuclei in the table of nuclides). The 
lower magic numbers are the same for protons and neutrons, namely 2, 8, 20, 
28, 50, and 82, whereas the next number, 126, is established only experimentally 
for neutrons. Theoretically one would expect additional magic numbers near 114 
for protons and 184 for neutrons (the exact prediction depends on the theory) 
leading to superheavy nuclei [Gr69, Ni69, Fi72, Ra74] (for an extended treatment, 
see [Ir75, Ku89]), but these have not been confirmed in experiment, although there 
are hints of an increase of lifetimes in the heaviest elements observed up to now. 
We will come to this question in Sect. 9.2. 

A phenomenological shell model thus is based on the Schrédinger equation for 
the single-particle levels: 


2 
(-v ap vin) wiry=Eewir) , (7.118) 


with a prescribed potential V(r). 

What kind of function should be chosen for V(r)? It should be relatively 
constant inside heavier nuclei to explain the constant density suggested by the fact 
that the nuclear radius behaves as 


i (7.119) 


but go to zero quite rapidly outside the nuclear surface. Popular and successful 
choices are given below (assuming spherical symmetry). 
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Vi : (7.120) 


1 + exp[(r — R)/a] 


Typical values for the parameters are: depth Vo ~ SOMeV, radius k & 
1.1 fmA!/3, and surface thickness a © 0.5 fm. Although this potential fol- 
lows a similar form as the experimental nuclear density distributions and has 
the general behavior discussed above, it has the practical disadvantage of not 
leading to analytic forms for the wave functions. It is thus used usually in 
those cases where the asymptotic form of the wave functions is important and 
calculational expense not prohibitive. 


The harmonic-oscillator potential 


V(r) = dmw?r? (7.121) 
with fiw = 41 MeV x A~!/3 typically. This is very convenient for computation 
but as it goes to infinity instead of zero at large distances, it clearly does not 
produce the correct large-distance behavior of the wave functions, which fall 
off as exp(—k?r) instead of exp(—kr) and there are no scattering states at all. 
The A~'/3 dependence of the oscillator constant implies that on the nuclear 
surface, i.e., for R = roA!/3, there is the same potential regardless of the value 
of A, thus simulating the constant depth of the potential well. 


Finally, for some applications, the square-well potential 


vos | * PS Ik 


ip > 1K 


for 


Yohee 
for ( ) 


way) 


Fig.7.4 Level structures in 
the harmonic-oscillator (left), 
Woods-Saxon (center), and 
square-well potentials (right). 
For each level the conven- 
tional quantum number des- 
ignation is given consisting 
of the radial quantum num- 
ber and the angular momen- 
tum. The number of particles 
in each state, including the 
two-fold spin degeneracy, is 
indicated in parantheses for 
the level, while the total oc- 
cupation up to that level is 
given in square brackets. 
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This is a compromise combining finite range with moderate computational 
difficulties. Note that the wave functions vanish for r > R and are thus not 
realistic in this region. Although the wave functions can be given analytically, 
with the present computational equipment usually the Woods—Saxon is preferred 
in cases where the oscillator potential does not suffice. 


All three potentials are sketched in Fig. 7.3. Since they are all spherically sym- 
metric, the wave functions contain a factor Y;,((2). For the harmonic oscillator in 
spherical coordinates the complete wave functions should be familiar from elemen- 
tary quantum mechanics; they are given by 


Z Qn+l+2 
Vain MON One OF It /aing 


! . 
x ae 2G xeyea 20K) (7.123) 
0 


with x9 = ./h/mw. The symbol L7'(x) stands for the generalized Laguerre 
polynomial. The eigenenergies are determined by the principal quantum number 
N = 2(n — 1)+/ as 


Ey = hw (N +3) (7.124) 


and are S(N + 1)(N + 2)-fold degenerate. The associated spectrum and occupation 
numbers (including spin) are indicated in Fig. 7.4. Clearly only the first three magic 
numbers are reproduced. A property of the spectrum that will be important later is 
that the shells of this model contain only states of the same parity, which is given 
by (—1)'. The angular momentum is denoted by the letters s, p, d, f, g, ...as in 
atomic physics. 

For the square-well potential the wave functions have the form 


Wr) x fikr) VYim(Q) , rsR , C125) 


and the energies follow from the matching condition j;(kR) = 0, which can be 
solved only numerically. The resulting spectrum is also indicated in Fig. 7.4. It is 
less degenerate but still does not reproduce the experimental magic numbers. 

Finally, for the Woods—Saxon potential, the radial wave functions can be ob- 
tained only numerically. The energies lie between the harmonic oscillator and the 
square-well results and also fail in comparison with experiment. 
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7.4 The Eigenfunctions of the Harmonic Oscillator 


Problem. Determine the eigenfunctions of the harmonic oscillator in Cartesian and 
cylindrical coordinates. 
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Solution. In Cartesian coordinates the Schrédinger equation is 
he Oo? 2 Ee? we ; ; ; 
ae (a Be - = + (Pty? +27)| oy, 2) 
= E (x,y,z) : (1) 


As the Hamiltonian in this case is simply the sum of three one-dimensional 
harmonic-oscillator Hamiltonians, separation of variables is trivial and the solu- 
tion is simply a product of one-dimensional harmonic-oscillator wave functions 


dn (E) =N,, sae Hy, (€) ’ i (Jant2r)'? } @ = -— (2) 


with oscillator quantum numbers n,, ny, and n,, 


Wnznynz Q,y,Z)= Pn, (x) Pn) Pn, (Z) 6 (3) 


This corresponds to the given number of excitations in the respective coordinate 
direction and an energy of 


Enynynz = feo (ny oP ny AP lilig AP 3) : (4) 


Note that now all the states with a principal quantum number N = n, +ny +7, 
are degenerate. 


In cylindrical coordinates the problem is a bit more complicated. The Schrédinger 


equation takes the form 


fia oe? &? 1 fa) Bu we , 
ae lez * Op” pap +5) te’ +e | We, p,4) 


=Ewz,p,o) . (5) 
The usual separation of variables ~(z, p, 6) = €(z) x(p) n(@) leads to 


d2 
= (iF + 1?) nb) 


dowpeslaceemicos,. QntA 
ee ae) a 6 
0 (Gatoa me as Te) xe (6) 


a mu ,  2m(E —A) 


Here ” and A are separation constants. It is of course not surprising that because 
of axial symmetry the azimuthal quantum number pp = 0,+1,+2,... appears in 
the ¢-dependent part 
n@s ae (7) 
i V2 
It was denoted as yz instead of m to distinguish it from the nucleon mass. The z- 
dependent equation is again that of a simple one-dimensional harmonic oscillator, 
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so that we find the solution as given above for the Cartesian case with a quantum 
number n,. The eigenenergy is given by 


E = hw(n, +4) +A (8) 


Various methods are available for solving the p-dependent equation. The procedure 
usually followed in quantum-mechanics textbooks is to look at the asymptotic 
behavior of the wave functions near the origin and at infinity, extract suitable 
functional factors, and then (hopefully) find that the rest is given by polynomials 
that must satisfy a cutoff condition in order to obtain a normalizable wave function. 
In practice, whenever it is expected that an analytical solution does exist at all, one 
can abbreviate part of these steps by looking into mathematical handbooks. 
For p — 0 the equation becomes 


d? Ieee = 
0={—+---=> : 9 
(+sa xe) (2) 
and this may be solved with y(p) = p%; inserting yields a = || (the negative 


sign has to be discarded since the wave function must go to zero at the origin. For 
p — oo, on the other hand, the equation approaches 


dee dnote 
VS (a + pals = “) Xp) (10) 


and the experience with the one-dimensional oscillator suggests a trial with y(p) = 
exp(—{p’). Substitution yields the condition 


2 
(40° - — ) = 4p=0 ’ (11) 


so that in the limit we get 6 = mw/2h. Introducing the abbreviation k = mw/h 
we will thus use the decomposition 


Ly 
Mie eG) (12) 


At this point we can abbreviate things by looking for a suitable orthogonal poly- 
nomial. Instead of trying to find one satisfying the differential equation remaining 
after the substitution (actually in this case it does not work, because it will turn out 
that the polynomial depends on kp”, not on p alone), one may look in the tables for 
one fulfilling an appropriate orthogonality condition. The physical normalization is 


oa 2) 
[eee ‘2 7 ante) ali (13) 
0 


Among orthogonal polynomials the only ones defined on an infinite interval are 
the Laguerre and Hermite polynomials; the orthogonality relation that is found to 
be similar is that of the generalized Laguerre polynomials L°(x) given by 


[os cas oO) ae (14) 
0 
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This suggests identifying x — kp” and a — |y|, so that the final trial function is 


a 
(a) rome pl BUND?) (15) 


Inserting this into the differential equation and reducing everything to the new 
variable x produces 


lel + 1 i a) Lie) =0 ,(16) 


ae d 
x—— lel ye ele ve 
Pe 6 pee ee la 


which can be compared with the differential equation for the generalized Laguerre 
polynomials 


S18) + (0+ I = x) LB(e) +n L8G) oe (17) 
yielding not only the same identification for a, but also a condition for A: 

A= Bean + fel +1) = hen + bel +1) (18) 
The new quantum number n can take values from 0,..., oo. In order to make clear 


that it is associated with the p direction, we denote it by n, from now on. 

What this argument lacks, of course, is the proof that these are the only normal- 
izable solutions; to see this one would have had to convert the differential equation 
into one of hypergeometric type and then show that the only normalizable solu- 
tion is one with a special choice of the coefficients leading just to the Laguerre 
polynomials. 

To summarize the results, the eigenfunctions of the harmonic oscillator in cylin- 
drical coordinates are given by 


Dnenpu(ZrP, 0) = N exp[—3k7(2? + p”)] Hy, (kz) pl”! Li#l(kp?) elt? (19) 


with N an unspecified normalization constant that can be determined easily with 
the help of the integral formulas given, and k = mw/h. The energy of the levels 
is given by 


1 = h(n, + 2np + |u| + 3) ; (20) 


Note that the number of “quanta” n, in the p direction counts twice in the en- 
ergy formula because it contains two oscillator directions, and that the angular- 
momentum projection contributes to the energy because of the centrifugal potential. 

Of course the degeneracy of the levels is the same independent of the coordinate 
system used, and the principal quantum number N can be split up in three ways: 


=e ne ete, || — 2m (21) 


The various coordinate systems are useful in different situations; we will see im- 
mediately that the spherical basis makes the spin—orbit coupling diagonal, while 
deformed nuclei are often treated more simply in the cylindrical basis. 
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The basic insight that made the phenomenological single-particle model a viable 
tool in nuclear physics was the inclusion of a strong spin-orbit force by Goeppert- 
Mayer and Jensen {Ma55]. It couples the spin and orbital angular momentum of 
each individual nucleon and so corresponds to the jj-coupling limit of atomic 
theory. The additional term in the single-particle potential is thus 


Clo (7.126) 


In the spherical case this term is diagonal and its value can be computed from 


“a 


i= 4[@+3)°-7 - 3] = REG +) -1E+1)—-s(s +1) (7.127) 


Of immediate interest is the splitting of the two levels with 7 =/ + i, It is given 
by 


Bjyarqi/2— Bary, =C W(E+ 4). (7.128) 


Experimentally one finds that the state with j =/ + , is lower in energy, so that 
the spin-orbit coupling term must have a negative sign. 

There is still the possibility to have an r-dependent coefficient C. For the 
purely phenomenological approach the experimental data do not provide enough 
information to fix such an r dependence, so that usually a constant is assumed. 
Attempts to derive a spin-orbit coupling from microscopic considerations have 
been successful only in the relativistic meson-field formulation (see Sect. 7.4); the 
reativistic spin—orbit coupling inherent in the Dirac equation turns out to be too 
small. 

Typical values for |C| are in the range of 0.3 to 0.6 MeV/h? (for a more 
detailed parametrization see the next section), and a spectrum for the harmonic 
oscillator with spin-orbit coupling is shown in Fig.7.5. The levels are labelled 
by the radial quantum number n, orbital angular momentum /, and total angular 
momentum j as nlj. Each of these states is degenerate 27 + 1-fold with projections 
92 = —j,...,+j. Clearly the magic numbers are now described correctly! 

Let us now discuss the applications of this model and its confirmation by 
experimental data. The properties of the single-particle states themselves can be 
examined through pickup and stripping reactions, which allow the determination 
of the binding energy and angular momentum of the particles near the Fermi level. 
The experiments of this type tend to agree with the predictions of the model near 
closed shells. 

The ground states of nuclei should be constructed by filling the single-particle 
levels up to the Fermi level. In principle the Coulomb potential should be added 
for the protons. Since for stable nuclei the Fermi levels for protons and neutrons 
should be equal (otherwise beta decay makes them equal), it lifts the single-particle 
states, so that the Fermi level for the protons should be at the same position as that 
for the neutrons, although these are more particles. Usually the influence of the 
Coulomb potential on the spectrum is ignored, so that the same spectrum is used and 
simply filled to a different Fermi level. Note, however, that for more sophisticated 
parametrizations (see the next section) the spin-orbit force is somewhat different 
for the two types of particles, so that the level schemes also differ in detail. 
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We can distinguish two types of shell closures. If all the projections 2 belong- 
ing to the same j state are filled, we call this a closed j shell. If there is a larger gap 
in the level scheme to the next unfilled j shell, i.e., if a magic number is reached, 
this corresponds to a major shell closure. In both cases the angular momentum of 
the nucleus should be zero. To see this simply note that a filled 7 shell must have 
vanishing angular momentum, because acting on it with any angular-momentum 
operator only transforms the substates with different projections amongst them- 
selves, leaving the many-body state invariant. 

We thus have as the first consequence that all nuclei corresponding to filled 
j shells in both protons and neutrons must have angular momentum J = 0. This 
agrees completely with experiment. 

The next simplest case is that of adding a single nucleon to such a nucleus. In 
this case the nuclear angular momentum should result from the angular momentum 
of this single particle alone. This also turns out to be true near the magic numbers. 
The case of one hole in aj shell may be treated similarly. 
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Fig.7.5 Level scheme for 
a harmonic oscillator with 
spin-orbit coupling. The 
states of the pure harmonic 
oscillator plotted on the left 
split up to form the structure 
on the right. The number of 
particles in each level and 
the total number are indi- 
cated as in Fig. 7.3.2. On 
the extreme right the magic 
numbers corresponding to 
major shell closures are also 
given. 
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If there is more than one nucleon in a partially filled j shell, the model predicts 
that all the angular-momentum couplings should be degenerate. For example, two 
particles in aj shell can couple to a nuclear angular momentum Ol = 0,22.) 
and all of these possibilities should lead to a degenerate ground state. Experimen- 
tally this is not true: the nuclear ground state is never degenerate, and this must 
be due to the residual interaction, which lifts the degeneracy of the pure single- 
particle model. One can give certain rules (such as the Nordheim rules as to which 
angular momentum is preferred. Since these are strictly outside the scope of the 
single-particle model, we do not give details and only note one example which 
will become important later: for two particles of the same isospin in a j shell the 
angular momenta always couple to zero, and in this case the residual interaction is 
of the pairing type (see Sect.7.5). In addition we will show that J = 0 holds for 
all even—-even nuclei. 

A further interesting prediction of the phenomenological single-particle model 
concerns the nuclear magnetic moments. For the case of one nucleon outside a j 
shell it is expected that it carries the total magnetic moment of the nucleus. Since 
the details are not too interesting in this context we only mention that the results 
agree with experiment only near major shell closures. 

Of more immediate interest is the question of the quadrupole moment. Again 
for one particle outside aj shell it should be determined only by the wave function 
of this particle. The result (see Exercise 7.5) is 


(7.129) 


This implies that Qo should vanish whenever j = 5 and should be negative oth- 
erwise. Experimentally one finds that for most nuclei the values are positive and 
much (up to a hundred times) larger. Reasonable agreement with experiment is 
achieved only near major shell closures. 
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7.5 The Quadrupole Moment of a Nucleus 


Problem. Evaluate the quadrupole moment of a nucleus due to a particle in a state 
Ho Jails 


Solution. Writing the wave function as 


Daya =fulr) >~ (LAs |ms2) Yin (8, 4) Xs (1) 


with some unspecified radial function f,(r), we can insert it into the definition of 
the quadrupole moment 
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The arguments for the spherical harmonics are (0, d) in all cases and will also be 
suppressed below. The radial integral is just the mean square radius r2 of the wave 
function, and the angular integral can be evaluated using 


[e0eos Ohdo ¥, You lime = (l’L|m'Mm), | ee (l’L1|000) , (3) 


yielding for this special case 


5 
/ d(cos 6) d@ ¥f Yo0¥imr = (121|m'Om)4/ 7 (1211000) 


= (Renee a 
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Together with the orthogonality of the spinors, xi Xs" = Ossr, We get the result 


Qo = 2er? S~ (14j|msj)” (21|mOm) (121|000) (5) 


ms 


and upon inserting the Clebsch-Gordan coefficients 
(6) 


for both j =1 + 5. 


Finally a calculation of the electromagnetic transition probabilities necessarily leads 
to results close to the Weisskopf estimates; again the experimental values off the 
major shell closures tend to be much larger, as we have already seen in connection 
with the collective model. 

In summary one may say that the spherical phenomenological single-particle 
model succeeds in the explanation of the magic shell closures and of the properties 
of nuclei nearby, but fails for the nuclei between major shell closures. If we look 
back at the discussion of rotational states in Sect. 6.34 it appears that the model 
must be modified to account for nuclear deformations. This will be discussed in 
the next section. 
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7.3.2 The Deformed-Shell Model 


The generalization of the phenomenological shell model to deformed nuclear shapes 
was first given by S. G. Nilsson [Ni55] and also in [Go56, Mo55], so this version 
is also often referred to as the Nilsson model. The principal idea is to make the 
oscillator constants different in the different spatial directions: 


V(r)= 5 (wax? +uyy? +727). (7.130) 


Before finding a more convenient parametrization, consider for a moment what the 
associated nuclear shape will be. For the spherical-oscillator shell model we had 
seen that the nuclear surface has a constant potential value independent of A. In 
the deformed case the density distribution should follow the potential in the same 
way, so that we may define a geometric nuclear surface as consisting of all the 
points (x,y,z) with 


Lae = wrx tury? +wez?) , (7.131) 


where hip = 41 MeV x A~!/? is the oscillator constant for the equivalent spherical 
nucleus. This describes an ellipsoid with axes X, Y, and Z given by 


@pR=w,X =uyY =u,Z . (ey) 


The condition of incompressibility of nuclear matter requires that the volume of the 
ellipsoid be the same as that of the sphere, implying R? = XYZ, and this imposes 
a condition on the oscillator frequencies: 


Be, ny, (2133) 


Now assume axial symmetry around the z axis, i.e., w, = wy, and a small deviation 
from the spherical shape given by a small parameter 6. We define 


we =we =uo(1+36) , wh =ug(1— 96) , (7.134) 


which clearly fulfills the volume conservation condition of (7.133) to first order 
with wo = Wo. Volume conservation can be fulfilled to second order using 


a 2 

we = (1— 46)(1+ 46)" up, (G35) 
leading in second order to 

wy & (1+ 267). (7.136) 


Utilizing the explicit expression for the spherical harmonic Y29, we may also write 
the potential as 


V(r) = 4mupr? — Bonus r? Yoo(0,9) (7.137) 


where {J is related to 6 via 


a4 
ees = (7.138) 
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It is important to realize that the deformed shapes obtained in this way are different 
from those in the collective model, where the radius and not, as here, the potential, 
was expanded in spherical harmonics (see Sect.6.1.1). The difference becomes 
pronounced for large deformations, where the collective-model shapes develop a 


neck and even separate: at 0 = 5 we have the largest negative value Y29(4,¢) = 
—+,/5/4r, so that 
R(3,4) = Ro(1 + a20($,¢)) (7.139) 


becomes zero for @29 = 2,/ 47/5 there, producing a fissioned shape. In contrast, the 
shapes in the deformed-shell model always remain ellipsoidal, albeit with arbitrarily 
long stretching. 

We can now write down the Hamiltonian of the model: 


- h mwe 
Sara 2 ce r? — Bomu}, r? Yoo(0, ¢) 
— fd (20-84 nT) (7.140) 


The spin-orbit term is conventionally parametrized with a constant «, and there 1s 


also a new f term parametrized by jy, which is introduced phenomenologically to 
lower the energy of the single-particle states closer to the nuclear surface in order 
to correct for the steep rise in the harmonic-oscillator potential there. Both « and ys 
may be different for protons and neutrons and also depend on the nucleon number, 
and there are various parametrizations in the literature assuming a variation with A 
or A!/3, or with the major shell [Gu66, Ni69, Se67]. The details are very important 
when extrapolating the model to superheavy nuclei; we only mention here that the 
values are of the order of 0.05 for & and 0.3 for p. 

The Hamiltonian may be diagonalized in the basis of the harmonic oscillator 
using either spherical or cylindrical coordinates depending on the application. In 


spherical coordinates the spin-orbit and i’ terms are diagonal, but the Y29 term 
couples orbital angular momenta differing by +2 (this coupling was neglected in 
Nilsson’s original work owing to computer limitations of the time). In cylindrical 
coordinates, on the other hand, the deformed oscillator potential is diagonal and 
the angular-momentum terms must be diagonalized numerically. In any case, with 
modern computing resources neither is a problem. 

It is worthwhile to study the quantum numbers resulting from both approaches 
(for details see Exercise 7.4). Consider first the spherical oscillator without spin 
effects. The energy levels in the spherical basis are given by 


€ = hw (N + 3) (7.141) 


with the principal quantum number N = 2(n, — 1) +-J, radial quantum number n,, 
angular-momentum quantum number /, and projection m. In the cylindrical basis 
they are replaced by 


€ = hw, (nz + $) + hwy (2np + |m| +1), (7.142) 
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Fig.7.6 Lowest part of the 
level diagram (Nilsson dia- 
gram) for the deformed shell 
model. The single-particle 
energies are plotted as func- 
tions of deformation and are 
given in units of Aa@. The 
quantum numbers $2” for 
the individual levels and J; 
for the spherical ones are 
indicated as are the magic 
numbers for the spherical 
shape. 
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where n, is the number of quanta in the z direction, n, is that of radial excitations, 
and m is again the angular momentum projection on the z axis. For the spherical 
shape the levels will be grouped according to the principal quantum number N 
(with the splitting by the spin—orbit force then determined through the total angular 
momentum j), but the behavior with deformation depends on how much of the 
excitation is in the z direction. For prolate deformation, the potential becomes 
shallower in this direction, and the energy contributed by n, excitations decreases. 
The cylindrical quantum numbers are thus helpful in understanding the splitting 
for small deformations. 

For very large deformations, on the other hand, the influence of the spin-orbit 


and i? terms becomes less important and one may classify the levels according 
to the cylindrical quantum numbers. It has thus become customary to label the 
single-particle levels with the set Q"[Nn,m]. Q, the projection of total angular 
momentum, and the parity 7 are good quantum numbers while N, n,, and m are 
only approximate and may be determined for a given level only by looking at 
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its behavior near the spherical state or, for m, at large deformation (in practice a 
calculation will show what the dominant basis function is in the expansion of the 
diagonalized state). 

Exercise 7.6 explores how the calculation is actually carried out in the cylin- 
drical basis. F 

Figures 7.6-7 show the resulting levels as functions of deformation. At first 
sight this Nilsson diagram appears to be a confusing mixture of intersecting lev- 
els, yet a number of interesting features can be observed. The highly degenerate 
spherical levels split up into the individual state pairs characterized by +2 and 
the parity, which is determined by the orbital angular momentum in the case of a 
spherical shape. For the spherical levels the magic numbers and the conventional 
nomenclature for orbital and total angular momentum are also indicated. 

The projection |{2| and the parity are indicated for all the levels arising from 
spherical multiplets below the magic number 82. The way in which the levels 
diverge can be understood quite easily: states with a larger projection should have 
smaller quantum number n,, so that for oblate deformation, where the frequency 
in the z direction increases, they are lowered with respect to the other states and 
the opposite happens for prolate deformation. 

This systematic behavior of the levels is made more complicated by avoided 
energy-level crossings. As a general rule, levels with the same (exact) quantum 
numbers should never cross if they are plotted as functions of a single parameter. 


Fig.7.7 Upper part of the 
Nilsson diagram. Inidividual 
quantum numbers are indi- 
cated only up to the spherical 
shell at magic number 82. 
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Fig. 7.8 An excerpt from the 
Nilsson diagram above the 
shell for Lead to show more 
detail. The single-particle 
states are labelled with the 
approximate quantum num- 
bers [Nn.m] in addition to 
§2", and the magic num- 
bers are indicated both for 
sphericity and for deformed 
shell closures. 
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This was first noticed by von Neumann and Wigner [Ne29], who investigated how 
the number of degrees of freedom of a general Hermitian matrix is reduced if 
the matrix is constrained to have two equal eigenvalues; they found that it is in 
general not sufficient to vary a single parameter to reduce the matrix to this special 
case. Thus a degeneracy should always be caused by a symmetry which produces 
additional quantum numbers to distinguish the states. 

If two levels with the same quantum numbers get close to each other, they are 
instead repelled as can be seen easily from the two-level problem demonstrated 
in Exercise 7.7. In the Nilsson diagram of Fig. 7.6 the effect is clearly observable, 
for example, for the 1/27 level coming from the fs/2 spherical multiplet below 
magic number 40. Going towards negative deformations it is first repelled by the 
1/2~-level from the p;/2 state above and then by the one from the P3/2 below. It 
is not, however, forbidden from crossing the 9/2+ coming from above. 

To show some more detail, Fig.7.8 displays an excerpt from the Nilsson di- 
agram above the shell for Lead. In this figure the levels are also labelled with 
the asymptotic quantum numbers in brackets according to Q™[Nn,m], where N is 
the spherical principal oscillator quantum number, n, is the number of phonons 
in the z direction, and m is the projection of the orbital angular momentum. The 
latter two become good quantum numbers in the limit of large deformation, where 
the spin-orbit coupling is negligible compared to the deformation in the oscillator 
potential. Note the slopes of the levels at large deformation, which clearly show 
the effect of decreasing frequency in the z direction, leading to an n,-dependent 
decrease in the energy. 
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Another intersting point to note in this figure is the existence of gaps in the 
level scheme at larger deformation, which in some cases are comparable in mag- 
nitude to the minor spherical shell gaps. In these gaps the appropriate “magic 
numbers” are also indicated. More on the importance of these shell structures at 
larger deformations will be given in Chap. 9. 

A problematic point in practice is the existence of different deformation param- 
eters even within this one model. They reflect different ways of parametrization, 
depending on whether the potential is expanded in spherical harmonics (these pa- 
rameters are often called €, €2 corresponding to the quadrupole as discussed here 
and €4 to the hexadecupole), while others start with a ratio of axes or frequencies 
(6, 7, and so on). They are, of course, related quite trivially. Probably the best 
source of information on all the various nuclear shape parametrizations — collec- 
tive and single-particle — is the one by Hasse and Myers [Ha88], which the reader 
is advised to consult for these problems. 

One point that is of immediate importance is how the deformation parameter 
(9 used above is related to that of the collective model with the same name but 
corresponding to a9. As mentioned, the shapes allowed in the two models are 
quite different but agree sufficiently for small deformation to allow a comparison. 
One way would be to evaluate the quadrupole moments of the shapes and then 
identify deformation parameters leading to the same quadrupole moment. Instead 
we take the simpler way of comparing the axis ratios in the two models (to lowest 
order, of course, it leads to the same results). 

In the collective model, the axis lengths R, and R, = Ry are given by 


5 
Rz = Ro (1 + a20¥20(0 = 0)) = Ro [ ea! =| | 
T I : 
Ry = Ro (1+ a20¥a0(8 = $)) = Ro (1- 50/7] 


so that for the ratio we get to first order 
é 


1 + a294/ 2 3 5 
Be = es 1+ =a29,4/— . (7.144) 
Ie je 5 2 4n 

ma 20) an 


In the Nilsson model, on the other hand, the axis ratio is given by the relation 


(7.143) 


Smwe (1 — 289 Yao(@ = 0)) RF = dmg (I — 2 Y2o(0 = 5) )R? » (eS) 


from which, again to first order, 


te By E 3 5 
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Taking the square root adds a factor of 5 to the first-order term, so that the two 


expressinons agree to first order. This shows that the notation J was appropriate 
to show the first-order equality to the @ of the collective model. 
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This type of level diagram is essential for understanding many of the properties 
of deformed nuclei. We will come back to the determination of the ground-state de- 
formation in connection with the modern method of shell corrections in Sect. 9.2.2. 
Once the ground-state deformation is known, however, one can draw some con- 
clusions about the angular momentum and parity of the nucleus. For even—even 
nuclei, pairing (see Sect. 7.5) lets all the nucleon pairs in the +{2 level pairs add up 
to a total angular momentum of zero, but in odd nuclei the angular momentum and 
parity of the state the single unpaired nucleon occupies determine the properties 
of the ground state. Thus at a fixed deformation one counts up the level scheme 
for protons or neutrons to find the level with the odd particle. Ideally the spin 
of the nucleus is then given by J = 2 and the parity is given by the parity of 
the single-particle state. In practice usually several levels are close together at that 
deformation: in this case one of them yields the ground-state properties, while the 
other quantum-number combinations can be found among the low-energy excita- 
tions. 

In closing this chapter, let us mention that there are, of course, also generaliza- 
tions of the Woods—Saxon and other realistic potentials for deformed shapes. This 
topic will be picked up again in Sect.9.1 when we discuss large-scale collective 
motion. 
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7.6 Single-Particle Energies in the Deformed Oscillator 


Problem. Calculate the single-particle energies of the deformed-oscillator shell 
model, including spin-orbit coupling, but without the /* term. 


Solution. This problem cannot be solved completely analytically; but as it illus- 
trates some of the most often used methods in nuclear structure calculations, we 
will present it as far as possible. 

For the diagonalization of a Hamiltonian there are essentially two numeric ap- 
proaches: the basis expansion method, which expands the unknown wave functions 
in a basis given by the eigenstates of a similar Hamiltonian, or the purely numeric 
approach, in which finite difference approximations or some other general numeri- 
cal method such as splines are used. It is characteristic of the latter method that the 
expansion has little connection to the physical situation; it can usually be used for 
quite arbitrary problems. Although the increasing power of computers has made the 
latter methods more widespread, we will here discuss the basis expansion because 
of its greater physical content. 

The choice of a basis is the crucial first step. For the spherical harmonic oscil- 
lator we have seen three different systems of basic functions based on Cartesian, 
cylindrical, and spherical coordinates, respectively. Each of these has certain ad- 
vantages and drawbacks for the problem at hand. 


e In Cartesian coordinates the oscillator potential is diagonal but the angular 
momentum does not yield any quantum number. 
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e In cylindrical coordinates the oscillator potential is also diagonal, as long as 
axial symmetry around the z axis is maintained, and the angular-momentum 
projection yz is defined. 


e In spherical coordinates the spin-orbit coupling is diagonal, but not the oscil- 
lator potential itself. 


The choice of the basis set is thus a matter of whether the spin-orbit coupling 
or the deformation of the potential is more important. In practice this depends on 
deformation: near spherical shapes the spin-orbit coupling splits the levels much 
more than the deformation, while for large deformation the cylindrical basis is 
closer to the true states; this is apparent in the “asymptotic quantum numbers” 
discussed above. Here we will discuss the case of the cylindrical basis, because it 
is slightly more complicated and thus more interesting. 

The cylindrical basis as discussed in Exercise 7.4 can be written in Dirac no- 
tation as |n,nppis), Where the spin projection s was added. Because the wave 
functions are products of functions of the different coordinates, we can also split 
them up as 


|nzNpHs) = |nz)|Mpu)\)\s), (1) 


where the kets on the right denote the z-, p-, d-, and spin-dependent wave functions, 
respectively. 

The Hamiltonian of the deformed shell model can be split into the part gener- 
ating the basis functions and the spin—orbit part, 


H a Ao =f Bhs (2) 
with 
om am (Beat apt pp t page) tneke + dmute 


B 3 
Hy. = —2haoKl- 8 GB) 


teen an. rhs. | 


Here the difference of the axes in the z and p directions was expressed by different 
oscillator frequencies w, and w,; the spin—orbit potential was written in terms of 
angular-momentum shift operators because of their simpler matrix elements in a 
basis with good projection. 

As promised, the operator Ho is diagonal in the basis: 


(nin) p's" \Ho|nznp[s) 
ie [fiw (n, ae a} ar hwp(2np ate [| st 1)] Onin, On! np Op! wOs's : (4) 
So the nontrivial problem is the spin-orbit coupling. For this the first step is to 


transform the orbital angular-momentum operators into cylindrical coordinates. A 
lengthy calculation using the usual rules of partial differentiation yields 
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The spin operators have the simple matrix elements 
Cs [Se [5:) = 12 Oates S|) — Ogg Sdn eres 20 cam) 
so that the first decomposition of the spin-orbit matrix element is 
(ninhp's' |Azo|nznpts) = —A@ow (niniu'|Ly |nznpp)6s's—1 
— hidgn (nzngy'|L—|nznpH)ds’,s-+1 
— hayrs(ninip'|E,|\nznpp) bss - (7) 


The factor A from the spin operators was omitted (as will be the A contained in 
the orbital angular-momentum operators) because of the convention introduced by 
Nilsson [Ni55] to include these factors in the definition of k. 

The last matrix element is trivial because L, is diagonal, 

(nine |Lz|nznpt) = hubnin,bnrn, Oss 5 (8) 


P 


while the others can be reduced to products of the matrix elements 


d 
(nflelm) (née) 5 Crh Halon) 
(nee MSInpn) , (niet A ~prpn) ‘ 


which we now have to calculate. Those for the z direction are, in fact, quite simple: 
since this is the straightforward one-dimensional harmonic oscillator, second quan- 
tization can be used. Expressing z and 0/0z in terms of creation and annihilation 
operators yields immediately 


h 
(nz |z|\nz) = {ra (Vite Fn oy eal bntant1) 
d / mu) 
(rt |a ine) = Oh (viz Onin; 1 VA, + 1 Sntanct) 


For the radial coordinate the calculation is a bit more involved, and we have not 
even normalized the wave functions yet! Let us write the normalized eigenfunctions 
as 


(10) 


Be le 
XnpulP) = Ny ope 2 piel Liel(kp?) (11) 


Looking into [Gr65a}, one finds that few integrals with Laguerre polynomials are 
given, and even these are written as complicated expressions in I" functions, hyper- 
geometric functions, and so on. An alternative procedure to calculate the required 
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integrals is as follows. Both the matrix elements and the normalization integral can 
be written as 


co 


a d? 
Kun = [op Xn’ pu! (P) P ph XnvulP) P (12) 
0 


Substituting x = kp? and inserting (11) leads to 
b—1n7—1 qy—l 
D Natt Nap n 


Kab = Caralt b+2/2 
(oe) b 
ay m'|+a d a 
. [ou oe {Pp sal |ta+b)/2 Li x) oe (e x/2 lH L(x) ‘ (13) 
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We have available the orthogonality integral of the Laguerre polynomials, 


(n+m)! 


= Onin (14) 


CC —— [ou eo eee Ce iGo es 
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(note that this applies to the same upper index of the two polynomials). The nor- 
malization integral can immediately be reduced to this integral for the special case 


se — pails 
=, Np =N,: 


—2 —2 
1 = Koo = Nani eB = Nn ht (Np + |m))! 


If lm|+1 ApNp Jilm|+1 Np! ’ (15) 


from which the normalization constant is 


_ [ (Np a |x|)! 
Nap je = 2nplklul+t : (16) 


The other integrals correspond to a = 1, b = 0, and b = 1, a = 0, respectively. 
Let us briefly indicate how to calculate them (take only the case with 4 + 1 on 
the left side of the matrix element, the other case can be converted into this by 
symmetry). 


1. The integral containing one additional p can be rewritten using the recursion 


relation 
LG Ly Lea (17) 
leading to 
NG ENS ee 
oper fdr emt tH le) 
0 


= Enenprf ER 'itp + |tel +1) — Sri np iyfko itp - (18) 


2. The integral containing the derivative is a bit more complicated, because the 
derivative does not act solely on the Laguerre polynomial. Carrying out the 
differentiation produces a sum of three terms: 


ail 
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The first two matrix elements correspond to points 1 and 2, respectively, while 
using the formula 


d 
ap ine) = = biel ca oe. (20) 


reduces the last integral to —26n!ny—1 kny . 


3. The integral containing 1/p need not actually be evaluated, because it drops 
out in the summation of the various parts of the total matrix element (the term 
appearing explicitly cancels with the one resulting from point 2). 


It remains for us to multiply the matrix elements for the different coordinate direc- 
tions and then to add all the terms. In this calculation it turns out to be advantageous 
to introduce a new quantum number N, = 2n, + |j4|. The reason is that in the ma- 
trix elements both || and yz appear and this new notation allows the combination 
of the different terms. The final result is 


(n; eae ; $|n,Npps) = Ou! +1 Os! s—1 


1 TEAGN peat ig 
x5 emp peer nee 


(nz + Ip — /) 


+ 8nf ng +1 ON! Np =I 5 


Zz 


1 Oy! w—165! 5-41 


i n,)(N, -p+2 
el Even (Np — H+ 2) 


D) p) 
/(nz +1)(N, + 
+ Ons sng +1ON)Np—I eee 
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Although this is a lengthy expression, note that the selection rules are quite re- 
strictive: each term contributes in a different combination of quantum numbers on 
the left and right, and the quantum numbers cannot be different by more than 1 in 
each case. So the actual matrix is quite sparse. 

At this point numerical calculation has to take over, and we can only indicate 
how this would have to be done. The first step is to set up the set of basis functions. 
The only good quantum number is {2 = +s, so states of different 2 are not 
coupled by the Hamiltonian (check that the selection rules in the spin—orbit term 
preserve this!). In addition, the states with +2 are degenerate (Kramers degeneracy, 
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Table 7.2. Quantum numbers of the harmonic oscillator states with N < 5 in the cylindrical 
coordinate basis. 


INO. 7, 4eN, nz Ne Mp ft & 

1 0 0 0 0 Oe aly 2 
2 1 1 0 0 OZ 
3 2 2 0 0 0 +1/2 
4 2 0 2 1 sae 
S 3 3 0 0 Ose 
6 3 1 2 1 OF 2 
a 4 4 0 0 QO +1/2 
8 4 2 2 1 QO +1/2 
9 4 0 2 ] QO +1/2 
10 1 0 1 0 1 —1/2 
11 2 1 1 0 ho ye 
12 ) 2 1 0 ] —1/2 
13 3 0 3 ] 1 —1/2 
14 4 3 1 0 1 —1/2 
15 1 1 2 1 i —1/2 


see Sect. 2.6). How should the infinite set of states be cut off? In principle there 
is no prescribed method, one should examine how the perturbation couples the 
basis states. A good choice is usually an energy cutoff, which in the present case 
corresponds to allowing the same number of quanta in all directions, or explicitly 
nz + Np < Neutore (this may be a bad choice if the nucleus is strongly deformed). 

Let us set up the basis for 2 = 5 and Neutorf = 5. There are states contributing 
with 2 = O and ps = 1. They are given in Table7.2. 

Of course this list can easily be generated through computer loops. The 15 x 15 
matrix can then be filled with matrix elements; the energy along the diagonal 
and the spin-orbit matrix elements calculated according to the formula derived 
in this exercise with the quantum numbers of the left and right state. Finally the 
matrix is handed to a diagonalization program which returns a list of numerical 
eigenenergies and, if desired, the numerical coefficients giving the expansion of the 
true eigenvector in terms of the 15 basis states. The same must then be repeated 
for the other positive values of 2. 

To be assured of the accuracy of the expansion, this calculation should be 
repeated with different cutoff limits until convergence is achieved; the value Neutost 
necessary depends on the deformation and on the desired accuracy. 
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7.7 The Crossing of Energy Levels 


Problem. Regard the case of two energy levels which intersect as functions of 
a parameter. How do the eigenstates change if an interaction of constant matrix 
element is introduced? 


260 


Exercise 7.7 


0 t 


Fig.7.9 The avoidance of 
crossed energy levels. Two 
noninteracting energy levels 
(dashed), which intersect as 
functions of the parameter ¢, 
are repelled by an interac- 
tion to form the new levels 
shown as full curves. 


Fig. 7.10 Squared amplitudes 
\c:|? of the eigenvector cor- 
responding to the lower per- 
turbed state in Fig. 7.9; as 
functions of the parameter /. 
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Solution. Assume that the parameter is ¢ and that the intersection is at t = 0, where 
both levels have energy a. To simplify the formulas without losing generality, let 
us take a symmetric situation with the same slope in both: 


EO) abt Ey (ee () 


The situation is indicated by the two dashed lines in Fig. 7.9. Adding an off-diagonal 
matrix element of magnitude d leads to the perturbed Hamiltonian 


a ak d > 
eal d oe : (2) 


It is straightforward to calculate the eigenvalues from the characteristic equation. 
The two new eigenstates are given by 


E\(t)=a+vVb2t24+d2 , E(th=a-—Vb*t?+d? . (3) 


They are shown by the full lines in Fig.7.9 and show the typical features of 
an avoided energy-level crossing. The perturbed states approach the unperturbed 
ones asymptotically far off from the original crossing, and the distance of closest 
approach is 2d, so it is directly determined by the interaction matrix element. In the 
Nilsson diagrams of Figs. 7.6-7 many structures of this type can be seen whenever 
two levels that have the same exact quantum numbers (and thus have an interaction 
matrix element in the full Hamiltonian) come close to each other. 

It is also interesting to examine the eigenvectors, which can also be computed 
easily. For the normalized eigenvector corresponding to the lower eigenvalue one 
finds 


Vvp= 


ld| (Ce (a) 


2 1/2 1 
| (0 2/52 @) 4 a 


These results are illustrated in Figs. 7.9-10. For t = 0, 1.e., at the former intersection 
point, the new state has equal amplitude in the unperturbed states. For t — —oo 
it becomes identical to the state Ba whose energy it also approaches, and for 
t —+ +00 it becomes identical to the other one. An avoided energy-level crossing 
thus corresponds to an exchange of the two wave functions. 

In nuclear dynamics this has very important consequences. Take the case of 
a quadrupole parameter, for example. If the nucleus executes a motion in the 
quadrupole direction, at each avoided energy-level crossing the single particle has 
to be shuffled into a new wave function with a possibly totally different spatial 
distribution (if motion is slow, so that the particle stays in the lowest available 
energy level). This corresponds to a large amount of motion associated with a 
small change in quadrupole moment and thus causes a large kinetic energy. 
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7.4 The Relativistic Mean-Field Model 


7.4.1 Introduction 


Conventional wisdom claims that relativistic effects are unimportant for low-energy 
nuclear structure problems. Indeed, considering that the largest kinetic energy of 
the nucleons in the nucleus is determined by the Fermi momentum kp = 1.4 fm7! 
to be 

eke 


Noge = a 38 MeV , (7.147) 
this corresponds to y = (1 — v?/c?)~!/? = 1.04 or a velocity v % 0.29c. Thus one 
would expect only minor modifications due to relativistic kinematics. Relativistic 
versions of nuclear structure models have nevertheless become important in recent 
years for the following reasons. 


e The relativistic mean-field model (discussed in the next sections) is as success- 
ful as the Skyrme-force Hartree-Fock models in describing the single-particle 
structure of nuclei and provides a natural explanation of the spin-orbit force 
[Du56, Mi72, Wa74]. 


e The relativistic theory of nuclear matter has had some success in clearing up the 
long-standing problems encountered in the nonrelativistic theory [Br84, Te86]. 


e One may hope to link the model of nucleons interacting through meson fields 
to a more fundamental field-theoretic description of nuclear interactions. 


e It may serve as the basis for an extrapolation to dense and hot nuclear matter, 
where relativity certainly becomes important. 


In the spirit of this book we will limit the discussion to the simplest version of the 
model, which will be seen to be something very similar to a relativistic version of 
the Skyrme-force Hartree-Fock theory, and not go into the advanced field-theoretic 
discussion, for which the reader is referred to the review literature [Ce86, Se86]. 
A more thorough introduction to the practical application of the model is given in 
{Re89]. 


7.4.2 Formulation of the Model 


In a relativistic description of interacting particles the concept of an instantaneous 
force described, for example, by potentials, is not appropriate. Instead, the inter- 
action must be mediated by fields which are independent degrees of freedom. The 
fields can be classified by their internal angular momenta, parity, and isospin. The 
fields usually considered are as follows. 


1. The o meson: a scalar and isoscalar meson which provides an attractive inter- 
action. 
The w meson: an isoscalar vector meson leading to a repulsive interaction. 


The p meson: an isovector vector meson needed for a better description of 
isospin-dependent effects in nuclei. 
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4. The photon ¥ describing the electromagnetic interaction. 


The initial breakthrough of these models came with the demonstration that the two 
mesons o and w already suffice to describe the saturation of nuclear matter and 
the binding properties of nuclei quite well. In fact, choosing a larger mass and 
a stronger coupling for the w meson than for the o already produces the long- 
range attraction and short-range repulsion familiar from standard nucleon-nucleon 
interactions. Later refinements will be discussed as they appear below. 

The starting point for a relativistic model is a Lagrange density CL. It should 
contain the free Lagrangians for the nucleon and the meson fields (this will always 
include the photon as well) as well as a term coupling the nucleon to the mesons. 
We can thus write 


L = Loyucteon + Lmesons + Leouple . (7.148) 


The free Lagrangian for the nucleon is standard: 


Lnucleon = Diy", me mp) e Gee) 


Note that the nucleon mass is denoted by mg in this chapter to distinguish it more 
clearly from the various other masses occurring. Similarly the Lagrangians for the 
free meson fields are easily written down: 


1 nO A Dee 
Linesons = 3 ("60,6 — mo ) 


— 4 (0°H#8,0, — m2, O"G,) 


~19rAma, A, (7.150) 


Note that the usual relativistic units of A = c = 1 are used for the discussion of this 
model. The fields & and @,, describe the corresponding mesons; for the » meson 
the notation ie is used to distinguish it from the densities, and A » stands for the 
photon field. Also an antisymmetrized derivative was defined via 


QYAH = OYAH— OHAY (7.151) 


This expression corresponds to the field-strength tensor which for the electromag- 
netic case is usually denoted by F’,,,, and the Lagrangian is given by 


Eos Ey APO AT ae Cie2) 


The present notation avoids having to introduce different letters for the field 
strengths associated with the various meson fields. For the interaction the natu- 
ral choice is to use minimal coupling, but this is supplemented by a nonlinear 
self-coupling of the o meson, 


U(G) = 4b,67 + 4b36* (7.153) 


first introduced by Boguta and Bodmer [Bo77] and since widely accepted. The 
purpose of this term is to improve the compressibility of nuclear matter in the 
model. The Lagrangian usually adopted is thus 
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Lcoupling = =F 560, = pel Op = 5 9p it : Dy 
— AMP —~ UG). (7.154) 
There are four different densities in the coupling terms: 


e the scalar density ~p, = wp, which describes the difference of the densities of 
the positive and negative energy components in the wave functions, 


e the vector density p,, = brad describing the sum of these, 
e the isovector density p,, = wry, and 
e the charge density f[ = Led + T0)Y.%)- 


The model as it stands contains as free parameters the meson masses m,, m,,, and 
Mp, as well as the coupling constants gz, 94, 9p, b2, and b3. For the nucleon mass 
mg the free value is usually employed. 

For practical applications a number of approximations are necessary, because 
the solution of the full field-theoretic problem is clearly impossible. The first step 
is to replace the field operators for the mesons and the photon by their expectation 
values (the mean field approximation), formally 6 — o = (6) etc. The role of 
the meson fields then reduces to that of potentials generated by the appropriate 
nucleon densities, and the nucleons behave as noninteracting particles moving in 
these mean fields. This implies that the nucleon field operator can be expanded in 
single-particle states dg (x”), 


pS ea (7.155) 
[a4 
while the densities reduce to sums over densities of the single-particle states, 
p> S7 babe - pen, (7.156) 
ack 


and similarly for the other densities. Here a < F as usual denotes summation 
over all states below the Fermi level, and py**""™ is the corresponding density for 
free particles at baryon number zero. The presence of this vacuum term and the 
need to sum over all levels below the Fermi level, including all negative energy 
states, is unavoidable in the relativistic theory but makes the problem very hard 
to solve. For this reason another approximation has to be introduced, the no-sea 
approximation (i.e., exclusion of the filled Dirac sea of negative energy states) 
[Re89], which assumes that the sum over all negative energy states in the first 
term of (7.156) cancels the vacuum contribution. It corresponds to the neglection 
of vacuum polarization. 

The net result of these approximations is that we will have a number of occupied 


single-particle orbitals ga, a = 1,..., 2, which determine the densities such as 
2 
po neabe (7.157) 
a=1 


and analogously for the vector density etc. The weight factors wa were introduced 
to allow for a phenomenologically introduced pairing (see Sect.7.5), and the num- 
ber of states $2 then is larger than the number of nucleons A. The meson fields 
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are classical fields with these densities as sources and in turn appear in the Dirac 
equations for the single-particle states, so that a self-consistent problem such as in 
standard Hartree-Fock results. We will now derive the field equations for the static 
case with a few additional restrictions. 

In nuclear structure calculations we are usually interested in stationary states. 
Also it is generally true that proton and neutron states do not mix, 1.e., that the 
single-particle states are eigenstates of 7. Thus only the components of the p 
field and the isovector vector density with isospin projection zero will appear, 
viz. Ro, and po,,. Stationarity implies that all time derivatives and also the spatial 
components of the densities, which describe current densities, vanish. The latter 
fact also leads to the vanishing of the spatial components of the fields themselves, 
since their source terms are just these densities. The only fields left are thus o, 
wo, Roo, and Ao. Furthermore the time dependence of the wave functions may be 
separated off according to 


Cae) on igus ae (7.158) 


with €, the single-particle energy. 

The equations of motion can now be obtained by varying the action S = idex 1 
with respect to the fields. The trivial calculation leads to the Dirac equation for the 
nucleonic states in the presence of the fields, 


ExyoPa = |-i7 “Vtg + Joo + Juwoo 
+ bapRooto7 + FeAoyo(l +70)|ba (7.159) 
as well as to the equations describing the fields 
(—A+m?)o+U'(c)=—gops ; 
(—A+m2z)wo = 9upo ; 


Cree ee 
—AAo = pp 


(7.160) 


This set of equations, together with the definition of the densities, constitutes 
a self-consistent field problem very similar to nonrelativistic Hartree-Fock. The 
approximations made to arrive there from the very general starting point were, 
however, quite severe, and it is not clear, and the subject of ongoing efforts to find 
out, how well they can be justified. Nevertheless, one may always regard these 
equations as defining an effective model of the same spirit as the Skyrme force 
approach and it has certainly been reasonably successful in practical applications. 

A very interesting feature of the model becomes apparent from Fig.7.11 in 
which the meson fields for 7°°Pb are plotted. The o and w fields are quite large, 
being comparable in magnitude to the nucleon mass (the p meson in contrast is a 
relatively minor correction), but almost cancel, so that the result is the standard nu- 
clear potential. This implies that wherever these potentials add up in a constructive 
way, the relativistic effects are nonnegligible, which is responsible, for example, 
for the fact that the spin—orbit coupling has the right magnitude naturally in this 
model with requiring additional fit parameters. 
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The mean-field model is an approximation that neglects many-particle interac- 
tions as well as antiparticle contributions. There have been many attempts to take 
several kinds of higher-order corrections into account both for nuclear matter and 
finite nuclei. For example in the relativistic Hartree approximation (Dirac—Hartree 
theory) vacuum fluctuation effects are included that turn out to be considerable. 
After a refit of the parameters, though, only minor differences remain to mean-field 
theory both for nuclear matter [Ch76b, Ch77b] and for finite nuclei [Pe86]. In other 
calculations the influence of many-particle correlations were considered in various 
approximations (Dirac—Hartree—Fock [Se86, B187], relativistic Bethe—-Brueckner— 
Goldstone [An83]) or even with a consideration of the effects caused by the Dirac 
sea [Ho87]. These corrections are also large, but again after a refitting of the pa- 
rameters the final results are affected only slightly, so that one may assume that 
they are really included implicitly in the effective Lagrangian of the mean-field 
model. Aside from these “one-loop” contributions even “two-loop” contributions 
were considered. This does not, however, imply a perturbation expansion, since 
each approximation contains all orders of the coupling constants. Both the magni- 
tude and the character of the two-loop corrections lead to physically unsatisfactory 
results in this approximation [Se89]. Even expensive lattice calculations were em- 
ployed to search for corrections to the mean-field model [Br92]. An extensive 
discussion of the various approximations studied can be found in [Re89, Se92]. 


Fig. 7.11 Plot of the individ- 
ual mesonic potentials in the 
nucleus *"*Pb for a typical 
parameter set. Vue is the to- 
tal potential resulting from 
the near-cancellation of the 
and w terms. 
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7.4.3 Applications 


It is instructive to examine the limiting case of symmetric nuclear matter as for the 
Skyrme forces (Sect. 7.2.9). In this case the isospin density will vanish, so that the p 
meson plays no role. The Coulomb force is never considered in infinite symmetric 
nuclear matter because in principle it should be infinite. The wave functions are 
plane wave states labelled by the momentum k and the spin direction. An important 
difference is that in (7.159) the effective mass 


He Se 45 Gv C7161) 


appears in the same mathematical position as the free mass mg in the free Dirac 
equation (i.e., the term not multiplied by any 7 matrix). In the solutions we thus 
have to use the effective mass everywhere the free mass appears in the free Dirac 
spinors. 

The spinors must be normalized such that the baryon number, which corre- 
sponds to the density po, gets a contribution of 1 from each single-particle wave 
function; the density itself is then given by the familiar calculation for a Fermi gas, 


=> ays oe a) ke ’ (7.162) 


isospin Spin 9 


while the scalar me turns out to be 


coe (Qn) Ez me 
isospin spin 5 mes 


1 
=a ley ke oie wit log 


= (7.163) 


kp + 4/k2 + mi? 
mp 

The two remaining meson fields must be uniform and are determined from the 

equations 


o 
Mo ep) oUt) — ur (7.164) 


While wo is directly a function of the nucleon density, o must be determined 
numerically from this equation, because not only is it third order itself, but the 
scalar density according to (7.163) inturn depends on o via mg in a complicated 
way (kp is determined from the nucleon density via (7.162). 

The energy per nucleon of the system can be calculated by starting from the 
Lagrangian, determining the corresponding Hamiltonian density and then inserting 
the approximations made up to here. It is a straightforward calculation yielding the 
following result: 
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Assuming any value for the density po, one can determine kp and mg using (7.162) 
and (7.164) and in this way construct the equation of state of nuclear matter (at 
zero temperature). As for the Skyrme forces, the ground-state density, the binding 
energy, and the incompressibility of nuclear matter may then be related to the 
parameters of the model. 

Among the many sets of parameters in the literature one of the most carefully 
obtained is that of Reinhard et al. [Re86], who used a calculation of the properties 
of a number of spherical nuclei in which the parameters of the model were then 
adjusted automatically to provide the best agreement with experimental data in the 
sense of a least-squares fit. The quantities considered were the binding energies, 
radii, and surface diffusenesses. Table 7.3 compares these parameters with the orig- 
inal set of Walecka [Wa74] and also shows the associated nuclear matter properties. 
Note that the data depend too little on the mass of the p meson for that value to 
be fitted; instead the experimental value was used. 


Table 7.3 Typical parameter sets for the relativistic mean-field model. 


[Wa74] (Re86] 


Go SRSA 10.1377 
Ghes 11.6724 13.2846 
Ip 0.0 9.95145 
bo 0.0 —12.1724 
b3 0.0 — 36.2646 
Me 550.00 492.25 
Me 783.00 795.36 
Mp 763 763 

E/A —15.75 —16.42 
Des. 0.194 0.152 

K 544.6 AMM 

mg /mp 0.56 0.57 


The nuclear-matter properties show clearly the basic problem of the linear 
version of the model: the incompressibility is much too large, whereas the nonlinear 
fit easily comes close to the value estimated from experiment, although this property 
was not directly used in the fit. The problem in the linear model seems to be 
unavoidable. 
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Fig.7.12  Potential-energy 
curves for various light nu- 
clei in the relativistic mean- 
field model, calculated on an 
axial grid with quadrupole 
constraint by Fink et al. 
[Fi89]. The different curves 
for each nuclide correspond 
to parameter sets providing 
an optimal fit of spherical 
nuclei, but with the effective 
mass constrained to a pre- 
scribed value. This value is 
mg /mp = 0.75 (full curve), 
0.7 (dashed line), 0.65 (dot- 
ted line), and 0.6 (dash- 
dotted line). Some of the 
curves end for mp = 0.6 
because the model becomes 
unstable. 
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The effective mass in nuclear matter seems small compared to values in other 
models. It is not yet clearly understood what the reason for this is; it has the 
additional disadvantage of causing instabilities in the model [Wa88]. 

By now the relativistic mean-field model has been used in a number of appli- 
cations comparable to the Skyrme-force Hartree-Fock. Perhaps most interesting in 
our context are the calculations of quadrupole-deformed nuclei using a constraint 
[Fi89, B189, Ga88]. Figure 7.12 shows potential-energy curves for a number of light 
nuclei with various parametrizations for the model. Clearly the general structure 
of the surfaces seems to be relatively independent of the details of the parameters; 
the position of the minimum agrees quite well with the experimental information 
where available. The results also demonstrate a problem of the model: in the fits 
the nonlinear potential in the a meson tends to negative values, making the model 
unstable for large values of o, which occurs at high densities, and for the smallest 
values of the effective mass, even happens inside the nucleus due to shell oscilla- 
tions of the density. One may argue that the particular form of this potential was 
selected with a view to renormalizability of the model and that if the model is not 
regarded as a field-theoretical model but rather as an effective one, other functional 
forms may be appropriate. 

Figure 7.13 shows results for some Gadolinium isotopes. There is a systematic 
dependence of the deformations on the parameter set used, and the experimental 
values seem to prefer an effective mass close to 0.65 mg. Such studies may thus 
help in a more refined determination of the parameters compared to those based 
on spherical nuclei only. 
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Fig. 7.13 Ground-state de- 

formations for some even 

Gad- olinium isotopes in 

the mean-field model with 
NL1 different parametrization, 
m*=0.60 calculated by Blum et al. 
[BI89]. The meaning of the 
curves is indicated, NL1 de- 
m*=0.70 notes the unconstrained best 
m*<0.75 fit of spherical nuclei, the 
other NLx correspond to 
mg/g = x. The experi- 
mental data are indicated by 
squares. 
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7.5 Pairing 


7.5.1 Motivation 


The single-particle model as discussed up to now has some serious shortcomings. 
One of the problems becomes apparent when one considers the total nuclear angular 
momentum in a spherical nucleus. In this case the single-particle states will have 
good angular-momentum quantum numbers, and we may denote them, for example, 
by ¢njm with n standing for all nonangular-momentum quantum numbers. Let us 
call the set of states with m = —j...j aj shell. For each j shell one of two cases 
is fulfilled: 


e if all the substates with different m are filled, the total angular momentum of 
the nucleons concemed is always zero, because the space of occupied m states 
is invariant under any rotation; 


e if only a part of the j shell is occupied, the angular momenta of the nucleons 
may result in different total angular momenta depending on the coupling. The 
energy, however, does not depend on the coupling, because in the single-particle 
model it is simply given by the sum of the single-particle energies of the 
occupied states. Thus we get degeneracy of the various total angular momenta. 
Any lifting of this degeneracy must be due to residual interactions. 


Experimentally, a degeneracy of the ground state with different angular momenta 
does not occur; instead experiment establishes the following facts: 


e for even—even nuclei the ground state always has zero angular momentum, i.e., 
the residual interaction lowers this particular state with respect to the other 
angular-momentum combinations; 


e even-even nuclei are bound more tightly than odd nuclei. 


e in even—even nuclei there is an energy gap of 1-2 MeV between the ground 
state and the lowest single-particle excitation. 
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Note that the last property does not refer to the many collective states, of which the 
ground-state rotational band, for example, is usually quite low in energy especially 
in heavy nuclei. 

The residual interaction thus must strongly favor the coupling to zero angular 
momentum, and the pairing formalism provides a simple model interaction that has 
this property. 

To get an idea of how to formulate the interaction, we investigate what is special 
about a pair of nucleons in the same j shell coupled to zero angular momentum 
(this, as is the rest of this section, is based on the discussion given by Mottelson 
[Mo59]). To see the principal argument, it is not necessary to include spin or 
antisymmetrization, so that 


Dry, 72) = Y_ (jf Olmym20) Ym (71) Ym (2) 


mym 


| 
= SE ECDI Yale) aml) (7.166) 


and since without spin W_(r) = f(r) Yjm(§2) (note that here as in the following 
discussions the index j is suppressed, because we will always be dealing with one 
fixed value of j), 


1 
W(r1,72) = Jari 


a o V2j +1 fC) f(r2) Pj (Cos F12) (7.167) 


FO) FO) > (- DIM Vis (21) Yj m (22) 


where 6} is the angle between the directions $2; and §22. The Legendre polynomials 
are strongly peaked near the argument value 1, so that the two-particle probability 
distribution shows a preference for having the two nucleons close to each other. 
This result is not changed fundamentally when spin and antisymmetry are included. 
Note that in the wave function the single-particle states with projection m and —m 
are paired, which are time-reversed with respect to each other and have a similar 
probability distribution, again supporting the argument of geometrical correlation. 

The residual interaction responsible for coupling to angular momentum zero 
must thus be attractive and of short range to provide the desired correlation. Using, 
for example, an attractive 6-function interaction in fact produces a spectrum in 
which the energy depends on the total angular momentum J and the state with 
J = 0 is the lowest, but such an interaction is too complicated for most applications. 
A more practical method is to replace it by an idealized pairing potential that is 
constructed explicitly in such a way so as to lower only the J = O state. For the 
two-particle case, this state is given by 


|j =0) = a4 me 1/-™\jm)|j —m)_, (7.168) 


Tl 


and the second-quantization operator “creating” it is 


Al => Gl)" aan (7.169) 
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where the index j is suppressed in the operators (for the time being we will stay 
within one j shell). The state produced by this operator acting on the vacuum is 
not normalized; the factor 1/2 in front of the operator is chosen with a view to its 
commutation properties. 

For the further developments it is convenient to eliminate the factor (—1)/~™ by 
redefining the phases of the wave functions. Denoting the usual angular-momentum 
eigenstates with the phases according to Condon and Shortley (see Sect. 2.3.2) by 
|m)cs, we can introduce new states |nt)pcs via [Ni61] 


_ J |m)ecs ifm>0 , 
|n1) Bcs = Ea if m< 0 (7.170) 


The name “BCS” refers to the Bardeen—Cooper-—Schrieffer theory of superconduc- 
tivity [Ba57], which was first developed in the context of condensed-matter physics 
and then applied to nuclei by Belyaev [Be59]. 

The operator At now takes the form 


At = 5 1" (aba des + 5 ob" (al aes 


m>0 oa 
(Ze to Datel, | 
m>0 m<0 BCS 
=e (Giclee (7.171) 
m>0 
Note that (—1)?” = —1 as m is half-integer. For the rest of the section on pairing 


the BCS phases will be used. 
The pairing potential is now tentatively constructed as 


Go nan (7.172) 


with G > 0 giving the strength. The summation is over positive m values only; 
other definitions summing over the whole range have a factor of i in front. The 
definition of Vp is inspired by the particle-number operator and is supposed to 
“count” the pairs coupled to zero angular momentum. Since At is not a simple 
creation operator, it has to be shown whether this operator really performs as 
desired. To see that, calculate the spectrum of Vp,ir in the space of antisymmetrized 
two-particle states |” 1m). Its matrix elements are 


(mjm}|Vp|m mz) =-G bm! —m! One (7.173) 


(actually the sign of this result is true only if the ordering of the positive and 
negative projection states is the same on both, for example, m,, mj} > 0 and my, 
my <0). The number of states |m,m) is N = (Ge), which just corresponds to 
the number of ways that two occupied states can be selected among the 27 + 1 
available. Amongst these there are (2 = (2j + 1)/2 states of the form |m —m) with 
m > 0, and Vp has a matrix element of —G between all of these and a zero matrix 
element otherwise. Assume that we arrange the two-particle basis such that the first 


272 7. Microscopic Models 


QQ states are those of the form |m —m). A vector in this space with components 


(cy, ---5€Q)€AQ41)++-,¢n) is transformed under the action of Vp according to 
Cc] C 
a CQ C 
=-G 7.174 
2 CQ4 0 F ( ) 
CN 0 


with C = es c;, Clearly Vp maps any vector into the vector with the {2 first com- 
ponents equal and zero otherwise, so that it is a projector into that one-dimensional 
subspace. This implies that it has a zero eigenvalue for all vectors outside that 
space and the only eigenvector with a nonvanishing eigenvalue is given by cj = 1, 
j=1,...,Qandc; =0,j > 2 with eigenvalue —G §2. We have thus constructed 
the desired pairing potential which leaves all states unchanged except for the one 
state given by )_,, |m—m), which has zero total angular momentum and is lowered 
by —G22. 

The next step will be to examine what happens if there are more than two 
particles in one j shell. 


7.5.2 The Seniority Model 


Let us try to extend the considerations of the previous section to the case of N 
particles in a j shell. This problem was first studied by Racah [Ra43]. Again we 
will use the operator 


MS Soa (7.175) 
m>0 


which creates two particles coupled to zero total angular momentum. Applying 
this operator repeatedly does not simply create many such pairs; for example the 
operator (At)? will contain contributions proportional to (a!)* which vanish because 
of the Pauli principle. 

For the two-particle case, N = 2, we already know that the state At|0) has lower 
energy than all other two-particle states, which are degenerate. The construction 
of states with higher numbers of N is a good example of operator algebra. Aside 
from At the other operators that may play a role are the particle-number operator 


i 
i = SEM (7.176) 


(note that for this operator the summation over m extends to both signs), and the 
pairing potential 


V) ==GA\A = G9 aa aoe ce Cig) 
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We will use the commutation relations between these operators to construct the 
eigenstates of Vp. Because Vp does not change the particle number, it is clear that 
[N, Ue) = = 0. The other commutation relations can also be evaluated easily: 


ANA] = 37 [alata] 


m>0,m’ 
= 3° (atatatay —atayatat 
= (4 On ray — Gm Ay, a_ - 
m>0,m! 
= Mint at « i ott 
a: S (yaa arn -_ dar Gale) 
m>O0,m1’ 
_ Dos mt et ce att 
= ) (Gren Gas = guavanale — aa ala le) 
m>0,m’ 
= ) (Caen ala}, aaa Ona a foe) 
m>0,m‘ 
~ et Pes 
= ) a anal 
m>0 m>0 
=-2A' . (7.178) 


This result expresses the fact that Af raises the particle number by 2: 
NAt=At(IN +2) . (7.179) 


For the second commutation relation we can proceed similarly with successive 
permutation, noting that now the indices are always positive, so that, for example, 
aij, anticommutes with G_,: 


[Mp AT] =-G S~ [atal Geman, afat,] 


=-G )) (ahah ,d—m(Emn — a1, — aha! A} Emin — Gm! am’) 


II 

l «s 
Qa 
| 
&> 
s+ 
& 
| —- 
3 
&> 
se 
& 
= 
se 
inp 
3+ 
2 
_ 
3 
DH 
3 
= 

See ee 


| 

| 

Qa 
>> 
> 
+ 
=, 


=-G(2+2-N)At , (7.180) 


where §2 again is the number of positive angular-momentum projections. This result 
implies that At shifts the eigenvalues of Vp by amount that is dependent on the 
particle number. We can now also evaluate the commutation of Vp with powers of 
At: 


=-G > (AN'(2+2-fN) (aly . (7.181) 
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Now commute the leading operator to the right using (At)'N = (N — 2i)(At)' to 
get 


v-l 
[Vp, (At)”] =-G) (Q+2-N 4 2i)(At)” 
iO 
= -G[v(2+2—-N) ae HAG ib) (Aty” : (7.182) 


We can now proceed to construct the N-particle states. A basis for these states is 
obtained by distributing the particles over the 2; + 1 = 22 single-particle levels; 
there are dy = Ga) such configurations. Note that, for example, for N = 22 there 
is only one such state, since all levels are filled. The number of configurations in 
which all particles are in (m, —m) combinations is py = Come i.e., the number of 
ways to distribute the pairs over the positive-projection single-particle states. 

For N = 2 the paired state is At|0), and its energy can be determined from 


Vp Ato) = [¥p, At]0) = -G(Q+2—N)At0) =-GOAT0) , — (7.183) 


so that the old result is recovered. For N = 4 we expect the lowest state to be 


n4y2 : : ‘ : : 
(At) |0). Being built out of two states with J = 0, its angular momentum is zero 
and its energy again is easily calculated from the commutation relation: 


¥>(A!)"10) = [Pe, (A!) ]I0) 
SEG 22 Ane) 
-2G(2 - 1)(A')*|0) (7.184) 


il 


so that the energy of this state is E = —2G(2— 1). The effect of the Pauli principle 
already reduces the energy gained to less than twice that of a single pair. 

What about the other possible states? For the two-particle case we have already 
seen that the remaining dy — 1 states have zero energy. Let us denote them by 
Bi 10), i =1,...,dy — 1, so that 


VpBIOP lO) =0 . (7.185) 
These allow the construction of a second group of four-particle states At B10) 
whose energy is given by 

Vp At B}|0) = [Vp, At] B}|0) 

—~G(2+2—N) AtB}|0) 
62 = Alb 10) ae (7.186) 


where the preceding equation was utilized. By now we have constructed d> special 
four-particle states. To derive the energy of the others, first note that the potential 
Vp is negative-definite, since for any |W) we have 


(U|Vp|v) = —G(V|ATAw) = GIA)? <0. (7.187) 
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Thus all of its eigenvalues must be negative, and we will show that the sum of the 
eigenvalues derived up to now exhausts the trace of Vp, leaving only zero for the 
remaining eigenvalues. This sum is 


—2G(2 — 1) — G(d — 1)(Q — 2) = -G2(2M —52+3) . (7.188) 


The trace of Vp on the other hand is 


Tr{Vp} Se SS (Gilat a! dm’ Gm’ |Vi) 


mmi>0 ft 
——¢@ > S@latala.a,|%) (7.189) 
m>0 ¢ 
The states |W), i = 1,...,d4, span the four-particle space. The matrix element 


counts how many such states there are with both m and —m filled. If these are 
occupied, the remaining two particles can be distributed over the remaining 22 —2 


states, so that there are (ee) possibilities. The trace therefore is 
a 292 —2 
Tr{Vp} =-G >> ( ; ) 
m>0 
292 —2 
=-G!) 
Or) 
= -G2(20 —52 +3) (7.190) 


in agreement with (7.188). Thus all other states must have eigenvalues of zero, and 
we can denote them by BOND), P= 1c da — 

Now the general case can be tackled. It appears that the number of “pairs” 
created by At plays a special role; therefore it is advantageous to introduce a new 
quantum number s, the seniority, to keep track of them. It counts the number of 
nucleons not in pairs. For the cases discussed up to now we have the properties 
and construction of the states summarized in Table 7.4. 


é 


Table 7.4 Particle number N and seniority s for the different states up to N = 4. 


N 5 state(s) 

2G A! (0) 

Des 8) 0) 
Bene?) 

4 0 (a' ) |0) 

fee eA B10) 


a4 Bi 1a) 
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This can be generalized first to even values of N by a recursive application of 
the preceding construction. For a given value of s we expect states of the following 
form: 


s=0: (Aty¥/\0) 


5 =2: (At) -2/2B 10) 
(7.191) 


s general: (At)“—-")/ 2B 10) 


In this way the operators Be are recursively defined by the states of the maximum 
allowed value of s. Since in general we require VpB|0) = 0, the energy of these 
states can again easily be computed via 


vo(Aty®—? BIO) 
= [Dp, (at?) B® 0) 
N-s 
2 


I 


—G 


PN See 
(2+2—N)+ = (W -s -2)] (AN)™ 12 BOS)IQ) 


lI 


SN SOO HIN (Al) ae SRO ame (7.192) 


so that the energy formula will be 


s 


EN = Sw SNOOP Le I ae, (7.193) 


For odd values of N the odd particle has to be created explicitly before the above 
construction commences. For s = 1, for example, the states should be 


(at) at Joy , m=-j,..,4 . (7.194) 


Then we can proceed as before and simply add an additional operator al, in front 
of the vacuum everywhere; because clearly Vp@;,|0) = 0, calculating the energies 
via the commutation relations produces the same result as (7.193) with only N and 
s reflecting the correct odd numbers. 

Up to now the problem of what happens at larger values of N has been tacitly 
ignored. The recursive construction must fail as soon as the number of states does 
not increase anymore with N; this happens at N = §2/2. Owing to the Pauli 
principle, the states created then by continued application of At will no longer be 
independent. We can, however, apply the same ideas if we start from the completely 
filled shell and then add holes. If we define creation and annihilation operators for 
holes via 


A 


Bi, =Gm , Gn = él 3 (7.195) 
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the pairing potential can be rewritten by commutation 


Vp =-G Se Ecaete JE le ay 


mm’ >0 

= yy [Eves ae a Oma (cana = ol 
mm'>0 

= G » BU el gelanee x G(2 a N) : (7.196) 
mm'>0 


The pairing potential for holes thus has the same form except for a contribution 
depending only on N; since we cannot describe the relative position of the ground 
states of neighboring nuclei in this model anyway, this part can be ignored, and 
the level scheme will be symmetric with respect to N = 92/2. Note, however, that 
in the energy formula N should be replaced by the number of holes 292 — N, and 
that s in the formulas then refers to unpaired holes, and must be < 22 —N. 

We now summarize the results of this section. The levels of the nucleus, which 
were completely degenerate without regard to angular-momentum coupling in the 
single-particle model, are now split up owing to the pairing interaction, and the 
spectrum is described by the seniority quantum number. The lowest state is that 
with the smallest value of s, i.e., s = 0 or s = 1. The distance to the next-higher 
state is found to be 


ie = GO 5) (7.197) 


so that in particular an energy gap of G{2 results between the ground state (s = 0) 
and the first excited state in even—even nuclei. Also, since this state has seniority 
zero, it is clear that the nuclear spin must vanish. For odd nuclei, the gap has the 
smaller value G(S2 — 1). 

In the limiting case of few particles in a large shell (i.e. for 2 >> N,s,1) the 
energy may be approximated by 

N G 

BO ah —s)f2 , (7.198) 
so that each pair contributes G2. For larger numbers of particles the Pauli principle 
reduces the effect of pairing. 
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Fig.7.14 The spectrum of 
the seniority model in a 
j = 7/2 shell. The individ- 
ual states are labelled with 
(Ns), and the highest-lying 
states for each N are lined 
up at an energy of zero. 
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7.8 Pairing in a j = } Shell 


Problem. Calculate the effect of pairing in the spectrum for nuclei in aj = 7 f2 
shell. 


Solution. As mentioned above, we are not interested in the relative energy of nuclei 
with different NV, but regard only the lowering of the states due to pairing. Writing 
the energy formula (7.193) for the case (2 = 4, we get 


fle ay “ROWS =O) (1) 


and the spectrum is plotted in Fig. 7.14. 
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7.5.3 The Quasispin Model 


There is a more elegant method to derive the results of the preceding section [Ke61]); 
although the results do not go beyond those presented there, the mathematical ideas 
are interesting enough to warrant a short discussion. The basic idea is to construct 
operators fulfilling angular-momentum commutation rules. Define the operators 


m>0 
S$. =A=Y Geman , 

as (7.199) 
So=1S° Glan +4t,d—-m—1) 
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for m running from —j to j. A simple check shows that these fulfil 


[See leso (ose) =e 5 [Sores tS one (7.200) 


Ley, exactly the same commutation relations as the angular-momentum operators 
op J_, and Jo. This justifies introducing the name of “quasispin”. Now the pairing 
potential can be expressed as 


0 =-GAIA=-GS,8_ , (7.201) 
while the operator Sg can be rewritten as 
So=4N-$S 1 =4(N-2) | (7.202) 


The eigenvalues of Vp can be related to those of the quasispin by noting that the 
square of the “angular momentum” operator must be defined analogously as 


Se SS Sy, (7.203) 
so that 
Vp = —G(S? —S§ +8). (7.204) 


The problem is thus solved by the well-known angular momentum eigenstates. 
Denoting the eigenvalue of $7 by o(a + 1) and using (7.202), we find 


EY =-Glo(o+1)-4N -2P +4N—-2)] . (7.205) 


Formally the problem is solved, but the relation of the new quantum number ca to 
the seniority s, which it replaces, has to be found. Here a comparison with our 
previous construction helps. The states of fixed o are distinguished by different 
eigenvalues of the “projection” So, corresponding to a difference of 2 in N between 
neighboring projections, but because the operators 5. create and annihilate pairs, 
they must all have the same seniority. Thus o must be a function of s and 2. It 
can be derived by examining the state with the lowest projection —o = 3(N — §2) 
(from the definition of $9), and the corresponding state has the property that 


S_|—¢)=Al—c)=0 . (7.206) 


But physically this means that there are no pairs in the state, i.e, s = N. Soo 
must be given by 


Ga (2s). (7.207) 


Inserting this result into (7.204) produces (7.193), and by arguments similar to 
that for o one may check that the allowed range for the quantum numbers is also 
identical. 
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7.5.4 The BCS Model 


The seniority and quasispin models illustrate the action of the pairing force quite 
well, but are severely restricted by the assumption of a partially filled 7 shell, which 
is applicable only to spherical nuclei. The formalism was based on the coupling 
of two nucleons to zero angular momentum through a sum over pairs of states 
(m, —m). For deformed nuclei, there is no longer any degeneracy of different pro- 
jections within aj shell; but Kramers degeneracy still ensures the existence of pairs 
of degenerate, mutually time-reversal conjugate states, which should be coupled 
strongly by a short-range force. In a solid, for which case the theory was originally 
developed by Bardeen, Cooper, and Schrieffer [Ba57], these are momentum eigen- 
states (k, —k), whereas for a nucleus the angular-momentum projection onto the 
intrinsic axis will be the crucial quantum number. The application to nuclei was 
pioneered by Belyaev [Be59]. An extended version of the method is the so-called 
Lipkin-Nogami pairing model, which is discussed in [Li60, No64, Pr73] and can 
be understood easily once the techniques presented in this chapter are known. 

It is still customary to denote the two states by k and —k, even when k refers to 
the angular-momentum projection 2. In the following k will be used to represent 
all quantum numbers of the single-particle states; the only important property we 
need is that there are always two states k and —k related to each other by time 
reversal and coupled preferentially by the pairing force. 

We may start with a Hamiltonian that contains a pure single-particle part plus 
a residual interaction acting only on such pairs: 


H= Yc) aja. + >) (k, —k[ule’, =k) Gal aap ay ee (7.208) 
k kk’ >0 


In spirit this is similar to the pairing force used up to now, except that the coupling 
to zero angular momentum is no longer implied and that we allow nonconstant 
matrix elements of the pairing potential. The restriction k > 0 in the second sum 
again means that only positive projections are being summed over. In the simplest 
case one may assume a constant matrix element —G (we will come back to the 
more general case, though): 


A oe Ce eral 

aS Soe al dy —G ss bal Gp dye : (7.209) 
k kk’ >0 

An analytic solution cannot be found in this case, but there is an approximate 

solution based on the BCS state 


oO 


IBCS) = [[ (a +uajat,)|o) . (7.210) 
k>0 


In this state each pair of single-particle levels (kK, —k) is occupied with a probability 
|v, |? and remains empty with probability |m|*. The parameters uz, and vx will be 
determined through the variational principle. We will assume that they are real 
numbers; this will prove sufficiently general for time-independent problems. 
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We first examine a few properties of the BCS state. 


e Normalization: the norm is given by 


[o,@) [oe] 
(BCS|BCS) = (0| [| (ue + vx@—-eax) [] (ue + wapal,)\0) 7.21) 
k>0 k’>0 


The terms in parentheses all commute for different indices, so only the product 
of two such terms with the same index needs to be considered: 
(ux ar UA 1Ax) (ux + ypajal ,) 


= up tur, (Gfa', +4_.d&) + v2 a_p~aalat, . G22) 


Since the other terms in the product do not affect the states k and —k, this 
expression is effectively enclosed by the vacuum in the matrix element, and 
only the first and last terms will contribute. Thus the norm is 


(oe) 
(BCS|BCS) = | [ (ug+ez) , (7.213) 
k>0 


and for normalization we must require 


flea (7.214) 


e Particle number: clearly this is not a good quantum number for the BCS state. 
Its expectation value is 


N = (BCS|N|BCS) = (BCS| 5 > (aa +4! ,4-x)|BCS) (7.215) 
k>0 

and its value can be calculated by simply noting that for each value of k the 

operator projects the component proportional to 1, out of the BCS state and 


multiplies it by its particle number of 2, and then the projection onto the left- 
hand state’will again only contribute a factor of v,. The result is 


N=Sl202 . (7.216) 
k>0 


This naturally fits the interpretation of vz as the probability for having the pair 
(k, —k) occupied. 
e Particle-number uncertainty: the mean square deviation of the particle number 

is given by 

AN? = (BCS|N?|BCS) — (BCS|N|BCS)*. @217) 
The matrix element of N? follows simply from its expansion: 

N? = So (ala +4) ,a4)(@fde tata) . (7.218) 

kk? >0 


Each term produces a factor of 2g x 2uz, by counting the number of nucleons 
in the corresponding single-particle states. This result is not true, however, for 
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the diagonal terms k = k', where only one factor of 4u? can be obtained from 
the wave function. Thus we have 


(BCS|N?|BCS) =4 S> vgug, +4 ug (7.219) 
a> ee 


Combining this with the previous result for the norm and using “= LS CH 


yields 


AN? =45 uu . (7.220) 
k>0 


This last result shows that the uncertainty in the particle number is caused 
by those single-particle states that are fractionally occupied, i.e., for which 
neither u? nor vz is equal to unity. Since allowing only values of 0 or 1 for 
the occupation probabilities would mean reverting to the pure single-particle 
model, the effect of pairing must come in through this fractional occupation. 
The uncertainty in the particle number, while strictly speaking incorrect, may 
not be important as long as AN <N. This has to be checked in the practical 


results. 


As the trial wave function does not conserve the particle number, the desired ex- 
pectation value has to be achieved through a constraint with a Lagrange multiplier. 
We are thus led to consider the variational condition 


6(BCS|H —AN|BCS)=0 . G22) 
With the Hamiltonian of (7.209) and considering that the free parameters are the 


vg, this is written more fully as 


r) 
Hy, (BCS Sep — AvGlae —G S> aja! ay a.|BCS) =0 . G22) 
k kk’>0 


The uz depend on the v; via the normalization uj + vz = 1, which yields u,du,z + 
u,du, = 0 or 


a) 6) 


ve O 


uz Oux 


Ou, OUR 


(7.223) 


Up UK 


The evaluation of the matrix element is quite easy with the experience gained up to 
now. Examining which parts of the wave function are projected out by the operator 
to the left and right, we find 


(BCS|4!4,|BCS) = vz, 


for k £k! (7.224) 


a UK URUK UK! 
(BCS|4@, 4) ,G—4/ x’ |BCS) = (ih fork =k’ 


The pairing matrix element now reads 
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(BCS|— G S~ aja! ,@_¢:dq|BCS) 


kk’ >0 
= -—G Se ULUEUg Ver — G Soe 
kk'>0 k>0 
kek! 
D 
==—G (= wr) -G) om, @225) 
k>0 k>0 


and the expectation value of the Hamiltonian becomes 
in 2 
(BCS|H — AN |BCS) =2 5 (e? — A) Z-G ( De uet ) —GYS vf (7.226) 
k>0 k>0 k>0 


This has to be differentiated according to (7.223), yielding 


fe), = 2G bs we] uy, —4Gu; 


k’'>0 


= a |-26( So mm )| =0 (7.227) 


k’>0 
All the equations for the different values of k are coupled through the term 
HG Ope (7.228) 
k'>0 


We proceed by assuming for the moment that A is known, deriving an explicit form 
for uv, and uz, and then using the definition of A as a supplementary condition. If 
we abbreviate to 


ee =e -A-Gu; , (7.229) 
(7.227) reduces to 
eeu, + A(vg —ug) =O . (7.230) 
Squaring this equation allows us to replace u? by vz, and then we may solve for 
the latter: 
A? 1 
=-(1+,/1-=— ) =~ (14 — | . (7.231) 
2 ee +A 2 4/62 + A? 
The ambiguous sign results from the fourth-order equation appearing during the 
calculation; taking the square root of €? contributed no further ambiguity. The 
correct sign can be selected by noting that for very large single-particle energies 


€, — oo the occupation probabilities must go to zero; this is achieved by taking 
the negative sign. The final result is thus 


1 
je Re 


1 
2 fez + A? 


(a2 32) 
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Fig. 7.15 The dependence of 
the occupation probabilities 
on the single-particle energy 
oie 
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If we assume that A and A have been determined, the behavior of these expressions 
is easily seen. For €, = 0, ie. when €° — Gu? = A, both u? and v7 are equal to 5. 
For large negative values of €, we will have u? ~ 0 and vz ~ 1 and the reverse is 
true for large positive values. The width of the transition is governed by A. This 
behavior is illustrated in Fig.7.15. We note that A obviously plays the role of a 
generalized Fermi energy. 

The unknown parameter can now be determined by inserting the explicit forms 
for u, and vz into its definition, yielding 


A=GY uy 


k>0 
2) yD) 
mo Ge ae Al 
G A 


2 (7.233) 
ares fe + A? 


1.e., the so-called gap equation 


G 
A=-)>- 2 (7.234) 


2 150 ee eae 


It can be solved iteratively using the known values of G and the single-particle 
energies ef. The other parameter A then follows from simultaneously fulfilling the 
condition for the total particle number, 


ee (7.235) 


k>0 


To do this the term —Gu; in the definition of the e, of (7.234) has to be neglected. 
This is usually done with the argument that it corresponds only to a renormalization 
of the single-particle energies. 

Here are some hints for the practical application of the BCS model. The levels 
with €, © 0, i.e., those near the Fermi energy, will contribute most in the gap 
equation. This motivates us to treat protons and neutrons separately, since in all but 
the very light nuclei proton and neutron Fermi energies are quite different, which 
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also leads to small matrix elements of a short-range pairing-type force between 
the respective wave functions. Thus the gap equation is written separately for the 
proton and neutron energy-level schemes and there will also be separate strengths 
Gp and G,, gap parameters A, and Aj, and Fermi energies A, and A,. Guidance 
values for the strength parameters are 


Gp = 17MeV/A , G,%25MeV/A_ , (7.236) 


but many other prescriptions can be found in the literature. Many authors use the 
pairing gap as the prescribed parameter, which simplifies the calculations consid- 
erably. It is also still a controversial question, whether for a deformed nucleus the 
pairing strength or gap depend on deformation. 

The gap equation, (7.234), always has the trivial solution A = 0. In most cases 
there is also the nontrivial paired solution with nonvanishing gap and lower energy. 
The two solutions cannot be linked by continuously increasing the pairing strength, 
so that one may talk of a phase transition between the paired and unpaired states 
of the nucleus. 


7.5.5 The Bogolyubov Transformation 


The BCS model may be formulated in a more elegant way by a transformation to 
new quasiparticle operators, the so-called Bogolyubov transformation developed by 
Bogolyubov and Valatin [Bo58, Va58, BoS59]. A welcomed by-product is a simple 
method of constructing the excited states of the nucleus as quasiparticle excitations. 

The basic idea is to look for operators G for which the BCS ground state is 
the vacuum state, 1.e., 


GIBes)— 0". 37) 


This is an analogous, but more general, problem to that for the Hartree—Fock state, 
for which the transformation to particles and holes leads to the desired formulation 


ait at 369 om 

(OL == é) Qa, =a ; k>F 3 

ee al (7.238) 
Oe aap =—a', 5 k<F , 


where k < F and k > F again refer to states occupied and unoccupied in the 
Hartree-Fock state, respectively. Note that for the holes (k < F) the creation of a 
hole k implies the destruction of a particle with angular-momentum projection k, 
so that its index should be denoted as —k. 

In the case of the BCS state, the particle number is no longer conserved and it 
appears reasonable to try the more general transformation 


& =pa+qal, , (7.239) 


where from the above arguments it is clear why the index has a different sign in 
the two terms. Applying this operator to the BCS state and noting that only the 
index k in the operator product can be important, we get the condition 


0 = (pay +a" ,) (ue + vata! ,)|0) 
= (quz + pr) 4',|0) (7.240) 
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yielding quz + pv, = 0, which can be solved by p = sux, g = —SUx with an as 
yet arbitrary real factor s. Doing the same calculation for @_,, we get the two 
definitions 


A i ad 
Ap = SUR Ay — S UR A 
—_ (7.241) 
Gp, =tmya_~+ry,4} 
as well as the corresponding creation operators by Hermitian conjugation 

af af ; 
G) St, a, Spay 

A (7.242) 


al, =tu,a', + ft Up Gy 
It was assumed that u, and vz can be chosen to be real as before. The unknown 


factors s and t can be determined by requiring the usual fermion commutation 
rules, for example, 


Siar = {Gn Ot} = bers? (up + up) (7.243) 


All of them can be fulfilled by setting s = t = 1 and demanding that uw? + v2 = 1 
as before. 

The final version of the Bogolyubov transformation thus is the following defi- 
nition of the quasiparticle operators: 


&=ma—ya', , G=maé'—udyr , aan 
GQ_E = Upa_y + vai} 9 al, = Hat, ap Up , 
The inverse transformation is given by 
ay = Up ay ar al, ; Hos = Up a = aed ; (7.245) 


and the Hermitian conjugate for the creation operators. 
The next task is to transform the Hamiltonian consisting of kinetic energy plus 
a two-body interaction 


AH = Se Tk ke aj Ay ai 5 se Uke kaka aj A, Gk, Gr Q (7.246) 
ky ko ky kok3kq 
Here Up,4,4,k, Tefers to the antisymmetrized matrix element as in Sect. 7.2.4. Re- 
placing the operators by the quasiparticle operators via the inverse Bogolyubov 
transformation as given above leads to a plethora of terms; we only discuss some 
general features for the simpler kinetic-energy terms (note that the matrix element 
tk) does not depend on the signs of k; and ky): 


nt on 
) lik ay, Uy 


kiko 


a ss like (ux, a} + Ug, Uk ) (Ue By + Und! ,,) 


kiko >90 
a Se lake (up, 4", _ Uy Cy, ) (ug, Xt, ar Peon 
kikn>0 
at “ P : 
qe Ye bin ky (ui Xi, oe Uae) (Up, G1, = Uk &f, ) 
kikn>0 
mt se F PB 
+ y Pie (1x, Oy, = Ohy A, ) (Up, x, ~ UE, G, ) : (247 


kiko >0 
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Regard, for example, the term in a} Gy, Which is 
thik Uy Wey OL Oey, (7.248) 
whereas for the combination dG, al we have 


thyky Uy Vin ke Oh, (7.249) 
In the sum over k, and k these may be combined to give 
Lh ky [(ue, Uk, — Uk, Uk) a} Oks + Ui bky| 0 (7.250) 


This simplest example illustrates the types of terms we expect: the operator products 
should be brought into normal order, i., all creation operators to the left of all 
annihilation operators, since in this case they will not contribute in the BCS ground 
state. Doing the commutation also generates terms with fewer operators like, as in 
the preceding example, one with no operators at all. 

Treating all terms in this manner finally leads to a natural decomposition of 
the Hamiltonian according to the number of operators in the terms. Subtracting the 
term used to constrain the particle number, we may write it generically as 


—\N =U+An+An+ Atha +An , (7.251) 


where the two indices denote the number of creation and annihilation operators 
in the terms making up this particular part of the total H. Before going into the 
details, let us discuss what the goals should be now. The term U is the energy of 
the BCS ground state with zero quasiparticles. A, indicates the dependence of the 
energy of quasiparticle—quasihole excitations, and Ano Violates quasiparticle number 
conservation and even implies that the BCS state will not be the true ground state. 
The other terms contain higher-order couplings and may be ignored for the moment. 
A reasonable interpretation of a BCS ground state with quasiparticle excitations 
requires Hy = 0, and we can use this as the condition for "determining the v, (and, 
by implication,’ the u,), which has so far been arbitrary. Ag turns out to be a sum 
of terms in (ala i + G&_, Gx’) and requiring the coefficients to vanish leads to 


0= tx — rbxar + y (Be ern! 1” + Beeman Ube (Ug Vx! — Ug Ve) 
Kee S10) 
+ > Deere — prt Ug Ug (Ug uge + URUET) (7.252) 
k">0 


This set of equations is a generalization of the Hartree-Fock equations (7.64), to 
which they reduce if the occupation numbers are restricted to 1 or 0 (the second 
term vanishes because ut,” = 0, the factor (uv, — Uy Up) demands that k 
and k’ differ in occupation, and the factor hy in the sum restricts it to occupied 
levels). The second term thus may rightfully be regarded as the pairing term. It is 
convenient to introduce abbreviations for the Hartree-Fock—Bogolyubov potential, 


ess =e Ur kM (i (7.253) 


kit 
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(note that the sum is now over both positive and negative values of k”, allowing 
the combination of the two terms in parentheses), and for the pairing potential 


Ny, pei = Ss De kk RU UK 4 (7.254) 
k''>0 
in terms of which the Hartree-Fock—-Bogolyubov equations read 
O = (ter — Aber + te hee + Uz Ug) 
= Ap — xe (Ug Uy! = URUK!) : (i255) 


It remains for us to indicate the other parts of the Hamiltonian. Using the same 
abbreviations we have 


U= >| = 45 aie) 2u; = Ayan | , 
k>0 
Ay; = SS ( — AbxRr + Dr) Uae! — Up Ur) (7.256) 
kk’>0 


+ Age (Ue Dg! + vem’)| (af dy ais at dx) 


The terms with four operators are usually neglected, although it cannot of course 
be shown in general whether this is adequate. 

The equations obtained from the Hartree-Fock—-Bogolyubov transformation 
have yielded results that are somewhat more general than the simple pairing in- 
teraction used in the previous sections. In fact, we can now compute the pairing 
interaction from the underlying two-body interaction, and we should expect to re- 
cover the pairing theory only if the matrix elements are close to those of a simple 
pairing force. Since the case of a simple pairing force is also most often used in 
practical applications, we now reduce the above equations for the assumption of a 
diagonal pairing potential 


Ay = Ak Onn? : (WLS) 


In the same way as for the Hartree-Fock equations,the problem may be simplified 
by choosing the single-particle states as eigenstates of a suitably selected single- 
particle Hamiltonian h. In this case the natural choice is 


te Slee = re IB =, Ore, (7.258) 
and inserting this leads to the simplified form of the Hartree-Fock—Bogolyubov 
equations 

2exun vr, — Ay (uy — vg) =O forallk . (7.259) 


If the pairing matrix element is not diagonal, one may still select eigenfunctions 
according to (7.258), but (7.259) remains a matrix equation. 

To see the connection with the BCS theory developed in the previous section, 
compare (7.259) with the BCS equation 


QE, U,V, + (uy - uj ) G se tee — Oe (7.260) 
k>0 
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This is identical with (7.259) if 
Ay, SOR oe (7.261) 
k>0 
and this implies that the matrix element is constant: 
Ue—KiKR Kt = —G Ope (7.262) 
Solving (7.259) for u, and vx, yields similar formulas as for the BCS theory, with 
only the constant gap replaced by A,: 


1 E 
ye S= le z ve=-|1 


fer + A? z (eee 


An analog to the gap equation is obtained by inserting these expressions into the 
version of (7.234) for diagonal pairing potential, yielding 


1 
ze (7.263) 


1 v —_ Ct deena a 
A, ==> >~ ie (7.264) 


2 
k">0 ayy, aE At 


The main new feature present in this formulation compared with simple BCS theory 
is the intricate coupling of the occupation numbers and the self-consistency prob- 
lem. The single-particle Hamiltonian (7.258) depends on the occupation numbers 
vz, which have to be determined by solving the gap equation (7.254) simultaneously 
with the iterations of the self-consistent field. 

Finally we can insert the results for the pure pairing force into the other parts 
of the Hamiltonian. The ground-state energy becomes 


US ss [ (tee + ze — X) 2u; — Acupr,| , (7.265) 
k>0 
and for the quasiparticle—quasihole part we get 
Air = S~ [ex (up — vg) + 2Acucre] (GfOe +61 ,a-4) (7.266) 
k>0 


which may be simplified further using 


. 1 At 
uy — Ue = == » UU = = (7.267) 
eee ae ZY ee ae AG 
The final result is 
Aur = > ex (a, + 61,62) (7.268) 


with the quasiparticle energy 


gaye, Pa, (7.269) 
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This has the form of a Hamiltonian of noninteracting quasiparticles. In this sense 
the problem of pairing correlations has been simplified considerably: the ground 
state now contains correlations between the nucleons via fractional occupation 
numbers and the excited states can be approximated as consisting of noninteracting 
quasiparticles with their energies related to the underlying single-particle Hartree— 
Fock eigenenergies via (7.269). 

It is now easy to construct the excited states, although some more details related 
to the particle number are often ignored. The ground state contains contributions 
of various, but always even, total particle numbers, and will thus always describe 
an even-even nucleus. Acting on it with one quasiparticle creation operator will 
change the total numbers to odd ones, so it should describe an odd nucleus (we 
will come back to that in a moment). Adding two quasiparticle operators keeps 
an even total number, but how can we guarantee that the expectation number of 
N is not changed? In the formalism we demanded a fixed expectation value of 
the nucleon number only for the ground state, not for excited states. In fact, if 
al refers to a state far above the Fermi energy, it will be almost equal to a} 
(because uv, & 1 and uz * 0), and the state with two quasiparticles will on average 
contain two nucleons more than the ground state. Far below the Fermi surface 
the quasiparticles almost coincide with usual holes. Only for states close to the 
Fermi surface the operators a} create and annihilate nucleons with almost equal 
probability, so that the average particle number is not changed much and we stay 
in the same nucleus as was described by the ground state! 

The lowest noncollective excited states of an even nucleus should thus take the 
form 


a! al, |BCS) (7.270) 
with excitation energy 
ee, tey > Apt Ae, (7.271) 


There is thus again a gap determined by the A,. For odd nuclei, as discussed 
above, the ground state will be 


al|BCs) , G22) 


where the state with the lowest quasiparticle energy e, is selected. An excited state 
can be created by simply shifting the quasiparticle to another state, al, |BCS), with 
excitation energy ex — e,. Obviously this expression can be comparable to the 
distance between single-particle levels €, and there is no gap. 


7.5.6 Generalized Density Matrices 


The Hartree-Fock—Bogolyubov equations can be cast into a similarly simple form 
as the Hartree~Fock equations themselves by using density matrices [Bo59, Va61]. 
The density matrix for the BCS ground state can easily be evaluated: 


Px = (BCS|4!4)|BCS) = v7 by. G273) 
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The Hartree—Fock—Bogolyubov equations, however, also contain the combination 
uxvz, Which cannot be produced in this way. We thus need an additional “anoma- 
lous” density matrix 


Kin = (BCS|a4)|BCS) (7.274) 


If k > 0, the matrix element will be nonzero only if | = —k, and the combination 
annihilates the pair created in the right-hand BCS state with amplitude x, picking 
up a factor u, through the amplitude of the pair not present in the left-hand BCS 
state. The sign is positive, because in the BCS state the pair is created using ala',. 
If k <0, we must have / = —k again, but now there is a minus sign because the 
operators destroy the two nucleons in the wrong order. The general result is 


_ fun Oe fork >0 
— { —Uupdxbx—1 fork <0 (7.2735) 
Clearly « is antisymmetric, 
eS (7.276) 


Our discussion has been restricted to the case of real coefficients u, and uz. The 
density-matrix treatment is usually cited in the literature for the case of complex 
coefficients (which is necessary, for example, in time-dependent problems), and 
we now give the formulas for this more general case. The above equation then has 
to be replaced by 


Kl = —K oid) 


which coincides with the old result for real matrices. We will ignore the complex 
case and use the simpler definitions below; this corresponds to leaving out some 
complex conjugations and using the transpose instead of the Hermitian conjugate 
throughout. 

The density matrix will no longer be idempotent; instead 


é 


(0? — p)n = (ve — vp) din = —vp ue bie = — 55 Kim em (7.278) 


m 


or in pure matrix notation 

ne (7.279) 
it is trivial to show that 

(ey) (7.280) 


The matrices p and & may be combined into a generalized density matrix 
R= ( poo ) (7.281) 
—K l-p 


The matrix R is constructed such that it is symmetric (Hermitian for complex 
values) and idempotent. The first of these properties follows from the symmetric 
nature of p and (7.276), whereas idempotence can be checked explicitly: 
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pu{ °-* ie em (7.282) 
~ \aKptp-—p -w +p] j 


In the off-diagonal elements the idempotence of p and (7.280) lead to the desired 
result; in the diagonal parts use (7.279) together with (7.276). 

It is now a matter of simple calculation to show that defining a generalized 
Hamiltonian according to 


Be 
rim Es (7.283) 


allows one to formulate the Hartree-Fock—Bogolyubov equations in the concise 
form 


[ee Fe) 20 ee, (7.284) 


reminiscent of the density-matrix formulation of standard Hartree-Fock theory and 
as useful for formal manipulations. 


8. Interplay of Collective and Single-Particle Motion 


8.1 The Core-plus-Particle Models 


8.1.1 Basic Considerations 


The collective model as treated up to now always deals with nuclei containing 
and even number of protons and neutrons. The next step of complication arises if 
one of these numbers is odd, i.e., if a single proton or neutron is added to such a 
collective nucleus. It must then be expected that excitations of both collective and 
single-particle character will be possible and will, in general be coupled. As a first 
approximation, it appears to be reasonable to regard the even—even nucleus as a 
collective core whose internal structure is not affected by the particle moving on 
its surface. 

To be more specific, let us examine the case of a collective core described by a 
geometric collective model. The concept is thus that of a single particle moving in 
a potential generated by the time-dependent core. The particle “feels” an instanta- 
neous potential of the Nilsson type (Sect. 7.4.2), and in turn its presence generates 
a force onto the core which distorts its collective motion. This is the adiabatic 
approximation which guided the initial development of this model [Bo53a, Ke56]. 
The situation is illustrated in Fig. 8.1, which also illustrates the angular-momentum 
coupling discussed later. 


Fig.8.1 Schematic illustra- 
tion of the core-plus-particle 
model, illustrating also the 
coupling of the angular mo- 
mentum of the core, J, with 
that of the odd particle, j, 
to a resulting total angular 
momentum /. 
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A useful approximation results from a consideration of the time scales involved. 
Typical single-particle energies near the Fermi level are of the order of 40 MeV, of 
which about half is kinetic energy, while the collective vibrations have an energy- 
level spacing of the order of 0.5 MeV. This shows that the collective motion is 
very much slower than that of the single particles, so that the latter can adapt to 
the core motions and the average potential follows the nuclear deformation. If the 
nuclear surface is defined in the usual way as 


RO,8) = Ro(1+ Do a5,¥au(8,9)) (8.1) 
pu 


the nuclear surface should correspond to an equipotential surface of the potential. 
A potential possessing the correct equipotential surface can be set up in the form 


Vrs) =Vo[r/(1+ >> a5,%ou8,8))] (8.2) 
7 
and this can be expanded to first order in the a,,: 
dVo m 
V(r; A) = V(r, Qa = 0) — rn ye 05, Yo(O, 9) - (8.3) 


If Vo is an oscillator potential Vo(r) = smw*r?, this becomes 


V(r; 02.) = smu r? — mr*w? 03, You(9, od) (8.4) 
bb 


and agrees with the Nilsson-model potential. Note that the equipotential surfaces 
in this approximation are of the pure ellipsoid type and agree with the quadrupole 
shapes only to first order in a. 

The best way to determine eigenstates for such a coupling potential depends 
on its strength. If the core is spherical, it will be relatively small, being generated 
only by the small oscillations around sphericity. In this case it appears sufficient to 
construct the solutions of the combined systems out of the wave functions of the 
spherical oscillator coupled with the single-particle functions of the spherical-shell 
model. This is the weak-coupling limit. If the ground state is strongly deformed, 
it is better to take the ground state-deformation directly into account in the core 
wave functions by using the rotation—vibration model; the single particle will then 
be expressed in terms of Nilsson model wave functions and this corresponds to the 
strong-coupling limit. 


8.1.2 The Weak-Coupling Limit 


As mentioned, the weak-coupling limit is built on a spherical vibrator and spherical 
single-particle model. Its Hamiltonian may thus be decomposed into 


A = Aeon ome Hep te Aogunting (8.5) 
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3/2 130) Fig. 8.2 Splitting of the col- 
ie lective vibrational states un- 
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Hes =v Calg Dee 
2 2m are 2 ee oe , 
Accunine =—mu’r? ds Mn Yonlb g) . (8.6) 


Here the full single-particle Hamiltonian is given, including spin-orbit coupling. 

If it is sufficiently weak, the coupling term may be treated in perturbation 
theory. If we use the collective spherical-oscillator states |NJM,) and the spherical 
single-particle oscillator states |nljm) as basis states, the states of the odd nucleus 
are given by angular-momentum coupling via 


|NJnlj;IM) = S°(JI|mMjM)|NIM;)\nljm) (8.7) 
mM; 


In the ground state the core must be in the phonon vacuum state |0) with N = 0, 
J = 0, and the particle in the lowest single-particle state allowed by the Pauli 
principle. If this is |n/jm), the ground state of the odd nucleus will be 


|OOnlj; jm) = |0)|nlim) . (8.8) 


So obviously this ground state just shows the angular -omentum properties of the 
single-particle state. Since the spacing between single-particle levels is usually 
larger than that of collective Bsculaiions, the lowest excited state will be built upon 
the one-phonon state |12M,) = oe |0), leading to the odd-nucleus state 


|12nlj; 1M) = S>(2jT\mMM) 6}, |0)|ntim) (8.9) 
mM, 


The total angular momentum ranges from | j —2| through j +2. This construction can 
be continued to higher phonon multiplets analogously. It is illustrated in Fig. 8.2. 
These states, however, are as yet degenerate and will split up only under the 
influence of the core-particle coupling, which we treat now. 
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The coupling term Hooping of (8.6) obviously couples collective states differring 
by 1 in the phonon number, and single-particle states with up to two units difference 
in angular momentum and in radial quantum number. For example, the ground state 
of the nucleus |OOn/j;jm) couples to all states of the form |12n‘l’j’; jm), with the 
same resulting angular momentum j and projection m. Decomposing the matrix 
element into the collective and single-particle parts yields 


. ae 
(12n'1'j’; jm|Heoupting (OOnd ; jm) = ae) allie @ bee (8.10) 


Here the matrix element of the creation operator contained in ay, was inserted, the 
single-particle matrix element decomposed into angular and radial parts, and the 
latter expressed through the reduced matrix element. The radial ones are nontrivial 
and can be calculated to be given by 


(n'l'|mu*r?|nl) = 


1+2n+3 ie Sa a! 
4./2n(2n + 21 + 1) forn’=n-1,=! gay) 
fo x 4 1 /Ont a+ On + a—1) forn’ =n, i’ =1—2 


Jn + 2)(2n + 2 +1) forn’=n+1,l'=1-2 
1./2n(2n — 2) forn’=n+1,l'=1+2 


All other matrix elements vanish. The true ground state of the system will thus 
be a superposition of the unperturbed ground state, mixed with a combination 
of the one-phonon state coupled to the low-lying single-particle states allowed 
by angular-momentum rules. Perturbation theory can be used to find a relatively 
simple treatment of the coupling. 

In experiment, unfortunately, this model in its simplest version is not too suc- 
cessful. Although the angular momenta and parities of the first few excited states 
often correspond to the values predicted, their ordering and the energy spacings 
cannot be described quantitatively, and the coupling to other phonon or single- 
particle states has to be taken into account. 


8.1.3 The Strong-Coupling Approximation 


In the weak-coupling model it was assumed that the collective core is spherical 
and can be described by the spherical-vibrator wave functions. For a deformed 
core, one could in principle replace the spherical vibrator model by a generalized 
Hamiltonian such as discussed in Sect.6.6.1 and expand the wave functions of 
the odd nucleus in a basis consisting of products of collective wave functions 
coupled with spherical single-particle states. There are two obstacles, however, to 
proceeding in this way: 


1. The interaction between the particle and the core is expected to be quite strong 
in this case, since we know from the deformed-shell model (Sect. 7.3.2) that 
single-particle wave functions are strongly affected by the core deformation. 
Conceptually the deformed single-particle wave function should be “dragged 
along” by the core, following its rotations or vibrations closely. Expanding this 
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in a spherical basis which is unaware of the present orientation of the core may 
lead to a very bad first approximation. 


2. The single-particle configuration changes with deformation: different states may 
be occupied depending on the instantaneous shape of the core. Since the core 
itself represents the occupied levels (except for the odd particle), care has to be 
taken not to introduce spurious double occupations, and the formalism becomes 
quite complicated. 


In the strong-coupling Hamiltonian, on the other hand, the effect of the deformation 
of the core is taken into account directly in the basis states by using the wave 
functions of the rotation—vibration model coupled to those of the deformed shell 
model. The new problem arising in this formulation is how to deal with the coupling 
of the angular momenta, since the single-particle wave functions are given in the 
intrinsic frame of the collective model, which is not rotationally invariant. Below we 
will see that this can be done quite simply, and it is interesting to note that similar 
concepts have also been applied to other problems, such as octupole vibrations of 
a deformed nucleus. Although the coupling of the angular momenta of particle and 
core was first treated by Bohr and Mottleson [Bo53a] and Kerman [Ke56], the full 
treatment of the coupling to the vibrations was first given by Faessler [Fa64b]. 

The basic idea is thus to write the Hamiltonian and wave functions of the odd 
particle in the intrinsic frame of the deformed core. The single-particle angular 
momentum 3 has to be coupled to that of the core, M, to give the total angular 
momentum of the nucleus 


T=M+}3. (8.12) 
The total Hamiltonian of the nucleus in the strong-coupling limit is split up into 
Ae 5 coll Sie es ) (8.13) 


where it is assumed that there is no need for an additional coupling term, at least in 
the lowest order, since it is already included in the strong-coupling approximation 
itself. The collective part consists of 


Alcon = et a Aviv (8.14) 


(as before we ignore the rotation—vibration interaction) and can be written down 
immediately, by simply noting that the angular momentum of the core is now given 
by M=I-3: 


ee em 


leks = ’ 
ge. 16B7? : (8.15) 
, Re 10 Ieee : 
eee | ee ieee matey a] 
Hib = Fp (Fa pa) a) 16B 7 


The single-particle Hamiltonian is just that of the deformed-shell model written in 
intrinsic coordinates, 
Al ALG an tay 
—— —_— . Ss 
ey 2in ps : 
— mur [ap ¥20(8", 6’) + a2(Y22(8", o) + ¥o-2(0',¢'))|_ (8.16) 
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The deformed potential was here expressed in terms of the intrinsic deformations 
dy = fo + € and a) = 7. 

We now regroup the various parts of the Hamiltonian Asc by separating the 
terms that are diagonal in the basis functions from those that describe an interaction. 
In the single-particle Hamiltonian the only non-diagonal terms are those involving 
€ and », while from the collective part the single-particle angular-momentum terms 
have to be eliminated except for the intrinsic z projection, which is still a good 
quantum number in the deformed-shell model. The decomposition thus looks like 
this: 


ee a Aocon Bi Hosp oF A’ (8.17) 
with 
al2 > 2 ? 
, fey Gasra1 
AAocoit — a) ae + (6B? 
We EP 10 ; 5 
~ 2B (se 37) aio (8.18) 
2 po we 5 . an 
By = 5 + 5 Fo Cl sap 1 
— mur” Bo Yoo", ') 
and 
ie ie EE 
25. ge 
— mur? [EY 20 ar POS a | . (8.19) 


Since the rotation—vibration interaction has already been neglected, the term HY’ 
will also not be considered further; we only note that its first part describes the 
Coriolis force acting on the particle in the rotating frame, while the second part 
contains the interaction between the core vibrations and the odd particle. 

The solutions for the Hamiltonian without interaction can be written down quite 
simply by just forming a product of the wave functions of the rotation—vibration 
model with those of the deformed-shell model; however, symmetrization because 
of the ambiguities of the choice of the intrinsic system (see Sect. 6.1.4) has to be 
considered separately. For the collective part the unsymmetrized wave functions 
are given by (see Sect. 6.4.3) 


Peo(E, 7,9) = N Duk (8) xe—2 n(n) (Bing), (8.20) 


with an as yet unspecified normalization factor N. Here {2 is the eigenvalue of 7, 
i.e., the projection of the odd particle angular momentum onto the intrinsic z axis, 
and K is the corresponding projection of the total angular momentum. It is clear 
that K is the correct index in the rotational eigenfunction, but why is it replaced by 
K — §2 in the -vibrational function? The reason is that the “centrifugal” potential 
in 1/7? contains // — 31, so that for the 7 vibrations the effective potential contains 
K — §2 and must ibs taken over into the wave function. 
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The single-particle wave functions are those of the deformed-shell model, for 
which the only exact quantum number is the projection 2. Distinguishing different 
states of the same {2 by an enumerative index «, they solve 


Hosp Pn = Exo Pr . (8.21) 


The eigenfunctions of the total Hamiltonian A. now become 


Wik Qn4nan = N DYE (0) xx—2 n(n) (Bing) dan (8.22) 


with the eigenenergies a sum of the two parts: 


2 


h 
En Onaga = Exot aa [Fd +1) —(K - 2y] 


+ (LIK — 2|+2n, + 1)hw,+(ng+4) hw, . (8.23) 


Again the only adjustment was to replace K by K — 92 in the term arising from 
the 7-vibrational contribution. 

The allowed quantum numbers are as usual influenced by the symmetry re- 
quirements. Proceeding similarly as in Sect. 6.4.3, we note that R3 does not apply 
because the z’ axis is special. Of the others, the simpler one is Ry, which inverts 
the sign of 7 and adds 7/2 to 03. As in the pure rotation—vibration model, the latter 
operation picks up a factor of exp(ivK /2) from the rotation matrix, while inverting 
the sign of 7 now produces a factor of (—1)“~®/? instead of (—1)/? from the n- 
vibrational wave function. There is, however, an additional contribution (—1)~%/? 
coming from the single-particle wave function, which as an eigenfunction of 7; 
contains a factor exp(—i§263). The total effect of R is thus 


RoWik Onynen = (— E21) ®&-PP(-1)- 9? ix on yngs 


(8.24) 
= (ale Wik Qn nar 


The wave function is invariant only if K — 92 is even. 
For R; remember that this corresponds to replacing the choice of axes (x’, y’,z’) 
by (x’, -y’, —z’). The effect on the rotation matrix has already been given: 


oe O) Sl) D6) = (8.25) 


We cannot omit 2K in the exponent, because it is now half-integer. Unfortunately 
the effect of R; on the single-particle wave function cannot be formulated as simply. 
Since it does not lead to additional selection rules in the general case, we do not 
give any details and simply write down the symmetrized wave function as 


+1 2 Ps. 
Wik Qnynar = ioe (oe: Pen =e ey oh Dea R, bx 
X Xk-2\n, (Blre) . (8.26) 


The final task now is to construct the spectrum of the model. This will of necessity 
be much more complex than that of the pure rotation—vibration model. The crucial 
starting point is a knowledge of the ground-state deformation /. Examining the 
spectrum of the deformed-shell model in Figs. 7.6-7, one has to fill the states until 
all except the odd particle have been inserted. The single-particle level containing 
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the odd particle then determines the lowest accessible function amidst the @xo.m> 
and the ones above this, denoted by ¢x,7,, give rise to single-particle excitations. 
There is thus a spectrum of such excitations with energies given by Ex,., Ee ee 
On each of these single-particle excitations a rotation-vibration band is built, 
whose structure can be seen from (8.23). For example the ground-state band has 


K = 3 4, =e — 0 (8.27) 
and its sequence of angular momenta must be given by 
b= fh, 826 lye (8.28) 


For the bands with different K or built on another single-particle state the situation 
is similar. The principal restriction is the one from R2, namely that K — §2; be 
even. The quantum numbers thus run over 


KS S25 ee 


(8.29) 
— ear |92;| 4+1,... 


In addition, @ and y vibrations may be excited. For 6 vibrations only ng has to 
be varied, while y vibrations are of course already present if K > £2; as in the 
rotation—vibration model, where the standard +y band corresponds to K = 2. Having 
ny > 0 is possible in principle, also. 

In practice, there are often several single-particle levels close to the Fermi 
energy, and the Nilsson model is not precise enough to rely on the exact order. In 
these cases, usually all the angular momenta expected from the level scheme and 
the bands built thereupon occur in the experimental spectrum. 

At the end of this brief description of the strong-coupling model, we note that 
the Coriolis coupling is often quite important and can change even the sequence 
of levels considerably. A thorough treatment unfortunately requires more extensive 
calculations so that it is omitted here. However, it is worthwhile to mention the 
original form of the Hamiltonian as developped in [Bo53a, Ke56], in which the 
vibrations where not considered, so that the coupling of the angular momenta 
becomes the crucial feature. Added to the standard Nilsson and rotation—vibration 
Hamiltonians we now find the interaction of the form 


Ho ee) ae (8.30) 


Now an interesting feature of this coupling is that it has diagonal matrix elements 
only in basis states with K = 2 = i because of the way the components of 
opposite projection are mixed in (8.26). These diagonal elements can be evaluated 
to yield 


1 Fe 
— 37 UK Qnyngr| HK Qn npr) =a(-1fF2 (744), (8.31) 
where a, which contains the single-particle part of the matrix element, is called 
the decoupling parameter. It has the intersting consequence of a systematic modi- 
fication of the 7/7 + 1) rule for K = 5 bands: 
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he 
Ex(l) = EQ +55 eg + tapi? (1 +4) bap]. (8.32) 


The effect is seen in experiment, but theory does not do well in the quantitative 
description of the decoupling parameter, showing the limitations of this very simple 
Hamiltonian. 


EXER 


8.1 The Spectrum of !®°W in the Stong-Coupling Model 


Problem. Interpret the spectrum of the nucleus '8W in terms of the strong- 
coupling model. 


Solution. The lowest levels of this nucleus are given in Table 8.1. 


Table 8.1 The lowest experimental levels of '*°W 


Le Energy / keV 
2 0.8 
B/2=— 46.5 

D/ 2a! 
i/o 207-0 
3/2- = 208.8 
5) Cae led, 
9/2-— 308.9 
9/2* 309.5 
We eal 
cae 455.4 
9/25 554.2, 


Another necessary piece of information not in this table is that the nucleus has a 
deformation of about (9 ~ 0.21. 

'83W has 74 protons and 109 neutrons. The odd particle is thus a neutron and 
we have to find its level in the Nilsson scheme of Fig. 7.8. One could in principle 
count all the filled levels with their two-fold Kramers degeneracies, but in practice 
it is easier to note which filled shells stay completely below the Fermi energy. In 
this case the shell at 82 stays filled so that, ignoring the 4;,/2 state coming from 
this lower shell, we count up by two for each level we cross, getting to 108 with 
the 9/2+ state. The next levels available for the odd particle are a 1/27, a 3/27, 
and a 7/2~, with the differences too small to allow a reliable prediction. In this 
case, however, the ordering is right and we can split up the spectrum into bands 
based on the appropriate angular momenta. In addition there is a 9 /2* state, which 
can be understood as a hole state: a neutron jumps up to join the odd particle, so 
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Fig.8.3 Low-lying _ levels 
of °W assigned to bands 
based on different single- 
particle levels. 
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9/2 ———— 554.2 
7/2 ———— 453.1 
7/2 ———— 412.1 
. 9/2 089 9/2* ———— 309.5 
5/2 —— 291.7 / 
y= 8 co rt 
56 oo 
330 465 
a G 
Nilsson level 
3/2°[512] 1/2'[510] 7/2 [503] 9/2+*[624] 


that the 9/2+ state now is singly occupied and determines the angular momentum 
and parity. 

The interpretation of the spectrum gained in this way is given in Fig. 8.3, which 
decomposes it into the various bands based on the single-particle levels. 


8.1.4 The Interacting Boson—Fermion Model 


The IBM of Sect. 6.8 also lends itself to a coupling with an additional odd particle 
as the geometric collective model does. This combined model is called the inter- 
acting boson—fermion model (IBFM) and was introduced by Iachello and Scholten 
[1a79, Ia80]. 

The principal ingredients of this model are quite straightforward: in addition 
to the s and d bosons of the IBM one introduces the odd-particle creation and 
annihilation operators all and Gm. The angular momenta of the odd particle is 
determined by the available orbitals, so that in general the wave function of the odd 
particle has contributions from a number of different single-particle states above the 
Fermi level. This treatment is closer in spirit to the weak-coupling model where the 
angular momenta of core and particle both used. The Hamiltonian is decomposed 
into boson, fermion, and coupling terms as 


H = Aien a Aeeanien ale Dcsteune : (8.33) 
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The first part is the standard IBM or IBM-2 Hamiltonian, and for the fermion part 
a general expansion in the same spirit is used: 


A 0 
fermion = ) nj laf * ay] 
J 


d aie 
+ yo ee, [ai x aj, fat x dy] | (8.34) 
A jibatata 
Finally the coupling part is set up in the same way as the sum over all products of 
[a} x aj) with combinations of one boson creation and one annihilation operator 
coupled to the same A. All of the terms conserve boson and fermion numbers 
separately, as it should be. 

The actual construction of the eigenstates of this model goes too deeply into 
group theory to be presented here; let us instead mention some of the ideas em- 
ployed and the successes gained. One problem is the large number of parameters 
appearing because of the general mathematical form of the Hamiltonian. In the ge- 
ometric model the situation was simpler because of the clear-cut picture of motion 
in a deformed potential, which ideally determines the interaction completely. In the 
IBFM one can also try to determine the coefficients from the underlying physics, 
such calculations are presented in, for example, [Sc82, Br81, Bi82, Cu82]. 

An alternative method that is of independent interest is to use the group- 
theoretical decomposition of the combined symmetry groups for the boson and 
fermion part, which can best be done in the framework of supersymmetry [Ba83, 
Is84]. It has some success in the description of spectra and transition probabilities 
in isotope chains, similar to the way the IBM itself can be used to investigate 
the systematic changes of the collective structure through such a chain. Since the 
model links states of even—even nuclei with those of odd ones, it may well fulfil 
the claim of providing the first application of supersymmetry in nature. 


8.2 Collective Vibrations in Microscopic Models 


8.2.1 The Tamm-—Dancoff Approximation 


In Hartree-Fock models the excited states of the nucleus are the particle-hole 
excitations. The lowest of these are the one-particle/one-hole excitations with an 
energy corresponding to the difference between the energy of the last filled state 
and that of the first empty one. 

If the nucleus has magic proton and neutron numbers these excitations will 
mostly have negative parity, because the successive shells in a harmonic oscillator 
are of alternating parity; the spin-orbit coupling leads only to an occasional pres- 
ence of intruder states of opposite parity. Thus one would expect a large number 
of negative-parity states with about the energy of the shell gap and it also appears 
clear that the residual interaction will lift the degeneracies. These states should 
be easy to excite through electromagnetic dipole fields, since the electromagnetic 
excitations are described by one-particle operators. 
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In !6O, for example, the shell gap is about 11.5 MeV. Instead of a concentration 
of states there with about equal probability of excitation, however, one observes 
a concentration of excitation probability in two states, one 3~ state near 6 MeV 
and two giant-resonance I~ states near 22 and 25 MeV, respectively. The other 
negative-parity states are only excited with small probability. Thus it appears that 
the residual interactions lead to the presence of collective states with much larger 
electromagnetic excitation probabilities. In the following sections we will see how 
this can be explained. 

Using again the notational convention that the indices i and j refer to single- 
particle states below and m and n to states above the Fermi level, the particle-hole 
can be written as 


|mi) = @)a;|HF) . (8.35) 


In the presence of the residual interaction these are of course not eigenstates of the 
Hamiltonian, but they may serve as the basis for a variational procedure. We thus 
study the variational problem 


6(D\A|Y) =0 , (8.36) 
with the variation restricted to normalized wave functions of the form 
Oe Gee) — ye aa, Ells) (8.37) 
mi mi 
and the general two-body Hamiltonian 
A= Stain Gf my +4 SY Veskatats 4f,4f, 41.4%, — (FIA |HF) . (8.38) 
kiko ki kokakg 


The Hartree-Fock ground-state energywas subtracted since we are interested in 
the excitation energy only. Taking the constraint for normalization into account in 
analogy to Sect.7.2.2 and varying with respect to Cm; leads to 


ye ((HE|4} an #1 a} 4; |HE) _ E(HE|a! naa; |HP) ) Be). (8.39) 
nj 
The second matrix element is 6); dun, and the matrix element of the Hamiltonian 


can be evaluated with the standard methods. The potential matrix elements behave 
somewhat differently in diagonal terms than off-diagonally: 


(mi|Fl\mi) = tam — tie +S ((mj|o|mj) — (ij \0li7)) + (milolim) 
j 
= Em —€; + (mildlim)  , Cr 
(mi|o|nj) = (mj |o|in) 
In these expressions the definition of the Hartree—Fock single-particle energies and 
that of the antisymmetrized matrix elements was taken over from Chap. 7.2. 
Inserting this result into (8.39) yields the Tamm-—Dancoff equations 


> [lem — £1) bmn 5y + (mj lblin) ck = Evens, (8.41) 
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Fig. 8.4 Graphical illustration of the solution of (8.41). The function on the left-hand side 
of that equation is plotted vs. EF. It has singularities at the particle-hole energies denoted, 
for this case, by €\-4. The intersection of the curve with the horizontal lines shown for 
both A < 0 and » > 0 produces the solutions marked by points, whose abscissas give the 
eigenenergies E,. Note that while most eigenvalues stay between the particle-hole energies, 
the lowest or highest, respectively, are pushed far down or up. 


where the additional index v was utilized to enumerate the different eigenstates. 
The energies E,, are excitation energies above the ground state. The Tamm—Dancoff 
method was introduced into nuclear physics in [E]57, Br59]. 

To understand how this equation can give rise to collective states, it is useful to 
examine the so-called schematic model [Br59, Br61). This is based on a separable 
approximation to the potential matrix elements, 


(mj|d|in) ADmi Daj, (8.42) 


with A a strength parameter. Note that the quantities D,,; correspond to one-particle 
matrix elements and may be assumed to be real. Before discussing the appropriate- 
ness of this approximation, we will first use it to derive properties of the solutions. 
Inserting (8.42) into (8.41) we get 


(9, = By AL, a = Rca (8.43) 
nj 
and this can be solved easily by noting that the sum on the right-hand side represents 


only an overall constant that can also be determined from the normalization of the 
wave functions, ee ales 


c= Tease a DOR ae (8.44) 


=e 
m nj 


An equation for the energies results from regarding the expression 


Dee 7] 
Ss Die, = s ee (0 x De ai) (8.45) 
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from which we get 
De 1 
ve 8.46 


As a function of E, the left-hand side of this equation has singularities at all 
the particle-hole energies Em; = Em — €i; it is positive above and negative below 
these. For E, — oo it approaches +0. Its behavior is plotted in Fig. 8.4. The 
eigenenergies are obtained by searching for the intersections of this curve with 
the constant +, which may have either sign. Clearly all the eigenenergies will be 
bracketed between the particle-hole energies except one which is shifted very much 
upward (for \ > 0) or downward (for A < 0). We will now show that this state 
shows collective behavior. 

To see that this special state is the collective one, examine the case of all 
particle-hole energies equal, € — €; = €. In this case the graphical construction 
shows that all eigenenergies will be equal to < except for that one state leading to 
a nonvanishing denominator; its energy is given by 


Bey De, (8.47) 
mi 


and the expansion coefficients are 


Dog 
Ce = _~—C*=“ek (8.48) 


2} 
Vf Lun Pj 


This clearly demonstrates that the collective state is a highly coherent excitation 
of single particles. 

Whether a separable expansion for the residual interaction is meaningful, de- 
pends, of course, on the precise assumptions made for that interaction. Often the 
matrix elements D,,; are replaced by those of the dipole operator, because neighbor- 
ing shells differ in parity, so that the dipole operator is the simplest one connecting 
these states. 

In practical applications the particle-hole states have to be coupled to good 
angular momentum and, for light nuclei, isospin. One finds that for the usual 
interactions the states with unit isospin are pushed up in energy (i.e., have \ > 0), 
while those with T = 0 have X < 0. 


Qo) —E_—Eaa=— SE awa eee 
8.2 Tamm-—Dancoff Calculation for !©O 


Problem. Explain how to set up a Tamm—Dancoff calculation for the nucleus !°O. 
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Table 8.2. Particle-hole states in '°O obtained by coupling a particle in the sd shell with a Exercise 8.2 
hole in the p shell. The specific states coupled are indicated in the first column and row and 
lead to the coupled angular momenta and parities listed. 


1d3/2 2851/2 Ids/2 
pp eiaee fo eee 
1p3/2 (One lee 3 me ine I, 2 3 


Solution. The shell structure of '°O is apparent from the level diagram of the 
single-particle model of Sect.7.4.1. The last occupied shell is the negative-parity 
p shell with the states 1p3/2 and 1p;/2, while the first empty shell is the sd shell 
containing the states 1d5/7, 251/2, and 1d3/2 of positive parity. Coupling the angular 
momenta thus allows the combinations listed in Table 8.2. 

This table is the same for both T = 0 and T = 1. The space in which the wave 
functions are expanded is of dimension 2 for 0~, 5 for 1~, 5 for 2~, and 3 for 
3-, and there is only one state of type 4~. The calculation therefore takes place in 
relatively small spaces (this increases rapidly, of course, for heavier systems). The 
particle-hole excitation energies are of the order of fiw = 41 MeV x A erin 
this case, near 16 MeV. Experimentally one finds three prominent collective states, 
one 3~, T = 0 at 6 MeV, and two 1~, T = 1 states at 22.6 MeV and 25.2 MeV. 
Calculations with a realistic residual interaction can explain this structure and show 
that the collective states indeed correspond to mixtures of single-particle states with 
a broad distribution over the underlying particle—hole states. 


There is another way of deriving the Tamm—Dancoff approximation, which will 
provide a convenient basis for future developments, especially since it is related 
to the collective-model way of treating the excited states as bosons. The collective 
state we are looking for, |v), solves the stationary Schrédinger equation 


La ee) oe (8.49) 


We now define an operator O}, which “creates” this state out of the vacuum and 
is also similar to a creation operator in that the associated annihilation operator 
produces zero when applied to the vacuum: 


ONO =|e) , @ileyeao | (8.50) 


There is no approximation in this requirement; in fact, such an operator can formally 
be given as O! = |v)(0|, which is easily seen to fulfill both conditions. The 
introduction of an approximation to the operator QO} will be based on a variational 
principle as usual, 


0 = 6(v|A — E,|v) = 5(0|0.9 O! — E,Q,0})0) (8.51) 
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We can proceed as for the standard version of the variational principle, noting that 
instead of the wave function and its complex conjugate, the operator Q, and its 
adjoint may be varied independently. A variation of Q, leads to 


(060, HO1|0) = E(0|60,0}|0) . (8452) 
Noting that 

AO} |0) = [A, 03] |0) + EoQ}|0) (8.53) 
with Ep the energy of the ground state, we can rewrite it as 

(0\60, [A 0}] |0) = (Ey — Eo) (0/6Q,.03 0). (8.54) 
Finally everything may be written in terms of commutators: 

(01[60., [A1, Of] 10) = (Ex — Bo) (01 [50., 02] 10) (8.55) 


This can be proven using (0/01 = (O|HQ} = 0. Equation (8.55) will serve as 
the basis for deriving the random-phase approximation in the next section; be- 
fore that, however, it will be checked in an exercise whether the Tamm—Dancoff 
approximation can be recovered from the new formalism. 


A O”*F ———SS———SEEeE=SSS aaa al 


8.3 Derivation of the Tamm—Dancoff Equation 


Problem. Derive the Tamm—Dancoff approximation from (8.55). 


Solution. In the Tamm—Dancoff approximation the phonon vacuum is the Hartree— 
Fock ground state |HF) and the ground state energy was set to zero. From the trial 
state as defined for the Tamm—Dancoff approximation, the operator Q}, should be 
defined as 


Ocala: (1) 
mi 


with the c/’, being the variation parameters. This operator clearly fulfills the desired 
requirement Q,,|0) = 0, so we can revert the last arguments leading to (8.55) and 
leave out the commutators, getting 


S_ écrt S "(HF |a/a,,(H — E,)af4;|HF)\c% =0 (2) 


nj 


which is identical to (8.39), since the variations in the c,,; are independent. 
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8.2.2 The Random-Phase Approximation (RPA) 


The formalism developed at the end of the last section seemed needlessly com- 
plicated for deriving the Tamm—Dancoff approximation. It is, however, very well 
suited for the development of more advanced theories, as we will see presently. 

The name of “random-phase approximation” referred to an approximation made 
in one of the original derivations; see for example the treatment in [La64]. 

A serious shortcoming of the Tamm—Dancoff approximation is the use of the 
unmodified Hartree-Fock ground state. The presence of the residual interaction 
should also modify the ground state itself, and to bring it in line with the excited 
states one needs only to admit particle-hole admixtures to construct a new ground 
state |RPA). The crucial difference from the Hartree-Fock ground state is that 
excited states can be constructed not only with the usual particle-hole creation 
operators ala, but also with combinations such as a} Gm, which take particle-hole 
excitations out of the ground state (note that the tacit assumption still holds that 
indices m, n refer to single-particle states above and i, j to states below the Fermi 
energy). Our operator for generating collective states can thus take the more general 
form 


Q} = ae al a; a Yi a} am (8.56) 
and should fulfill the condition 
CREA 0 (8.57) 


The variation of the operator involves either a variation of the coefficients x,,, or of 
the y¥., and (8.55) leads to two equations multiplying 6x,,; and dy”, respectively: 


(RPA||al an, [ 


(RPA | aia, [ 


I |RPA) = (E, — Eo) (RPA| [al ar at] IRPA) 


sme 
aoe (8.58) 
Oy 


]] RPA) = (Ex — Bo) (RPA| (84,41, 0] IRPA) 
To proceed further, some information about the state |RPA) must be used in prin- 


ciple, but there is fortunately a way around this. On the right-hand side of this 
equation the commutators can be evaluated, 


lafan, a}a;| = bnn by — Sn ja} — by lam, (8.59) 


and one needs the expectation value of this expression in the state |RPA). Now the 
last term should be small as the number of particles above the Fermi energy. In 
the same way, the first term should be small, being produced by the presence of 
holes in the RPA state. We are thus led to the approximation 
(RPA| al a ata |RPA) 
= hy Ong = Oe (RPA |4;4/ |RPA) ei; (RPA|a! an {RPA) 
a by Oma 


= (HF| [al an, at ai] \HF) (8.60) 
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a 


A consequence is that the particle-hole creation operators a} 


fulfilled the boson commutation relation [af aim, af a; | = 6;0m,, and for this rea 
son this method is also known as the quasi-boson approximation. Note that this 
approximation strictly speaking violates the Pauli principle. 

The approximation is now completed by replacing the RPA state also by the 
TDHF state on the left-hand side of (8.58). Note that this does not mean going 
back to the Tamm—Dancoff approximation, because we still have the sums over 
both the x7; and y,;. The matrix elements can then be easily evaluated and we 


nj 
define abbreviations for them: 


Gm act as if they 


Ana e ita la! aim, (A, a ay] [is = eC Te 


(8.61) 
nie = = CED B oe [A 4} an] BD) a 
The RPA equations then take the form 
Gnas Xnj oh Brninj yu) = (E, pai Eo) Xmi ? 
nj 
> (Bm, nj Ng ena, ny Yn) = —(E, — Eo) ve ¢ (8.62) 


ny 


Often these are written in a matrix notation, where the indices are assigned in an 
obvious way, 


A B Pe eer) xe 


The RPA approximation was first developped in the context of the electron gas 
[Bo53b] and then soon applied in nuclear theory, for example in [Fe53, Fe57, Ba60). 

That this indeed provides a generalization of the Tamm-—Dancoff equations 
becomes apparent if it is considered what happens when the y are set equal to 
zero: the equations then simply reduce to the Tamm—Dancoff equations. Physically 
this is evident, as the coefficients Y measure the correlations in the ground state, 
which are neglected in Tamm—Dancoff. 

The overall normalization of the excited states in the RPA requires that 


> Cart pyetl.. (8.64) 


mi 


Now we come to some general features of the RPA. One problem that is apparent 
from the matrix form of the equations (8.63) is their non-Hermitian nature. Conse- 
quently, the eigenenergies may be complex; in practice, however, this occurs only 
under unusual circumstances. The ground state itself has not been given explicitly. 
In fact, its form is quite complicated; it must be determined from the condition 
that Q”|RPA) = 0 for all v. 


8.2 Collective Vibrations in Microscopic Models 


As in the Tamm—Dancoff approximation, one can study an extended version of 
the schematic model for separable matrix elements: 


Umaj =ADmi Daj — - (8.65) 


If we assume further that the matrices D,,; are real and symmetric, the RPA equa- 
tions reduce to 


AOD Dn Dip 0S lee De ay cee, 
ny ny 


ASS Dmi Din Xpj + ASE: Daj Yui = —CEv — Eo + &m — €1) Yeni 
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(8.66) 


Now the same trick works as for the simple schematic model. If we note that the 
same sum 


SS DP xi +S" Dry yi (8.67) 
ny ny 


appears in both equations, these may immediately be solved for the unknown 
coefficients: 


Pa ASD ni 

ee re ie i 

; ASD (8.68) 
Mii = 


Inserting these solutions into the definition of S leads to 
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8.4 The Extended Schematic Model 


Problem. Examine the properties of the extended schematic model in the case of 
degenerate particle-hole energies. Can the energy of the collective state fall below 
that of the ground state? 
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Fig.8.5 The dependence 
of the collective excitation 
energy on the interaction 
strength, given by the param- 
etch Oe D;;. Both curves 
refer to the case of com- 
pletely degenerate particle— 
hole spectrum in the appro- 
priate schematic model. 


E\—-E, 


ra 


a ’ Tamm—Dancoff 


Solution. Inserting the degenerate case €m — €; = € into (8.70) produces 


D2. 
1 = 2X es mi E (1) 
(EL, a Eo)? = ee 


with the solution 


By =p = |e 2 Des SDE (2) 
mi 


for the collective state. Compare this with the schematic model associated with the 
Tamm-—Dancoff approximation, 


E,-Ey=e+d5S— Dp, , (3) 


mi 


which is just the lowest-order expansion of the new result. Clearly the energy of the 
collective state depends only on the parameter \ >>, D2;, which characterizes the 
strength of the residual interaction. The functional behavior is plotted in Fig. 8.5, 
showing that the collective excitation energy may indeed become negative for a 
sufficiently strong negative interaction strength. The physical interpretation of such 
a collapse of the collective excitation is quite simple: the interaction leads to a 
deformed minimum in the potential energy surface, so that vibrational excitations 


around the spherical shape are no longer stable. 


8.2.3 Time-Dependent Hartree-Fock and Linear Response 


A totally different and quite enlightening derivation of the RPA approximation 
is the so-called linear-response theory, which also employs the time-dependent 
form of the Hartree-Fock equations [Eh59, Go59, Th61]. Instead of looking at the 
stationary states of the Hamiltonian in a restricted space of particle-hole excitations, 
the time-dependent response of the nucleus to an external stimulus is investigated. 
The derivation is also quite educational in its elegant use of density matrix methods. 


8.2 Collective Vibrations in Microscopic Models 


Assume that the external perturbation is described by a harmonically time- 
dependent one-particle operator 


Fiy= few ari es (8.71) 


This operator is Hermitian by construction. In second quantization it may be ex- 
pressed as 


OG) = SIMON (8.72) 


kl 


Later we will utilize perturbation theory, so that the perturbation is also assumed 
to be small. We expect to see strong resonances in the nuclear response whenever 
hw is close to the energy of a collective state. The dipole operator, which is linked 
to giant resonances as demonstrated in Sect. 6.8, may serve as an example for such 
a perturbation. 

Under the influence of the external time-dependent perturbation the wave func- 
tion |®(rt)) of the nucleus becomes time dependent, too, and this also holds for the 
associated one-particle density matrix 


Par = (P(t)\a; A |PO)) (8.73) 


In addition to the smallness of the perturbation we will also assume that the state of 
the nucleus is always given by a Slater determinant, i.e., p?(t) = p(t). The equation 
of motion of the density matrix is easily obtained from the Schrédinger equation 
for |P(t)): 


iApy(t) = (B(2)| jaja on A S(t). (8.74) 


Inserting the standard two-body Hamiltonian 


H= a ty Can ap +350 Une 4G; fa} lady (8.75) 


ijkl 


(with araely renamed indices) and evaluating the commutator yields 


ihpx = a (tip Ppl — Pkp tpt ) Se 5 hae eee oa Urslp ee ? (8.76) 
P prs 


where p is the two-body density matrix defined by 


Pipy = (Pyatalara|o@) (8.77) 


In principle the two-body density matrix describes two-body correlations, which 
appear in the equation for the one-particle density matrix because it contains the 
effects of two-body scatterings via the interaction v. Unfortunately it implies that 
this equation is not complete. Deriving the time dependence of the two-body density 
matrix, however, shows that it in turn is coupled to the three-body density matrix, 
and so on. One therefore has to cut off this chain at some point, and this is where 
the above assumption of |®(t)) being a Slater determinant at all times comes in. 
For a Slater determinant we have 
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(D(t)|41 41 a)a4|BO)) = pep Pg — Pig Plp (8.78) 


as can be seen immediately from the diagonal representation, and now the time 
development of the one-particle density matrix becomes self-contained: 


itp = [t+ I, p] = [h@), 0] (8.79) 
with a mean potential 
en = Bhat he (8.80) 
Pa 


and the density-dependent single-particle Hamiltonian h, which is represented by 
the corresponding matrix 


A(ip)=t+r (8.81) 


Actually this looks like a time-dependent version of the density-matrix formulation 
of Hartree-Fock, and for this reason the associated approximation is referred to 
as the time-dependent Hartree-Fock approximation (TDHF). Later, in Sect. 9.4, 
we will see that the wave functions in this case simply satisfy time-dependent 
Schrédinger equations where the mean field appears as the potential. Here, however, 
we are interested in the small-oscillation limit. 

Adding the external perturbation to the single-particle Hamiltonian produces 


ihp = [h(p) + F(t), p] (8.82) 


where F(t) denotes the matrix (k|F(t)|l) of the perturbation operator in the single- 
particle states. If the unperturbed ground state of the nucleus has a density matrix 
po, the time-dependent one can be expanded as 


p(t) = pot dept) . (8.83) 
The condition p?(t) = p(t) to first order in 5p(t) requires 

dp(t) = po 6p(t) + dp(t) po (8.84) 
and multiplying on the left with pp immediately yields 

po 6p po=9 . (8.85) 


This means that 6p(t) has vanishing matrix elements between the single-particle 
states occupied in the Hartree-Fock ground state. Similarly for the projector onto 
the unoccupied states 79 = 1 — po we get 


odpm =0 , (8.86) 


so that the corresponding matrix elements vanish also. In the notation of Sect. 7.2.4 
one may also summarize it as (69)p» = (6p)nn = 0. 

To simplify the following discussions we will assume that the single-particle 
states are just the eigenstates of the single-particle Hamiltonian in the ground state, 
ho = h(po); ie 
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SS 


(po)ij = OM (Po) mn = (Po) mi = (Po)im =0 . (8.87) 


Here again the convention was used that the indices i, j refer to occupied, m, 
n to unoccupied, and k, / to arbitrary single-particle states. The single-particle 
Hamiltonian is given by 


(how = h(po)a = Exdu (8.88) 


Note that the single-particle Hamiltonian h deviates from its ground-state counter- 
part io owing to of the time-dependent density caused by the perturbation. 

In first order (“linear response”) the equation of motion of the density matrix 
becomes 


6h 
ihdp = [ho, 6p] + 5, | + [F, po| : (8.89) 


This requires some explanation: the density dependence of h was expanded to first 
order as 
6h 
Rig=orten = po + ia (8.90) 


and the matrix notation 6p stands for 


6h Ohy 
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im 


Ohy 
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6 Pi ae 


| ; (8.91) 
P=P0 


The summation is written such that only the non-vanishing matrix elements of type 
5Pmi and dpim appear. 

An important property of (8.89) is that it has vanishing pp- and hh-matrix 
elements. For the second and last terms on the right-hand side this follows from 


P=P0 


po [A, Po] po = Po A Po - PoApo=O0 , (8.92) 


which holds for any matrix A. For the first term use [ho, 9] = O and (8.85); 
similarly on the left-hand side. For oo instead of po the arguments can be applied 
in the same way. 

The perturbation of the density matrix should have the same time dependence 
as the perturbing field and we can express it as 


6 p(t) = pew? 4 pl elet (8.93) 


taking hermiticity into account. Since the two contributions are linearly indepen- 
dent, they may be regarded separately. Examine the ph matrix elements (indices 
mi) containing exp(iwf) separately for the various terms: 
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ee eee eee eee 


In the last step the summation indices were renamed to express the fact that the 
Kronecker symbols restrict the summation over k to above and that over / to below 
the Fermi energy. For the last term to be treated we note that 


6h 6h 
Pan» [en sss) 
op mi LOPS mi 

because the reversed term does not have ph matrix elements owing to the leading 
po. Furthermore the trailing po drops out for this type of matrix element. We can 
split up the implied sum in this expression into ph and hp contributions: 


Ohmi Ohmi ay Ohmi P) me 
b0u = aa eee eee ae (8.96) 
oe Opa dX & ae ene 


Finally, identical arguments can be applied to the perturbation term: 


[f, po| nat =fmi (8.97) 
Putting all of these results together, we get the equation 

S_Aminy Py + Bri,in Op — Fl Ont = Sin (8.98) 

nj 


with the definitions 


Olin 
Arminj = (Em — Ep Omn by a ae ’ 
a (8.99) 
B — Ohmi 
mijn — Opin 
The left-hand side of this equation is identical to the RPA equations if we assume 
that 
HEE 8.100 
Se (8.100) 


For standard Hartree-Fock this is indeed true as in this case 


=) (« + a] ala, (8.101) 


kl 


and this can be written in terms of the density matrix and with summation over 
the whole index range as 


hig = ty + So Dewi Pr (8.102) 
ki 


The eigenmodes of the system are obtained by solving the homogeneous equation 
without perturbation, which is just the RPA equation itself. 

The present equation is, however, slightly more general than RPA, because the 
density dependence of the single-particle Hamiltonian could be due to, for example, 
a three-body force such as is included in the Skyrme forces. / 
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9.1 Introduction 


The study of nuclear shapes far off from the ground state has attracted considerable 
interest with the advent of heavy ion accelerators. Before that the only process 
known to involve large deviations from the equilibrium state was nuclear fission, 
so heavy-ion reactions, which in a certain sense constitute the “inverse process” to 
fission, have opened the way to a much more detailed study. The theories discussed 
in this chapter are all devoted to large surface deformations in the sense of Chap. 6; 
other ways to excite the nucleus far from the ground state include high angular 
momenta or temperatures. 

The starting point is the construction of a Lagrangian, which depends on some 
set of collective parameters denoted by a vector 9 = {(;}, i =1,...,N, and the 
associated velocities G. An example of such a surface parametrization is provided 
by two-center shell models (Sect. 9.2.3). We will assume the following form of the 
Lagrangian: 


L(G, 8) =T(B, B) — V (8) (9.1) 
with 
T (8,8) =38-B-B (9.2) 


the kinetic energy and V(Q) the potential. The symbol B denotes a symmetric 
tensor of mass parameters, which may in turn depend on the coordinate, so that 
spelled out in full the kinetic energy is 


N 
T(8,8)=% >) 6: By(B)H (9.3) 


ij=l 


Assuming the very existence of such a Lagrangian corresponds to quite a severe 
approximation even within the classical treatment. It requires the following. 


e The internal complicated single-particle structure should be determined uniquely 
by the collective parameters, i.e., that the state of the nucleus should be a func- 
tion of its surface shape alone. Usually it is assumed that the lowest possible 
state for the given surface shape is realized, so that during the collective motion 
no internal excitation is possible; this is called the adiabatic approximation and 
will be discussed in connection with the cranking model. Without this approx- 
imation the internal state of the nucleus will certainly depend on its previous 
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collective motion. While some degree of excitation can be accounted for by a 
classical friction force, this also requires a temperature-dependent model of nu- 
clear structure to describe the change in internal energy through the dissipation. 
Using a friction force, however, makes eventual quantisation quite problematic. 


e The kinetic energy must retain the simple quadratic form. Again memory effects 
are excluded, but also higher-order corrections which would lead to higher-order 
dependences on the velocities. Note that the mass-parameter tensor must be al- 
lowed to depend on deformation: this describes the different amount of energy 
required to vary the collective parameters dynamically at different deforma- 
tion. In the same way, the masses for different coordinates must have different 
magnitudes to allow for the scales involved. 


It is a dangerous but tempting and widely used practice to try to read off the 
dynamical behavior of the nucleus from the potential energy alone, ignoring the 
mass parameters. If we look at the classical equations of motion, it is clear what 
makes this risky: 


_4 aL aL 
~ dt AB = OB; 
Fe OB; 1 OB, OV 
= B; 8; ee SNe — . ‘ 


Clearly if the mass parameters depend strongly on the coordinates or if the non- 
diagonal ones are nonzero the additional terms in (9.4) may strongly distort the 
motion. 

The following sections explain some of the approaches used today for calcu- 
lating the potentials and mass parameters. 


9.2 The Macroscopic-Microscopic Method 


9.2.1 The Liquid-Drop Model 


The liquid-drop model was used in Sect.6.2.1 to study the change of energy of 
a nucleus for small deformations. Although it does not explain some of the more 
refined features such as deformed ground states and double-humped fission barriers, 
it has been highly successful in Bohr and Wheeler’s original explanation of fission 
and still is the basic ingredient of many theories of larger deformations. With the 
Coulomb and surface energies of the spherical nucleus denotedby Eco and Eso, the 
energy of deformation relative to the ground state is 


Bip = 636) = Eco a eeG) eco (9.5) 


For small deformations described by the a,, the results of Sect.6.2.1 may be 
inserted to yield the deformation energy in units of the surface energy of the 
sphere 
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Fig. 9.1 Typical fission potential in the liquid-drop model, plotted here as a function of the 
two-center distance together with the surface and Coulomb energy contributions individually. 
The asymptotic numbers are indicative of the Uranium region, and the fission barrier is 
exaggerated to make it clearly visible. An indication of the associated shapes is given below 
the graph. Note that the surface energy exceeds that of the two separate fragments near 
scission because the nascent fragments are deformed. 


E.pm _ | Ce Onn aeeCi) 5 
Eso 2 X | r a | el (9.6) 
Here x is the fissility given by 
Eco Z*/A 
ae OL (25/5 97 
2Eso = (Z?/A)c (9.7) 
with 
40rorg 
@? [Ae = zt = 50 (9.8) 


This result already shows the balance between surface and Coulomb effects: while 
the surface energy increases with deformation, the Coulomb energy decreases. For 
each multipolarity the balance of the two depends on the fissility; the drop is least 
stable for 4 = 2 and becomes unstable against quadrupole deformations if x = 1, 
i.e. if Z7/A exceeds the critical value of 50. 

For larger deformations these expressions are no longer valid. If the nucleus 
splits up into two fragments, both terms approach the limiting values given by the 
corresponding expressions for the two separate fragments. While the surface energy 
does not change much any more once the nucleus has split up, the Coulomb energy 
still has the long-range contribution that decays only inversely with the distance 
between the fragments. For heavy nuclei the initial rise in energy is thus followed 
by a steep descent, and there is a barrier between them. For example in the Uranium 
isotopes the liquid-drop barrier has a height of close to 12 MeV while the energy 
of the fragments lies about 180 MeV below that. So one should bear in mind that 
the fission barrier is a relatively small effect compared to the huge energy gain. 
For this reason also the shell corrections discussed in the next section can play 
such an important role for the barrier in spite of their small size; for Uranium, for 
example, the barrier is lowered to about 6 MeV. 
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For more complicated shape parametrisations the liquid-drop energy can natu- 
rally only be evaluated numerically. Figure 9.1.1 shows the surface, Coulomb, and 
total deformation energies for a typical case. 

Finally we note that there are more refined versions of the liquid-drop model. 
One of these already mentioned is the droplet model , which takes into account many 
effects associated with the finite width of the nuclear surface such as compression, 
polarization, curvature, etc. [My76]. There are also various energy functional for- 
mulations which determine the energy by folding the density distributions with 
some interaction potentials. One example is the Yukawa-plus-exponential formula- 
tion, which has also been used widely in fission and heavy-ion interaction potentials 
(havo: 


9.2.2 The Shell-Correction Method 


Although the liquid drop model explains the gross features of fission quite well, 
there are systematic deviations from the smooth mass and charge dependences 
predicted in this model. One of these is the approximately constant height of the 
barriers in the actinide region, contrasted to a predicted steep decline with increas- 
ing charge number; also the absolute values are correct only within a factor of two, 
roughly. This is caused by shell effects, as shall be seen below, which produce 
a deformed ground state with a lowered energy and also modify the barrier. The 
second problem is the preference for asymmetric mass splits in many fissioning 
systems, which have meanwhile been explained as a lowering of asymmetric bar- 
riers due to shell structure effects. Additionally, the observation of fission isomers 
[P062] has led to the discovery of double-humped fission barriers, which could be 
understood as effects of shell closures at larger deformations. 

These considerations might lead one to assume that the potential energy could 
be calculated easily in a deformed phenomenological shell model such as a two- 
center model (Sect. 9.2.3). The potential energy should be given by 


V(—)=3 > €(8) , (9.9) 


i occ 


where the virial theorem was used to express the potential energy, half of which 
has to be subtracted to avoid double counting, as one half of the single-particle 
energy (this trick is possible for a pure harmonic-oscillator potential). Calculating 
this sum in practice, however, yields disappointing results. The sum varies quite 
strongly with deformation with oscillations of an order of magnitude of 100 MeV, 
typically for heavy nuclei. This is clearly in disagreement with the experimental 
fission barriers and is not ameliorated by more sophisticated expressions for the 
potential energy. 

The reason for this unphysical behavior lies in the deeply bound lower states of 
the level scheme, whose energy changes strongly with deformation. Self-consistent 
models such as Skyrme-force Hartree—Fock yield results much closer to the liquid- 
drop model and in good agreement with experiment. Even today, though, it is 
difficult to use these for all purposes, since in fission theory one would often 
like to study the dependence of the potential-energy surface on several collective 
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parameters, and doing a Hartree—Fock calculation with more than one constraint 
still requires excessive computer resources. 

The shell correction prescription proposed by Strutinsky [St67, St68] therefore 
meant tremendous progress and is still widely used today. Its basic idea is to 
use the liquid-drop model to describe the bulk part of the nuclear binding energy 
depending smoothly on mass and charge numbers, adding only a correction from 
the phenomenological single-particle model which describes the deviation from a 
smooth shell structure near the Fermi surface. Calculating such a correction requires 
the subtraction of the “smoothly varying” part of the sum of single-particle energies. 
The true distribution of single-particle energies is given by 


ge) =) d(e- ei), (9.10) 
Z—1 


and the total energy of the occupied levels by 
éF 
i Je g(eje. (9.11) 
—0o 
Integrating up to the Fermi energy €p ensures that only the occupied levels are 
actually being summed. Similarly the total number of particles is given by 
ef 
N= Je ge). (9.12) 
—00 


As is usual in the phenomenological single-particle models, protons and neutrons 
are treated quite separately, so that N denotes the number of particles of the species 
being treated. A “smoothed” sum of single-particle energies is now obtained by 
replacing each delta function by a smooth distribution: 


He) = vf (¢ = =) (9.13) 


i=] a 


The function f should be similar to a Gaussian 


E—€; ] E- & ; 
E SS S z 9.14 
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with an integral normalized to 1. And the parameter y should be chosen suitably 
such that the smoothed level distribution shows fluctuations only near major shell 
structures, and this suggests a value near fw for the oscillator model. Indeed, as 
we will see, a typical value from experience is 7 * 1.2 hw. 

One should note that in this procedure the desired smoothing over neighboring 
mass and charge numbers was actually replaced by one over the single-particle 
energies. This is reasonable given the relation between occupation and total particle 
number. 
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Given the smoothed distribution of levels, the first quantity to be determined 
is the Fermi energy for this case, &p, which has to fulfil 


eF 


Me e He), (9.15) 


10.3) 


and then the smoothed total energy can be determined as 


eF 


0 = [eeaee : (9.16) 


—OO 


Note that for all those levels that are sufficiently below the Fermi energy the integral 
will contribute just the single-particle energy, 


EF 


[oes (<=*) Be. (9.17) 
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SOS) 
while levels far above contribute zero, so that the shell correction 
6U =U-U (9.18) 


has the desired property of depending only on the levels structure near the Fermi 
energy (levels far above again will contribute zero). 

What kind of behavior should one expect for the shell correction? The results 
should depend on the distribution of levels within a typical smearing width y near 
the Fermi surface. If there are many levels arranged practically uniformly, the 
smoothed level density will be almost a constant and 6U should be close to zero. 
If there is a gap near ef, like for magic nuclei, the smoothed density will be have 
a minimum there and ép will fall into the gap, causing a larger contribution of 
higher energies in 0 than in U, so that U > U or 6U < 0. Conversely, for a 
lower level density near the Fermi energy the shell correction will be positive. 
These considerations agree with the expectation that magic nuclei should have 
enhanced binding compared to the liquid drop. 

From the above discussion the principle of the method is clear and it is also 
quite apparent how 6U should be calculated. There are, however, a number of 
details that should not be omitted. 


1. Taking a Gaussian is not quite sufficient. The reason is that a smoothing pro- 
cedure should not change the result appreciably when applied a second time. 
In principle we should require 


CO 


1 en 
Oe fe ate’) f (: =) é (9.19) 
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which is clearly not true for f of Gaussian form, but can be fulfilled exactly 
only with a é function, which of course is unacceptable because it corresponds 
to no smoothing at all. The solution is that the formula need not be valid for an 
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arbitrary function g(€), but only for those which are already sufficently smooth 
on the scale of . The customary way to construct f is to use a product of 
a Gaussian and a polynomial. The polynomial must be even in order not to 
change the averages over a level. The result of the calculations is 


P= see See) (9.20) 
—( 


with n a new parameter determining the degree of the polynomial; for example 
sixth order for n = 3. 


2. It remains to determine the parameters n and y. Ideally, the results should 
not depend on the precise values in a “broad” range of reasonable values. In 
practice one finds that n = 3 usually is sufficient, and for oscillator potentials 
there is indeed a broad range of yy values near y = fw with approximately 
constant 6U. For finite-well potentials this is often not the case and there are 
additional problems due to the presence of the continuum which contributes 
to the smoothed integral; many suggestions, not all of them convincing, have 
been made to solve these problems and the interested reader can find a thorough 
discussion and more background in the well-known “Funny Hills” review paper 
[Br72]. 


In any case, the theoretical reliability of the calculated shell corrections is estimated 
to be of the order of 0.5 MeV, with 6U typically being less than 10 MeV. Despite 
this fact and its shaky theoretical foundations the method has enjoyed popularity 
because of its undeniable successes. The discrepancy between calculated and ex- 
perimental binding energies is reduced from +10 MeV to +1 MeV. The ground 
state deformations and fission barriers are described quite well, and possibly the 
biggest success was the prediction of strong shell effects for deformed shapes, 
which led to the prediction of fission isomers. Since even a cursory examination of 
the level schemes as functions of deformation already shows the existence of quite 
pronounced gaps, it may appear surprising that it was widely believed that shell 
effects die out fast with increasing deformation. The present status is illustrated 
by Fig. 9.2, which shows the liquid-drop and total energies for a typical actinide 
nucleus as functions of center separation in a two-center shell model. Clearly the 
shell corrections produce both the deformed ground state and the second minimum 
right near the position of the liquid-drop barrier. 


Fig.9.2 Typical liquid-drop 
fission barrier (dashed) and 
total energy as functions of 
center separation in a two- 
center shell mode! for a nu- 
cleus in the actinide region. 
The oscillating shell correc- 
tion produces a deformed 
minimum and a _ double- 
humped barrier. 
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The shell correction is tiny compared to the liquid-drop surface and Coulomb 
energies, which for a heavy nucleus are both of the order of many hundreds of 
MeV. Its importance is due solely to the fact that for small deformations the 
two liquid-drop contributions together are almost independent of deformation, and 
that the small oscillations in the shell structure then become quite apparent in 
experiment because they determine such easily measurable quantities as barrier 
hights, lifetimes, etc. A calculation of fission lifetimes in this approach normally 
takes a model of two-center type with several shape parameters, evaluates the 
deformation energy, and finally evaluates the liftime using the WKB penetration 
probability well known from a decay, and given in its one-dimensional version by 


PSD | [as 4/2m(V (3) — B)/r : (9.21) 


with the integral evaluated along that part of the trajectory where E < V((@). For 
the case of collective parameters, there is first the need for a multidimensional 
generalization, and second for deformation-dependent mass parameters. The first 
is trivial if one looks only at the simplest approximation of calculating penetration 
along a known path and without consideration of neighboring ones. As conserns 
the mass parameter, in many fission calculations only a relative motion degree of 
freedom was used together with the reduced mass of the fragments replacing m, 
but this is clearly not correct. We will discuss the calculation of mass parameters 
in more detail later (Sect. 9.3). 


9.2.3 Two-Center Shell Models 


The expansion of the nuclear surface in spherical harmonics 1s not sufficient for 
going all the way to separate daughter nuclei in fission. Fundamentally there is the 
problem that the radius becomes a multivalued function of the angle if the nuclear 
neck is sufficiently constricted, but it is also inconvenient to have to deal with a 
large number of expansion parameters. Therefore many specalized models have 
been developped that allow nuclear shapes specially adapted to the fission process. 

One of the more widely used models is the two-center shell model based on a 
double oscillator potential [Ma72]. We discuss it here as an example because of its 
simplicity, but remark that the model was specially designed to be computable with 
the computer resources of twenty years ago. Yet it is still sufficient to illustrate the 
basic ingredients of such an approach. 

The general shapes considered in the model are illustrated in Fig.9.3. The 
ellipsoidal shapes for the fragments allow individual deformations, and the overall 
size ratio makes for fragments of different mass, allowing for asymmetric fission. 
The center separation z. — z,;, of course, plays the role of a fission coordinate. 
Finally, one can vary the size of the neck between the two fragments. This yields 
a total of five parameters: 


1. Az =z — 2%, the center separation; 


2. € = (A; — A2)/(A1 + Az), the asymmetry, depending on the fragment masses 
(which are simply estimated from the volumes of the ellipsoids); 


p= ay/by; 
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4. By = ay/b2, the fragment deformations; and 


5. €, a parameter controlling the neck, which appears in the potential definition. 


An additional parameter is, of course, the total mass A = A; +A, which is reflected 
in the overall volume of the nuclear shape, V = 4argA. 

The single-particle Hamiltonian appropriate to this shape is given mainly by 
the potential. It is decomposed according to 


A 


h2 
— ome a VGOnd ate Viger Vie (9.22) 


The decisive geometric term is the oscillator potential, whose definition depends 
on the location along the z axis: 
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The coefficients c;, d;, and g; are determined such that there is a smooth transition 
between the two oscillator potentials at z = 0; the details are unimportant for this 
discussion. 

This potential was designed with a view to making its matrix elements analyt- 
ically calculable. From the modern point of view, the spin-orbit potential is more 
interesting. It is defined as 


mus) ? 


we 
- { te (vv x p)-3} for 7 > 0 


mw? 


- {ta (vv xp)-3b forz <0, an 


There are several points to note: the orbital angular-momentum operator is replaced 
by an expression in VV x p, which reduces to r x p for a spherical oscillator 
potential. This is necessary to make it go over into the correct spin-orbit potential 


Fig. 9.3 Nuclear shape in the 
two-center shel] model. The 
fragments are composed of 
ellipsoids with semiaxes aj,2 
and b,,2. The centers of the 
ellipsoids are at positions z1,2 
on the z axis, which is the 
symmetry axis, and the sur- 
face is interpolated with a 
smooth curve near the neck. 
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Fig.9.4 Levels of the two- 
center shell model in their 
dependence on the center 
separation Wz. The mass 
asymmetry also increases 
during the separation, lead- 
ing to spectra characterized 
by different oscillator spac- 
ings for the final fragments; 
the levels have been assigned 
to the heavy or light frag- 
ment with a superscript “H” 
or “L”, respectively. 
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in the separated fragments. All phenomenological models use such an expression, 
while the self-consistent models include this automatically. A provision which 
is more characteristic for the oscillator model is that the spin-orbit strength is 
different for the fragments, which also has to be interpolated (the anticommutator 
in the expressions is needed to make the potential hermitian). The I? term is set 
up similarly. 

The parameters in the potential can be determined from the geometric shape 
with the condition that the nuclear surface correspond to an equipotential V (p,z) = 
SmwpR? with R the radius of the equivalent spherical nucleus. The neck parameter 
is determined as the ratio of the interpolated to the pure oscillator potential (c; = 
d; = 0) at (p = 0,z = 0) and is thus only indirectly related to the shape. 

Figure 9.4 shows a characteristic level diagram for fission. The regular shell 
structure of the spherical nucleus splits up with increasing deformation (similarly 
to that from the Nilsson model) but then is sorted into the separate shell structures 
of the fragments for large center separation. In this case the fragments are spherical 
but of different mass, so that the asymptotic levels can easily be assigned to the light 
or heavy fragment. The holes in the level scheme along the way are responsible for 
the shell corrections, and their dependence on the asymmetry leads to a preference 
for asymmetric fission in many cases [Ma74]. 

Let us now examine some interesting applications of this model. One of the 
most important features of fission, which plays a crucial role in the determination 
of the lifetimes, is the preference for asymmetric shapes. This was first understood 
through the use of asymmetric two-center models as being due to the shell struc- 
ture of the nascent fragments already influencing the potential energy well before 
separation [Mo71]. Since we will deal with superheavy nuclei shortly, this point 
is illustrated for the (still) hypothetical superheavy nucleus 7/8X. The dependence 
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Fig. 9.5 Potential-energy surface for the hypothetical superheavy nucleus eX in its depen- 
dence on the center separation and asymmetry. The valleys corresponding to the preferred 
asymmetries are clearly visible and also offer the opportunity for producing such nuclei 
using “cold” target-projectile combinations such as those listed. Of course the bombarding 
energy must be chosen such that the barrier within a cold valley is just overcome. 


Fig.9.5. Clearly as the nucleus proceeds towards fission, there are a number of 
valleys, indicating the preferred binary mass split-ups; these are usually character- 
ized by the formation of one daughter nucleus close to magic numbers. Examining 
the most favorable shapes near scission one then usually finds this fragment spheri- 
cal and the other one strongly deformed. There are, however, also cold valleys due 
to deformed shell structure, even though these valleys are less pronounced than for 
spherical fragments [Sa92]. 

In Fig.9.5 there is a preference for slight asymmetry near 7 ~ +0.1 and then 
a pronounced valley again near 7 ~ +0.4. The latter has one fragment close 
io doubly-magic lead and is the valley responsible for the strong asymmetry in 
actinide fission (these nuclei are too light to allow the combinations present in the 
deepest valley here). 

Note also that the valleys have almost constant structure as we increase Az 
closer to scission, so that it appears that the decision for the mass distribution of 
the fragments is made already close to the barrier. 

Such potential-energy surfaces can be used as a basis for calculating the mass 
distributions expected. For this purpose a collective Schrédinger equation can be 
set up for the asymmetry degree of freedom and then solved for known sets of 
potentials and masses [Li73, Ma74, Fi74]. If fission proceeds by tunneling and if 
the coupling of asymmetry and relative motion is unimportant (for a discussion see 
[Ma76b]), the asymmetry distribution should be given by the ground-state collective 
wave function. An example for such a calculation is given in Fig. 9.6 for the fission 
of Fm [Lu80]. For spontaneous fission the experimental data are reproduced 
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Fig. 9.6 Mass distribution for fission of >6Fm. The full curves are calculated from the ground 
state of the collective Schrédinger equation, while the dash-dotted curve shows the result 
of replacing the deformation-dependent mass parameter by its average. The experimental 
values [FI72, FI75] are indicated by small circles. The right-hand side shows spontaneous 
fission, while the left corresponds to neutron-induced fission, which was treated in theory 
by assuming a temperature of T = 0.5 MeV populating excited asymmetry states. From 
[Lugo]. 


reasonably well, and adding a temperature-induced excitation of higher collective 
states also describes the broadening of the distribution for neutron-induced fission. 

An alternative method for looking at tunneling lifetimes and mass distributions 
involves the penetration factors through the potential. Since tunnelling takes place 
in a multidimensional collective space, this should in principle be done as a sum 
over contributions from all possible paths through the collective space; practically 
this is still impossible, so that usually the path of maximum penetrability is re- 
garded alone, with the assumption that the contributions from other paths fall off 
exponentially. This corresponds to the formula 


ua 
2 
G= = if dt ,/2[V(q(t)) — E] DB RG OER ENG (9.26) 


for the Gamow factor, where q(t) = {q;(t)} is the parametrization of the fission 
path and the Bj are the mass parameters. An example of such a calculation, which 
also illustrates the role of the deformation-dependent mass parameters quite well, is 
given in Fig.9.7. Note especially how the optimum paths do not follow the intuitive 
route through the potential that would be correct for constant mass parameters. Still 
it is interesting to see that the lifetimes of known nuclei can be reproduced quite 
well over many orders of magnitude in such a calculation (see Fig. 9.8). 
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Fig. 9.7 Calculation of spontaneous fission properties for the nucleus 7321), The upper graph 
shows the potential with the paths of maximum penetrability shown as dashed lines. They 
were obtained by fixing the initial point (near the ground state to the left) and a final point at 
the exit from the barrier and with a prescribed mass asymmetry 7. The strong deformation 
dependence of the three mass parameters (one for , one for 4z, and one coupling the 
two) is reflected in the way the fission paths do not follow the intuitive classical path. The 
lower graph gives the expected variation of the lifetime with mass asymmetry, which is 
qualitatively similar to the experimental mass distribution. In this lower graph the scale on 
the right shows the Gamow factor, while on the left the half-life time t)/2 is given. From 
{K191]. 
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Fig.9.8 Calculated and ex- 
perimental fission half-life 
times for some actinide nu- 
clei. Symbol shapes dis- 
tinguish the elements, and 
the abscissa shows the mass 
number. The filled symbols 
correspond to theory and 
the open ones to measure- 
ments. The symbols linked 
by dashed lines are predic- 
tions for the most favorable 
cluster decay (see below). 


Fig.9.9 Illustration of clus- 
ter decays. In the decay chain 
of 22U, which normally con- 
sists of many @ and 6” de- 
cays that change Z and N by 
at most two units, the clus- 
ter decays shown by the long 
arrows provide a giant jump 
down in both numbers. 
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All such calculations predict not only the standard asymmetric fission, but also 
additional valleys called “superasymmetric” fission — corresponding to the peaks 
near 7 = +0.5 in Fig.9.6 — and even cluster decays, the decay by emission of 
light nuclei such as carbon or neon or as a limiting process, a decay itself. Cluster 
decays are reviewed in [Gr89, Po89,Sa89], and Fig. 9.9 illustrates the dramatic 
shortcut taken in decay chains by cluster decays. 

Although the predictions for cluster decay and highly asymmetric fission in gen- 
eral [Lu78, Sa80] were originally not taken seriously, the subsequent experimental 
discovery of cluster decays [Ro84] and some indications for superasymmetric fis- 
sion (see below) have indeed demonstrated that fission shows a continuous mass 
distribution that only appeared to be divided into the two separate processes fission 
and a decay, because some intermediate mass splits are of very low probabil- 
ity. Fig. 9.10 shows first experimental evidence for additional “ superasymmetric” 
shoulders in the mass distribution [1t92]. 

Calculations of fission barriers are extremely important for the prediction of 
superheavy elements. Fig. 9.11 shows the region of known isotopes, amongst which 
the stable ones are only a small fraction, surrounded by a sea of instability. While 
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Fig.9.10 Experimental data 
for the mass distributions of 
some fissioning nuclei with 
masses near 200. In this ex- 
periment the exponential tails 
of the distribution could be 
followed down to such low 
probabilities that the shoul- 
ders due to superasymmetric 
fission become clearly visi- 
ble. From [It92]. 
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Fig. 9.11 Landscape of the isotopes, illustrating the possible islands of superheavy elements. 
For the known isotopes the prevalent decay modes are given, enclosing the island of stable 
nuclei which stretches from the origin through Pb and into the actinide region. It is separated 
from the first island of superheavy nuclei near magic numbers (Z,N) ~ (114, 184) by a 
region of a- and fission-unstable nuclei. There may even be a second island near magic 
numbers (Z,N) ~ (164,318). In each region the dominant decay modes are indicated. The 
“drip lines” show where an additional proton or neutron can no longer be bound (their 
precise location is under intensive investigation at present). 
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Fig. 9.12 Logarithm of the lifetimes of nuclei in the first superheavy island with respect to 


spontaneous fission and a decay. The numbers on the isolines correspond to log(T\/2/1a). 
From [Gr69]. 
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Fig. 9.13 Overview of the potential energies as functions of mass asymmetry for producing 
some of the elements at the upper end of the periodic table. In each of these curves, which 
correspond to the indicated (Z ,N) combinations, for the deepest valley the projectile nucleus 
is indicated; the corresponding target must have just the missing mass and neutron numbers. 
From [Gu77]. 


at present the island is enlarged on both sides by the production of very neutron- 
or proton-rich nuclei, it is much more difficult to make progress in the direction 
of increasing total mass, because a decay and spontaneous fission reduce the life- 
times drastically in that direction. This trend can, however, be partly reversed by the 
presence of additional magic numbers. Most theories [Gr69, Ni69, Fi72, Ra74, Ir75] 
predict magic numbers near (Z,N) = (114, 184) and possibly also for (164, 318), 
but the details vary: the most favorable proton number may be 110 or 114, and the 
lifetimes predicted range from several months [Gr69] to billions of years [Fi72}. 
A detailed review can be found in [Ku89]. Details of the first of these calcu- 
lations are shown in Fig.9.12. One should keep in mind, though, that lifetimes 
for fission depend on tunneling probabilities which can change tremendously with 
small changes of the barrier height or width. The uncertainty of such predictions 
is therefore probably a few orders of magnitude. 

There is, of course, the big practical problem of how to produce superheavy 
elements. Since the ratio of neutrons to protons increases with A, one cannot easily 
combine nuclei from the known region, because the compound system would be 
severely neutron-deficient. Producing a compound system with too many nucleons 
and hoping for the emission of superfluous ones has up to now not been successful, 
instead the heaviest elements have so far been produced by using very neutron-rich 
projectiles and targets in combinations corresponding to the asymmetric valleys in 
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Fig.9.14 Decay chains that 
led to the identification of 
element 110 through an ex- 
perimental group at GSI at 
the dates and times indicated 
[Ho95a}. 


Fig. 9.15 Decay chains for el- 
ement 111 [Ho95b]. 
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the potential as suggested by theory [Sa76, Gu77]. Figure 9.5, for example, shows 
90Se+708Hg and '34Te+!63Sm as suitable combinations for producing {78X. 

An overview of these “cold valleys” for producing elements at the upper end 
of the known periodic system is given in Fig.9.13. Experimenters at the GSI 
Laboratory have indeed discovered elements 107-111 very recently by using just 
projectile-target combinations. They utilize the fast a emission of these neutron- 
poor nuclei to identify them through the observation of the a-decay chains (see 
Figs. 9.14—15). Although these nuclei are not as close to the island of superheavies 
as one would assume, because they are quite neutron deficient, this raises the hopes 
that the island itself will become accessible in the near future. Figures 9.14—15 show 
the exciting experimental findings that led to the discovery of the two new heaviest 
elements [Ho95a-b]. In each case a series of @ particles (sometimes incomplete) 
of distinct energies and lifetimes could be measured, so that a small number or 
even a single event was sufficient to establish the new elements. 
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Fig. 9.16 Fission potential for the nucleus 232Th calculated in the relativistic mean-field model 
(see Sect.7.4) with the two different parametrizations “PL-40” and “NL1” by Rutz et al. 
[Ru95]. The constraint in this case is the mass quadrupole moment Q. Both calculations agree 
qualitatively, but show increaingly different behavior at large deformation. The deformed 
ground-state minimum and the fission isomer are clearly visible; in this case the first barrier 
is higher. There is also a third minimum corresponding to a very elongated shape. The 
experimental data [Lo70, Wa77, Bj80, Zh86] are indicated by diamonds and squares. The 
steep curves starting near Q = 300b belong to a second valley distinguished by separated 
fragments, as is shown by the small shape plots near the curves. Probably the fissioning 
nucleus will cross over to this valley, but where this happens depends on the barrier between 
the two valleys, which can be determined only with an additional constraint, possibly of 
hexadecupole nature. More detail for the shapes is given in the next figure. 


9.2.4 Fission in Self-Consistent Models 


An alternative method for looking at fission is provided by self-consistent models. 
With today’s computers it is quite feasible to calculate potential-energy surfaces 
with one or even two constraints for heavy nuclei. Compared to the phenomeno- 
logical models with prescribed shapes this has the following advantages. 


1. There is no need for shell corrections. The total energies calculated are in good 
agreement with the liquid-drop plus shell correction results for the phenomeno- 
logical models. 


2. For fixed constraints one may hope that the shape degrees of freedom not 
frozen by constraints adjust in such a way as to produce the energetically 
most favorable configuration, so that there is not so much of a need to guess 
the optimum shape beforehand. If the numerical method allows asymmetric 
deformations, for example, the shapes along the fission path will automatically 
become asymmetric wherever this is favored. 


3. The potential and the density distributions themselves can become more com- 
plicated; for example, the growing repulsion by the large nuclear charge can 
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Fig. 9.17 Nuclear shapes corresponding to various points along the fission path of Fig. 9.16, 
plotted as density contour lines. The last one for @ = 340b is from the second valley and 
clearly has fissioned already for a smaller quadrupole moment than the elongated shape 
for Q = 380b from the first valley. Observe also that near the second barrier there is a 
decisive preference for an asymmetric configuration,leading to preferred asymmetric mass 
splits. The shape in the third minimum is extremely elongated and thus is a “‘superdeformed” 
configuration. 


push the protons out of the center of the nucleus; in a phenomenological model 
this has to be allowed for by changing the potential by hand — usually this is 
not included in the models. 


4. On the other hand, there is often a need for more constraints. The results 
presented below show that the minimization may lead to more than one mini- 
mum for the same set of constraints, showing that there are different valleys in 
the multidimensional potential-energy surface distinguished by some additional 
shape parameter. If these cross energetically, the transition between the valleys 
can be described only by using an additional constraint which allows one to 
also examine the barrier between the minima. 


9.3 Mass Parameters and the Cranking Model 


Figure 9.16 shows typical results for a fission barrier in the relativistic mean- 
field model with a quadrupole constraint. Of special interest in the light of the 
discussion above is the appearence of two distinct valleys at large deformation, 
one corresponding to very long and necked-in but still connected shapes, and the 
other corresponding to separate fragments. Since they have the same quadrupole 
moment, they appear as disjoint solutions with this one constraint, but could be 
linked continuously by crossing a barrier if a suitable second constraint is added. 
The corresponding shapes in Fig. 9.17 illustrate this effect and also the preference 
for asymmetric configurations near the second barrier. 


9.3 Mass Parameters and the Cranking Model 


9.3.1 Overview 


As we will see, the problem of kinetic energies is far less settled than that of the 
potential energies. Although there are some theoretical methods for the calculation 
of mass parameters, none of these is universally accepted and it is very difficult 
to check their predictions in experiment. Large-scale collective motion occurs only 
in fission and heavy-ion reactions, which are sufficiently complicated that if the 
theory does not agree with experiment it is difficult to see whether this is caused 
by an insufficient number of collective coordinates, friction, or a real failure of the 
underlying models. Usually, however, effective parameters have to be introduced 
both in the mass parameters and the friction terms to get even close to the ex- 
perimental data. We will now briefly discuss the two widely used approaches to 
mass-parameter calculations: the irrotational-flow method and the cranking model. 


9.3.2 The Irrotational-Flow Model 


The irrotational: flow model was introduced for small deformations in Sect. 6.2.1. It 
can be generalized easily: a time dependence of the collective coordinates induces a 
local velocity of the nuclear surface, which can be used as a boundary condition to 
solve for the velocity field inside the nucleus under the assumption of irrotational 
flow. Integrating the kinetic energy of the fluid will then yield a kinetic energy 
which is of second order in the collective velocities, so that the mass parameters 
can be read off. Although this model is thus well defined, it is by no means 
easy to construct solutions for general surface shapes and motions. A well-known 
approximate method for cylindrically symmetric shapes is known as the Werner— 
Wheeler method [Ke64, Ni68]. Note that there is still no firm theoretical support 
for this model: it is widely used mainly because it is well defined, calculable, 
and expected at least to give the order-of-magnitude differences between the mass 
parameters for collective coordinates of various types; also the alternatives have 
problems of their own. 
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9.3.3 The Cranking Formula 


Another method for the calculation of mass parameters is the cranking model in- 
vented by Inglis. The name reflects the idea of an external influence forcing the 
phenomenological single-particle potential and wave functions to follow a time- 
dependent change in the shape parameters. During the calculation of the deforma- 
tion energy the crucial assumption was that of adiabasy. For consistency this has 
to be somehow extended to the dynamic case as well. We may imagine that the 
collective coordinates change very slowly, so that the nucleus can settle down into 
its adiabatic state at each point. On the other hand, the wave functions have to 
change during the motion and this time dependence is associated with a kinetic 
energy, which we want to investigate. The nucleus is thus not truly in the adiabatic 
state, but should not contain any real excitations aside from what is necessary to 
support the collective motion. How this distinction will work will become clear 
during the derivation. 

We start from a Hamiltonian A(1r),...,174;1,.--, Bm) that depends paramet- 
rically on the deformation parameters (),..., 84. The associated adiabatic eigen- 
functions depend on the parameters and fulfil 


ENGR cs oc RIN, cache WAT ye A Olay 
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For brevity in the following developments we suppress the particle coordinates and 
use the vector notation (3, so that the equation reads 


A(B) iB) = E(B) vi(B) - (9.28) 


Now assume a prescribed time dependence 8 = {(t), which is assumed to be so 
slow that no excitations are generated. This means that the characteristic time scale 
of the collective motion should be very long compared to the single-particle time 
scale. We now have a time-dependent Hamiltonian and basis wave functions. The 
solution of the time-dependent Schrédinger equation 
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The phase factor is designed such as to cancel the phase due to the eigenenergies 
in the equation. Inserting this expression into the Schrédinger equation yields 
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9.3 Mass Parameters and the Cranking Model 


As is suggested, the vector notation for the @ was extended to 
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Equation (9.31) may be converted into an equation for the expansion parameters 
by forming the matrix element using 


[one fe raugon.. rab (CI) (9.33) 
Cancelling also the phase factors as far as possible results in 
ihe; = ih S| ci(Wy|B -Valvi) 
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x exp -2 | dr’ [E;(8@’)) -E(6@))| ; (9.34) 


Now we have to use the assumption of different time scales and adiabasy. We are 
really interested in the solution only for a short interval of time around ¢, because in 
the adiabatic limit the state of the system at time t should be completely determined 
at that time, without any influence of the previous history of the system. During 
such an interval both the matrix element and the eigenenergies in the phase factor 
change very little, because they show only the slow dependence on the collective 
coordinates. On the other hand, the phase factor itself changes rapidly with time. 
Adiabasy implies that the coefficient of the ground state for fixed deformation A(t) 
is close to unity, co & 1, while all the others are quite small. Therefore on the 
right-hand side only i = 0 contributes, and we get 


(2 |B -Valvo) 
ete, 


x exp {5 i dt’ (H(A) - (00) } ior ee 4 (Cle) 
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whereas for j = 0 one may simply utilize normalization, 


jal SS a (9.36) 
i#0 
Actually there is a subtle point in (9.35). The constant of integration was set equal 
to zero, so that at t = O we do not get the unperturbed ground state co = li 
cj = 0G > 0). If this were used as the initial condition, the solution would de- 
scribe a strong variation of the amplitudes with time. In fact, the underlying picture 
was not that of a system in the adiabatic ground state at t = 0, suddenly starting 
a collective motion, but the collective motion has been going on already and the 
system has adapted to that. Equation (9.35) describes exactly that: while the com- 
plex coefficients oscillate rapidly, their amplitude is only slowly time dependent. 
This becomes apparent also from the total energy, which is the expectation value 
of the Hamiltonian: 
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with the mass parameter 
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This is the cranking formula as first given by Inglis [In54, In56]. Its evaluation 
requires a model for the many-body wave functions 7,;, but at this point we may 
already make some general observations. The matrix elements in the numerator 
carry information about the change of the single-particle states with deformation, 
and there will be a peak in the mass if the wave functions have to be rearranged 
strongly to change the deformation. Another reason for large values of the mass 
parameters may be the presence of excited states close to the ground state, which 
make the denominator nearly vanish. If the latter is due to an avoided energy-level 
crossing, the wave functions will also change rapidly during the crossing and a 
strong peak should result. 


9.3.4 Applications of the Cranking Formula 


For concrete calculations the meaning of the collective parameters and the wave 
functions have to be specified in the cranking formula, which can often be reduced 
to somewhat simpler forms. 

For the independent particle model the ground state of the nucleus is the Slater 
determinant made up of the lowest single-particle orbitals. The operator 0/08 in 
second quantization becomes 


a a 
aie Di utaglY) ala, (9.39) 
pv 


and links the ground state only to the one-particle/one-hole states. We label the 
single-particle states with Greek letters here to distinguish them from the many- 
body states |j). The particle-hole excitations thus become the excited states to 
be summed over. The energy denominator becomes the excitation energy of the 
particle-hole state, 


b= 2S En Ey, (9.40) 
while the matrix element is reduced to 
sa 0 
(15g) = (lagi) : (9.41) 
and the cranking formula is represented by 
v|O/O 0/0 


Je unoce En = Si 
voce 


Note that this expression even becomes singular if there is an energy-level crossing 
at the Fermi surface. This can be avoided only through the use of pairing. 


9.3 Mass Parameters and the Cranking Model 


341 


The formula above still does not specify the type of collective coordinate con- 
sidered. The simplest mass parameter, and the one most easily compared with 
experiment, is the moment of inertia. In this case the collective coordinate is the 
angle of rotation about an axis not coinciding with the symmetry axis of the nu- 
cleus; the x axis is usually chosen. The derivative with respect to the angle can 
be expressed through the angular-momentum operator 0/08 — iJ,/h, and the 
moment of inertia becomes 


(i [J |0)|* J |Jx|0) Ve 
=), ‘ : 
” B — Ey (9.43) 


In this formula the independent-particle case may be inserted as above. It can 
be shown that under certain conditions the resulting value is just the rigid-body 
moment of inertia, i.e., the value for a classical solid of uniform density and with 
the shape corresponding to the nuclear deformation. Comparison with experiment, 
however, shows that this value is usually too large by a factor of 2. This indicates 
that not all the nuclear matter may participate in the collective rotation, and again 
the introduction of pairing provides the solution. 


EXERC(S— 


9.1 The Cranking Formula for the BCS Model 


Problem. Derive the cranking formula for the BCS model. 


Solution. In this case the nuclear ground state is replaced by the paired ground 
state, |0) > |BCS). The operator 0/0( acts not only on the single-particle states as 
in (9.39), but also on the pairing occupation probabilities u,, and v,, which will be 
deformation dependent in general. Denoting this additional contribution by 0/08, 
we may write © 


7) 7) 3) 
ose S ‘(ul Al al 
= Via | ae 
Replacing the operators by quasiparticle operators according to 


a, = u,d, + 4,a', (2) 


and its hermitian adjoint, we get 


= Sula) TOON CT p< (3) 
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The last line shows only that term in the operator contributing to the matrix element. 
The other combinations yield zero, because the excited state must differ from the 
ground state in quasiparticle number. Note also that the sum extends over both 
positive and negative values of y and v, whereas in the BCS state only positive 
values are used. To avoid ambiguity for the latter case pp > 0 etc. will be stated 
explicitly. 

The form of the matrix element shows that only two-quasiparticle states need to 
be considered. Taking the matrix element between |KA) = at NIBES) ay X40) 
and the BCS ground state results in 


0 
rae 3B ~ 5;[BCS) = 2 MalaglY v) u,v) (BCS|&_,&,.a1,4! , BCS) 

0 

ao Soe oe (Ong Cnn = Ohne Oe) 

pv 
= ugon(nlagld) + uxve(-Alg5| —) (a) 
= ULUA\K UNV ap 
For the last step u, — v=, and ve, —— 0. was Used, 


This result can be simplified further only if the two matrix elements in (4) 
are related to each other. Obviously this will have something to do with time 
reversal, since the states involved are related through that operation. Remembering 
the transformation of matrix elements of any operator O under time reversal, 


(AlO|B) = (Ta|TOT-"|TBy" (5) 


and assuming that 0/0 has definite time reversal properties, 


T—T'=14— 

we get 
0 0 0 

—A\\= = (A|+ —|x)* = = 
In the last step the antihermitian nature of 0/08 was used (cf. the operator 0/0x, 
which is antihermitian because p, = —ih 0/Ox is hermitian). The matrix element 
has now become 

eee ap ~ IBCs) = (K i Biter eat ee (8) 


the negative sign being valid for time-even 0/02. 
The final task is evaluating the derivative acting on the occupation probabilities. 
The definition of the BCS ground state leads directly to 


oe du, . a 
aglBCS) = 2 ( a 4 Bal at .) II (uw + vyalat,) jo). (9) 


vey 
v>0 


The overlap with the two-quasiparticle state |x) will be nonzero only if both k 
and X are equal to yw in each term in the sum, as any other index will meet the 
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unperturbed BCS factor in the product to produce zero. Canceling the products 
containing the unconcerned index v both in the two-quasiparticle and the BCS 
state and using jz for the only remaining index yields 


ror ee Ou OUp es 
leo) = (0| (up + Dy eareaiyy) Cmanes (Fe + Fala |0) 
Ou ao ees 
= 9p Ol _ Hea al, - vid ,a,aha" ,|0) 
Ce ae eee eee ae eet: 
+ Bp Oler nd —wiind. a f,.a! Wen uid_,,a,a\a" ,|0) 
Olas Ov 
= 36 (ugu, at v,) a ry] (u,v, + un) 
Oupn us, Ou, 
Op (> 3 fly, vy, OG oy) 


This involved essentially only the usual second-quantization techniques. The expan- 
sion of the parentheses in the second step took into account that only terms leaving 
the particle number unchanged survive, while the last step used normalization: 


6} 0 
ae 0, = Il = ge = uae (11) 
The total matrix element now is 
1 Ou 
a BCS DE. 2 ae 12 
(AI ZEIBCS) = (nl IA) natn 7 tate) ~ bast (12) 


and it has to be squared and summed over &, A > O for the cranking formula. The 
cross terms do not contribute, because the first matrix element vanishes diagonally 
owing to the normalization of the wave functions: 


—(K|K) = oe ee k=O (13) 


We thus obtain the final formula for the cranking model with pairing: 


(| 33-|A) Alga lA) 
Bu = 2h i? x Se eae (Ux ar Ugly) 


1 Ou, Ou 
2 K eo 14 
+0 Die, Ok 5B a 


Note the excitation energy of the two-quasiparticle state in the denominator. The 
negative sign is correct for time-even 0/0. 

For the moment of inertia the single-particle level structure does not change 
with rotation, so the second contribution in the cranking formula vanishes, whereas 
the first one is reduced because the gap increases the energy denominator. On the 
other hand, for deformation coordinates such as the quadrupole deformation, the 
term with the derivatives of the occupation probabilities usually dominates. 

An additional benefit of pairing is that the gap removes the possibility of a 
vanishing denominator; the denominator now is at least 2a, 
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This version of the cranking model including pairing was first given by Belyaev 
[Be59, Be61] and Prange [Pr61]. 


9.4 Time-Dependent Hartree-Fock 


An attractive possibility for the study of large-scale collective motion is provided 
by the time-dependent Hartree-Fock equations presented in Sect. 8.2.2. If we write 
the equations in the generic form 


howe) = Alpert) F=hA (9.44) 


it is clear that giving initial conditions for the single-particle wave functions de- 
termines them for all future times, even though the Hamiltonian depends also, as 
indicated, on densities summed up over the single particles. The large number of 
single-particles wave functions and the nonlinearity allow for extremely compli- 
cated developments of the wave functions without any need for inventing collective 
parameters, mass parameters, or such. 

As the treatment of the tunneling process in a time-dependent theory is more 
difficult, TDHF is mostly applied to heavy-ion reactions, which is outside the 
scope of this volume. The discovery that one could actually determine solutions 
numerically for interesting cases of heavy-ion collisions stimulated considerable 
interest [Bo76, Ma76a, Cu76, Cu78, Sa78, Da78] followed by many more papers in 
succeeding years. Because the method is intimately related to the other theories of 
collective motion presented here, however, a few more details will be given. 

Most practical applications of TDHF have been based on Skyrme forces. The 
reason is the same as in static Hartree-Fock: the exchange term can be treated 
simply and everything can be formulated in terms of a few local densities. 

In heavy-ion collisions the initial wave functions are assumed to be solutions of 
static Hartree—Fock for the two initial nuclei. These are inserted into the numerical 
space grid at the position of the corresponding nucleus and then multiplied by 
plane-wave factors to set them into motion. Thus, if we number the nucleons of 
the projectile from | through A, and those of the target from A; +1 through A, +Ap, 
we will have 


(r,t = 0) = O(r — Ry) exp(ik, -r) ) J =e ) 


. ? 9.45 
wrt =0)=¢(r — Ry)exp(ik,-r) , j =A, +1,...,A) + Az A 


Here R, 2 denote the initial positions of the target and projectile, and ky 2 the wave 
numbers of the nucleons associated with their common velocity. 

As time passes the nucleonic wave functions will move with the velocity v = 
hk,2/m until the two nuclei overlap, when much more complicated developments 
begin. Let us briefly examine some of the conceptual features of what happens 
then. 

As can be checked easily, the orthonormalization of the single-particle wave 
functions is not changed by the time development (the single-particle Hamiltonian 
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is hermitian, leading to a unitary time-development operator). As in static Hartree— 
Fock, the individual wave functions have no independent physical meaning, only 
the set of occupied states is significant. The time dependence of the states is quite 
general. If we expanded them in terms of adiabatic states, i.e., the eigenstates 
belonging to the density distribution at a given point in time, we would find that 
they can be highly excited, because the excitation happening near the energy-level 
crossings is taken into account exactly as it depends on the rapidity of the collective 
motion. 

While all of this makes the method appear very attractive and general, there 
are also serious drawbacks on second sight. It was found in many calculations that 
the solutions of TDHF behave almost “classically”, in the sense that the spreading 
of the probability distribution is quite small. This indicates that Slater determinants 
explore only a tiny part of the wave-function space, and the following simple 
example shows how much richer the true many-body wave function can be. 

Imagine a system of two nuclei interacting and then separating again after the 
collision. The final fragments may then have different masses in the final state, for 
example, the reaction '©O + !®O may lead to 12¢ + 20Ne or even to “He + *8Si. The 
TDHF final-state wave function does contain amplitudes for such splitups, but they 
are coupled by spurious cross-channel correlation: although each of the fragments 
may have a range of different mass numbers with a nonvanishing probability, they 
are all propagated with the same average potential, which practically couples them. 
Thus a component of the wave function describing an outgoing 4He will find itself 
inside a potential well appropriate for 16 and all of these fragments will even 
be forced to move at the same velocity, independently of their mass. Since this is 
highly inappropriate energetically for fragments with masses differring much from 
the average, the result is a strong suppression of mass transfer. This shows that the 
Slater determinant can at best describe only an average behavior of the reaction. 

This introduces a further danger: although the TDHF equations can be derived 
also from a time-dependent version of the variational principle, 


6(W\A — inal) = (0 (9.46) 


with |W) constrained to a Slater determinant as before, this does not guarantee the 
quality of the approximation. Even if the initial wave function is a good approx- 
imation for the nuclear ground states, the minimization means only that the time 
derivative will be approximated in the optimum way possible, but that does not 
imply that the solution will not deviate arbitrarily much from the true solution after 
a certain amount of time. 

For more information about the practical applications of TDHF we refer to the 
review literature [Ne82, Da85], also the reader will find a code for one-dimensional 
solution of TDHF in [Ma93]. 
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9.5 The Generator-Coordinate Method 


A very general and conceptually attractive foundation of collective motion is pro- 
vided by the generator-coordinate method, which was originally proposed by Hill, 
Wheeler, and Griffin [Hi53, Gr57a, Gr57b]. It has since been used widely in nuclear 
theory, and a more recent review can be found in [Re87]. The basic idea is to start 
with a set of microscopic wave functions |®(a)) which depend parametrically on 
one or more collective degrees of freedom a. This may for instance be a Slater 
determinant built out of the occupied single-particle wave functions in the Nils- 
son model, depending on the deformation of the phenomenological single-particle 
potential. 

A wave function containing collective motion in this collective parameter is 
then set up as 


|v) = [os f(a)|Pa)). (9.47) 


The weight function f(a) is yet to be determined. Note that no superfluous coor- 
dinate is introduced in this way; the wave function |W) still depends only on the 
microscopic degrees of freedom. 

The weight function is determined from the variational principle 


ae 13) =), (9.48) 


where the Lagrange multiplier E is necessary to ensure normalization. Carrying 
out the variation leads to the Hill-Wheeler—Griffin (HWG) equation 


[ea (wat ioca) fa) =E faa! (BoB) Fea’), 0.49) 
which formally can be written in the shorter form 

faye = E NO (9.50) 
The new symbols are the Hamiltonian kernel 

H(a,a') = (®(a)|A|G(a’)) (9.51 
and the overlap kernel 

N(a,a') = (®(a)|G(a')) (9.52) 


and clearly their application to f is defined as the folding integral over a’. 
If the parameter a is discrete, (9.49) becomes an eigenvalue equation, whic 
with suitably changed notation reads 


ear — Dia (9.53 


This is the typical eigenvalue equation in a nonorthogonal basis, i.e., one in whict 
the basic states are not orthonormal but have overlaps N,q’. Physically this arise: 
from the fact that the Slater determinants for different values of a need not be 
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orthonormal. It appears attractive to reduce the problem by multiplying both sides 
with the inverse of NV, 


IN MP a5 (9.54) 


leading to a standard eigenvalue problem, but with the complication that the matrix 
on the left need not be Hermitian. 

In practice, however, this is usually not possible, because VV may have vanishing 
eigenvalues, as the |®(a)) can be linearly dependent. A better way is therefore to 
perform a Gram—Schmidt orthonormalization, i.e., to construct a new basis uz(a) 
which fulfills (switching back to continuous a) 


ew! N(a,a') uz(a’) = ng uz (a) (9.55) 


with some norm factors ny > 0. Now we still have to worry about those basis 
functions with nz = 0. This corresponds to a zero norm for the associated wave 
function )~,, uz|P(a)), which again shows that in this case the single-particle wave 
functions are linearly dependent. The space of such wave functions thus in reality 
has a lower dimension and such basis functions should simply be omitted. We can 
thus assume that all the mj, are nonzero. 

The remaining wave functions generated with the u;,(a) can now be normalized, 
forming the natural states 


i a [ow ux(a)|P(a)) (9.56) 


which span the Hilbert space of collective states in this method. 
Expanding the collective state |W) in the natural states 


DY) = 5° o\k) (9.57) 
k 
leads to an eigenvalue problem of standard form 
S> Mix: ge = E 9% (9.58) 
ki 
with 
ae [e a [ea a | (9.59) 
Jn Nee Ny 


These developments are, of course, purely formal, and one has to see in practice 
whether the states constructed in this way are good approximations to eigenstates of 
the Hamiltonian, in the sense that, for example, an integral over Slater determinants 
with neighboring deformation parameters describes a true collective zero-point 
vibration or an excited vibrational state. 

How could one go about actually solving the HWG equation? A straightfor- 
ward discretization is problematic. Refining the discretization in a corresponds to a 
more accurate expansion, but in states with decreasing linear independence because 
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|(a)) and |S(a + Aa)) become the same wave function with Aa — 0. The result 
is that E and |W) converge, but the weight function does not. 

There are some cases in which the overlap kernel can be diagonalized exactly; 
such a case is presented in Exercise 9.2. The most useful way to proceed, however, 
is given by the Gaussian overlap approximation, which we discuss briefly later. 
First, however, we find out how to construct a collective Hamiltonian in the space 
of a. 


EXERCISE: ee 
9,2 The Harmonic Oscillator in the Generator-Coordinate Method 


Problem. Treat the harmonic oscillator in the generator-coordinate method based 
on an expansion with Gaussian wave packets centered at variable coordinate posi- 
tions. 


Solution. This exercise is not solely of mathematical interest, since we have seen 
that many types of collective motion can be treated quite well in a harmonic- 
oscillator approximation. There are a large number of detailed calculations in- 
volved, which are laborious but not very instructive, so here only the broad outline 
is given. 

We start with the Hamiltonian 


a2 DAD 
ee, 2 ed, 


2m 2 (1) 
and use a set of normalized wave functions of the form 
(q|®(a)) = (ses exp[-(q — ay /2s7| : (2) 


Here q stands for the microscopic degree of freedom and a is the “collective 
parameter”; |®(a)) describes a microscopic wave function centered at the position 
prescribed by the parameter a. The width of the packets s is a free parameter that 
will have to be fixed by some additional consideration. Now the kernels can be 
evaluated by integrations of Gaussians: 


N(a,a’) = exp[-(a - a’) /4s?| ; 
2 t 
Ha,a") = Naya’) ( oir) 


m \ 2s2 452 


a mu on a (a+a'y 
ys 2 4 


The simplifying factor in this case is that (a, a’) depends only on a —a’, ic., it 
is translationally invariant in a space, and the eigenfunctions are plane waves: 


(3) 


—ika 


CO as (4) 


uy (a) — ee 
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The norm of these natural states becomes 
i= / da e7™ N(a,0)=2Vas2e7F (5) 


There are no states with n, = 0, but zero is the limiting value for k — oo. 
Since k is a continuous parameter, the Hamiltonian in this basis becomes a 
distribution: 


22. 


htk 2 
he = a mw 
2m 


=o Gal, (6) 


It is interesting to note that this is just the momentum-space version of the 
harmonic-oscillator Hamiltonian we started with, and that in this special case the 
free parameter s has disappeared. 

The Schrédinger equation for the expansion coefficients g(k) now is 


h2k2 2 
S—a(k) — 9k) = E 9) ) 


and is almost identical in form to the coordinate-space version, so that the ground- 
state solution is easy to write down: 


EAT ae h 
mit) = (=) emi) 7 (8) 


This corresponds to the weight function 


in gotk ) 
fo(a) = [ow vie 


1 1 b 
- sore exp[-a?/26?—s)] ) 


which clearly is valid only for b > s. 
Finally we can calculate the “microscopic” ground-state wave function itself as 


uz(a) 


(q|Yo) = / da fo(a)(q|®(a)) = (rb?) '/4 exp(—q?/2b*) (10) 


obtaining the exact ground state of the harmonic oscillator. Is this a surprise or 
rather trivial? On the one hand, it would have been disconcerting to have a theory 
that cannot even reproduce the harmonic oscillator; on the other, what happened 
mathematically was not quite trivial. We have expanded the exact wave function 
with width b into a superposition of Gaussians of a different width s centered at all 
possible positions. So the integral over the weight function has performed exactly 
this expansion, and it is not surprising that this works only for b > s: it would be 
impossible to expand a Gaussian in other Gaussians with a larger width (actually, 
this case can also be carried through, but with fo(a) as a distribution and not a 
regular wave function). 
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An important advantage of the generator-coordinate method is that a collective 

Hamiltonian can be derived relatively easily. The goal is an equation of the form 
Aeon p(a) =E p(a) ’ (9.60) 


with g(a) the collective wave function, which should be related to the weight 
function f(a). The main difference is that #(a) should be normalized in the standard 
way 


/ dee ae (9.61) 


so that the overlap kernel has to be eliminated. This can be done formally by 
writing 


g(a) = oe’ N1?(a,a') f(a’) (9.62) 
or, more succinctly, 


db=N'7F (9.63) 


Here the “square root” of NV must fulfil 

IGE [ea i (ana Ne 2G eae (9.64) 
Inserting the definition of ¢ into the Hill-Wheeler-Griffin equation yields 

NIP (NAP HN WP _E\b=0 (9.65) 
If NV has no singularities or zero eigenvalues, this implies a collective Hamiltonian 


Hoa Na (9.66) 


This formal expression for the collective Hamiltonian is still extremely complicated 
and in general an integral operator. It can be reduced to a more familiar form 
in the Gaussian overlap approximation (GOA), which was introduced by Brink 
and Weiguny [Br68b]. The assumption is that the overlap kernel behaves like a 
Gaussian, falling off as the collective coordinates differ. The calculations are quite 
intricate, so here we present a somewhat simplified version; the general case can 
be found in [Re87]. 

First we perform a coordinate transformation to a “center-of-mass” system via 


q=yata’), €= }(a-a’) , (9.67) 
with the derivatives transforming as 


3) re) 0 3) 0 3) 


a a Ba’ ’ gq Ba Bal ee® 


The Gaussian overlap approximation can now be formulated as 


NG, =erO€ (9.69) 
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Although the width \ can, in general, depend on the position q, this can be elim- 
inated by a coordinate transformation at least for the one-parameter case, so we 
shall assume 2 to be a constant and V(q,€) > N(6). 

Because of the assumed narrowness of the Gaussian, one may employ second- 
order approximations; for example, for the Hamiltonian overlap 


Hq, &) = (Ho(q) - SEH (q)) NE), (9.70) 
with 
Hol(g) = H(q,gé =9) , 


a 2 (9.71) 
Heq, S) = aa pen ta £) fee ’ 
and we will also use 
2 
Ses ae OU) 


Clee 
Now the task is to rewrite (9.66) using the GOA. First write that equation explicitly 
with the collective parameters and integrals indicated: 


Hoa. )— [ox dy aie (aan) file ) N20 a ae (9.73) 


Introducing Gg = 5(x +x’) and € = 4(x —x’), the GOA for the Hamiltonian kernel 

can be written in the form 

H2(q) PF 
22 0€2 


Hx, x’) = (ra) = = xHa@) N) . (9.74) 
Note how the second-order expansion was rewritten compared to (9.70) by letting 
the derivatives act on the overlap kernel. 

If we insert the eqpanniiess into the collective Hamiltonian of (9.73), the deriva- 
tives with respect to x and x’ may be replaced by derivatives in a and a’ by using 
partial integration and by noting that 

0 


0 
—N=-s—N , (9.75) 


and analogously for the square root of the kernel. In this way we get 


Elen Gi ON [ou de Ns -(aa) 


x (H@ ~ wee =H a) N@NW2x',a') (9.76) 


where the derivative with respect to a should act on the left. 
The next step is to deal with the g in the integration. We expand all terms 
consistently to second order about the point q, 


He Ho(q) 
Ho(G) © Holq) + (C= eo “ a 5 = qy a3 y (9.77) 


Haq) = Hq); 
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so that the last remaining task is the evaluation of integrals over (@ — q). This is 
straightforward but laborious; for example, the linear term can be rewritten as 


ee [os dx! M-¢a,x) (G — 9) Hig) Max) NY2(x4, 0) 
= fae de! Naa) Mee a 9! — 0) HQ) NG 2) Na 


] O (6) ; , = a) 
= fas a {[(2- 2) sax) Huq) Naax)N \7G ae 


0 = 
+ Na, x) Hog) N(x,x’) [E — xa) N ae sa | } 


ae alst Jur) HaCa) [ox a NG) NG) Ne ad) 
a 


+ ia dx N 2a x) (+ + =) Nie Ni Gee) 
1 es 
— Ge +a ;) Hla) 6a — a) 
= -Ha ~a') Hf (q) . (9.78) 


The term in (¢ —q)* can be dealt with analogously, but does not contribute to the 
order considered. Collecting these results we get 


P 1 H2(q) 0 
/ it 
Heou(a, a’) = (ra = Tee Ct I) — In oe O(f) = O72 
In the HWG equation the operator acts as an integral operator on the weight 
function. In this special form, however, it is proportional to a 6 function and thus 
can be converted to a differential operator by moving the derivatives with respect 
to a and a’ implicit in € to the left and right. The result is 


~ | ie ‘ 
Alcon = Ho(q) — ay to (9) — AH2(q) + {P. { oD oh (9.80) 
Here p = —i 0/0q is the collective momentum operator, and the braces in the last 


term denote the anticommutator. 

This interesting result shows that the collective Hamiltonian consists of a num- 
ber of potential terms (the first three, which contain not only the expectation value 
of the microscopic Hamiltonian at the parameter value g, but also corrections de- 
pending on the spread of the microscopic wave function in g space) and a kinetic 
energy with the usual second-order derivative. The collective mass parameter is 
clearly prescribed in this formula to be given by 


1 7o@) 


This expression is similar but not identical to the one obtained in the much simpler 
cranking-model approach. 
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We have thus reached the goal for this chapter: to show that a quantized col- 
lective equation of motion can be derived from microscopic theory in a relatively 
general setting. The crucial approximation was the GOA, which essentially served 
to reduce the integral equation of motion of HWG type to a differential one similar 
to the Schrédinger equation. 

The generator-coordinate method has been applied to many problems of col- 
lective motion, including fission, and has generally been quite successful, although 
computer limitations have restricted applications mostly to relatively light nuclei. 
Again the reader is referred to [Re87] for details. 
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9.6.1 Overview 


The study of nuclei at large angular momentum has become possible through the 
use of heavy-ion collisions. Some of the theoretical background will be briefly 
discussed here, with the emphasis on how to generalize the models presented up 
to now. 

A heavy-ion reaction can populate nuclear states of very high angular momen- 
tum, the high-spin states, with values of the order of I = 60h achievable. The 
reaction produces such configurations with a considerable internal excitation, but 
the emission of a few neutrons reduces the excitation energy effectively while not 
decreasing the spin by much. In this way the nucleus drops down to the yrast line 
(“yrast” is the superlative of Swedish “yr”, meaning dizzy), which is comprised 
of the lowest available states for given angular momenta. Along this line we thus 
expect no internal excitation, Le., something like the “ground state” for that angular 
momentum. 

One way to describe high-spin states is a proper extension of the Hartree-Fock 
methods [Qu78, Bo87]. The main theoretical consideration there is how to obtain a 
wave function with good angular momentum from a theory that violates rotational 
invariance — remember that the Hartree-Fock ground state is usually deformed — 
and various projection techniques have been developped for that purpose. Here we 
will instead regard the more phenomenological methods based on the liquid-drop 
model and shell corrections. In the next section we will look more closely at the 
Nilsson model for a rotating nucleus, but before that some idea of the general 
behavior should be given. 

Cohen, Plasil, and Swiatecki [Co74] have calculated the properties of a rotat- 
ing liquid drop, and this was extended to a more refined version by Sierk [S186]. 
Although the model can be treated only numerically, the basic idea is quite sim- 
ple: for a given surface shape the liquid-drop energy is calculated in the standard 
way, with surface and Coulomb contributions the dominant ingredients. To these a 
rotational energy is added, which is determined with the assumption of rigid-body 
rotation, i.e., the nucleus is assumed to rotate with an internal velocity field of 
v =w xr at each point r inside and with homogeneous density distribution. The 
angular momentum is calculated with the same assumption. 
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I(I+1) —> iro —_> 


Fig. 9.18 Illustration of the backbending effect. The normal rotational band crosses a band 
with a broken pair and larger moment of inertia. Near the crossing the usual repulsion mixes 
the bands and pushes them apart so that the transition becomes gradual. The observable states 
along the yrast line are the lower ones for each angular momentum. On the right the moment 
of inertia is plotted as a function A’w*, showing the backbending behavior. Experimentally 
this transition is usually seen for angular momenta between 10 and 20. 


For a given angular momentum, then, one can calculate the energetically most 
favorable shape of the nucleus. In the ground state, of course, a liquid-drop model 
produces a spherical shape, which then goes over to an oblate configuration as the 
nucleons are pushed out by the centrifugal force, so that the nucleus looks like a 
disk rotating about its short axis. At even higher spin this configuration becomes 
unstable and the shape starts to elongate along one of the axes, so that a triaxial 
shape is reached. As this elongation proceeds, the shape becomes closer to a prolate 
deformation rotating about one of the shorter axes, and finally there is a limiting 
angular momentum beyond which the nucleus fissions. There is by now evidence 
for very large prolate deformations ~ corresponding experimentally to very closely 
spaced rotational bands ~ called superdeformation. 

As mentioned, however, along the yrast line there is no internal excitation, so 
that single-particle effects and pairing can play an important role just like those near 
the true ground state. We have already seen that pairing influences the moments of 
inertia for small spins, and it was found that pairing changes drastically with angular 
momentum. The Coriolis force tends to break up the nucleon pairs by making it 
more advantageous for the nucleons to align their angular momenta along the axis 
of collective rotation instead of coupling them mutally to zero. Without going 
into the detailed mathematics, it is easy to see what happens: whenever a pair is 
broken up, the moment of inertia increases, as the angular moment increases for 
little change in the angular frequency, so that the rotational band gets a smaller 
spacing. As illustrated in Fig. 9.18, this is a crossing of bands with the yrast band 
following the lower set of levels. If this is plotted in a suitably dramatic way, the 
well-known backbending effect results. The rotational frequency in these plots is 
defined classically from the observed energy levels E(/) as 
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we w= ee (9.82) 
so that for discrete states 
ie BS gece CE ee sce) (9.83) 
JIG +1) - VG = 1-2) , 
The moment of inertia is then determined as 
ii 21-1 
= (9.84) 


i =a =) 


At sufficiently high angular momenta the pairing is destroyed completely and 
the rigid-body moment of inertia becomes a good approximation, allowing one to 
infer the deformations quite straightforwardly. Even in this regime, however, the 
single-particle structure remains important and shell effects can be studied in terms 
of a rotating phenomenological shell model as described in the next section. 


9.6.2 The Cranked Nilsson Model 


A simple and widely used way to describe the change of the single-particle structure 
with rotation is given by the cranked Nilsson model [Be75b, Ne75, Ne76, An76]. 

We assume that the particles move in a deformed-oscillator potential like in 
the Nilsson model (Sect. 7.3.2), but that this potential rotates about the x axis. 
The deformation of the core is described as usual by (@ and ¥, but it turns out 
that non-axial deformations are very important in this case, so that a restriction to 
+ = 0 is not justified. One reason for this is apparent: even if the nucleus is axially 
symmetric about the z axis in the ground state, the x axis now plays a different 
role than the y axis and the Coriolis force will definitely violate axial symmetry. 

It appears natural to use a system of coordinates rotating with the nucleus. How 
does this affect the Hamiltonian? Let us transform from space-fixed coordinates 
(x',y’,z’) to body-fixed ones (x,y,z) rotating with angular velocity w about the 
x/=x axis. The coordinate transformation is 


wee yt 
y =y'cos(wt)+z’sinwt) , (9.85) 
z = —y’sin(wt) + z’ cos(wt) 


The kinetic energy can be transformed easily: 
iS sm (ae ey” 2) 
= tm [x? ty? +27 + Qw(yz — zy) + w (y? +27) 
Since the potential in the corotating frame is just V(x,y,z) — in this frame it is, 


of course, time independent — the Lagrangian is the standard L = T — V(x, y,Z), 
but the conjugate momenta become a bit more complicated: 


OL 
[ese = Be =mx  , 
OL 
_ ae 9.86 
De Ci) (9.86) 
OL 
Pe = ae = 7i(c Oy) 
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Now the Hamiltonian can be set up and becomes 


Hy = Xpx + ypy + Zpz —L 


1 
= 5 (pr + Py + Pz) — OP: — Py) + V@y,2) 


= 5 (po +p} + p2) + Vex,y,2)— we 9.87) 
Here j, is the angular momentum of the particle about the x axis defined in the 
rotating coordinate system. This corresponds to the primed angular momenta (j;) 
in the collective model (the primes are used in the opposite way here to keep in 
accord with the usage the literature). 

Note that the first two terms in (9.87) are just the standard Hamiltonian for the 
nonrotating situation, so that we can conclude that the Hamiltonian in the rotating 
system differs from it only by the term 


Hy =Ho— wi, . (9.88) 


This derivation works the same way for a system of many particles; j, then is 
replaced by the total angular momentum. Also quantization can be carried through 
trivially and leads to the replacement of j, by the angular-momentum operator. 

Note, though, that for a rotating coordinate system (and generally for time- 
dependent constraints) the Hamiltonian is not equal to the energy of the system, 
which instead has to be evaluated as the expectation value of the static Hamiltonian 
Ho. This also becomes apparent when we interpret (9.88) in a different way: it 
corresponds to a variational problem 


0 = 5(P|A.|Y) = 6(|Ao — w3x|¥) (9.89) 


with the subsidiary condition that j, is prescribed (w plays the role of a Lagrange 
multiplier). 
The eigenvalues of H,, determined from 


tide) = ee) (9.90) 


are different from the energies of the single-particle states, which have to be cal- 
culated as 


e = (x? |Aolx”)  - (9.91) 


There are also no angular-momentum quantum numbers left, and even the projec- 
tion onto the x axis can be calculated as an expectation value only. 

The only symmetries still preserved are reflection symmetry, implying con- 
served parity, and a rotation by 180° about the x axis. The latter leads to the 
so-called signature quantum number a. A rotation by 7 about the x axis produces 
a factor of exp(—izj,) for a wave function with good j,. For half-integer angular 
momentum the result can be written as 


for jx 
for jx 


Nie 


NiInInin 


ae : L 
oe ee 2 eviction — { 25) (9.92) 
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hay/MeV 


Fig. 9.19 Excerpt from a level scheme in the cranked Nilsson model [Be91]. Shown are 
neutron orbitals for a quadrupole-deformed shape with G = 0.2, 7 = 0, and no hexadecupole 
deformation. The parity is indicated by the type of line (dashed, positive; full, negative 


ty 
parity), while the sign of the signature a = +; is indicated in circles near the lines. The 


new magic numbers are indicated in the gaps. Note that because of the lifting of the Kramers 
degeneracy each orbital can be occupied by one nucleon only. 


This fact makes it advantageous to expand the eigenfunctions in a basis with good 
angular-momentum projection along the x axis, because then only those states with 
the same value of a will be coupled. 

A full calculation within this model requires a larger number of ingredients, 
most of which have already been discussed. To give an impression of what is in- 
volved, we can look at the outline of a computer program published in [Be91]. It 
uses a Nilsson potential with axial asymmetry but including hexadecupole defor- 
mations. For a given deformation and angular frequency w, the following steps are 
performed. 


1. The single-particle states are determined by diagonalizing Hy. 

2. The shell correction is calculated by the procedure outlined in Sect. 9.2.2, using 
the energy expectation values ¢;. 

3, Pairing is calculated in the BCS model (Sect. 7.5.4). The correct treatment of 
pairing at higher angular momenta becomes somewhat more difficult, so that 
in this code, for example, it is used only for w = 0. 

4. The liquid-drop energy is added. It includes, as usual, the shape-dependent 
Coulomb and surface energies, but also a liquid-drop rotation energy according 
to Sect.9.6.1, which sometimes is shell corrected as well. 


The result of this type of calculation is a potential-energy surface depending not 
only on the various deformation parameters but also on w. This allows one to 


357 


358 


Fig.9.20 The total energy 
of the nucleus Yb as a 
function of y for different 
spins, from [Be91]. A shift 
of the minimum from a pro- 
late shape (y = 0) to an 
oblate shape (y = 60°) is 
apparent. In this case, how- 
ever, the quadrupole defor- 
mation @ was kept fixed and 
not allowed to increase with 
spin. 
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study the systematic shift of the potential wells with spin and often shows that 
shell structure remains quite important even for rotating nuclei at high spin. An 
example of a level diagram is shown in Fig.9.19 and clearly demonstrates that 
shell gaps occur at large values of w as well as for the nonrotating nucleus. Figure 
9.20 shows that the shell corrections are big enough that even together with the 
liquid-drop energy they can lead to systematic shifts in deformation. 


Appendix 


Some Formulas from Angular-Momentum Theory 


Symmetry properties: 


(iujod |mymM ) = (—1) "42 (joj J [mam M ) 


= (-1)i-m = *— (iadialm = M =m) 
=(-pi™ | al (Jinjs|M — mum) 
(A.1) 
= (-1yttm x ~— rii| = Ming — m) 
= ( pjetre 5 - (joJji] —m2Mm) , 


(iujod |mim2M ) = (—1)"8~Y (jnjod | — mi — m — M) 
All projections zero: coefficients of the type (j1j2/ |000). There are two cases: 
(jij2J (000) =0 if fitj2+J_ is odd. (A.2) 
Otherwise, define g = $(j1 t+ j2 + J). Then 
ele Ae 


(g —f'g —Ja)'(g — J)! 


. (2h = 2j) (2g — 2ja)2g — 23)! . (A.3) 
\ (2g + 1)! 


Coupling with and to zero: 


(j1j2J |000) = 


—m Oinjr Omy ma 


40], — m0) = (—1)"" : 
(j1j20|m1 — m20) = (-1) eal (A.4) 


(j10j2|m0m2) a Ojnjs Orin 


Aa) Appendix 


Coupling with angular momentum of unity: 


(ie ih ay ee) 


OR 
(i — 11 |mOm) = ee | 


(nie ee, a ee 


21(21 — 1) 
i (—-m+1)@+m) 
(l|m — 1 1m) = — mi 
m 
(111|mOm) = Vide (A.5) 
— fd+m+1d-m) 
(1l|m +1 — 1m) = “eG ) 
ye ee) 
(i +111|m —11m)= “QI+2)0143) ’ 
- d+m+1)d —-m+1) 
oe Oe CSOs) an.’ 
ee Cae, en) 
Some special coefficients for angular momentum 2: 
(222| = 220) = C270. 2-2 222 0 2) 
2 
= —(222|000) = V2 : 
m 
221|m, —m,0) = (-1)”—— , 
(221|m, —m,0) = (—1) 10 
_1\m4+1 
(221|m + 1, —m, 1) = ( = V(2-—m)B+m) , Ce) 
(221|m — 1,-—m, -1) = Se VO mG —m) , 
3m> — 10 + 1) 


(121 |m0m) = 


VIC + NO + QI — 1 
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Rotation matrices: 


a An 
(1) (1) = oe 
| Pe (¢, 8,0) Di (P, 9,0) dQ = Wl Oran Omen ; (A.7) 
EY sy = lye aay (A.8) 


[ Pi @rD$ (0) DIN) sin bs rd 


8x2 


= = (qlp]h|M1M2M3) (1 hbl3|K1K2K3)_ - (A.9) 
21, +1 


Matrix elements of spherical harmonics: 


Ol OL) 


(\\¥z\|l") = not (I’LI\000)_ (A.10) 
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Nuclear Models is a thorough introduction to the most important concepts 


and methods in this field. It is for students of theoretical and experimental 
physics, and scientists needing a reference and exercise book for this sub- 
ject. The book presents the necessary mathematical tools along with many 
examples and worked problems. Rather than presenting a large number 
of results, the emphasis is on a discussion of the physical ideas underlying 


the models and the mathematical techniques employed. Readers with a 


background in quantum mechanics will thus become acquainted with the 
necessary advanced methods from group theory and many-body physics. 
In addition to the standard collective and single-particle models, a number 
of current topics such as relativistic mean-field models and high-spin states 
are discussed. 


ISB N 3-540-59180-X 


ii 


| 


All af 


